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We study the interaction of two point particles in a classical electrodynamics-like setting consisting
of Maxwell’s electrodynamics with an ad hoc incorporation of intrinsic spin and intrinsic magnetic
moment. The effect of spin and intrinsic magnetic moments is modeled as a small deviation from
nonrelativistic circular particle orbits due to Coulomb attraction. It is hypothesized that any possible
non-radiative states of motion will have a necessary condition of mechanical angular momentum
constancy, and an assessment is made of what orbital radii might achieve this. The interaction
between spin and orbital angular momenta is examined as small precessional motions of the spins
and orbits. It is shown, for perpendicular spin-orbit orientations, that there is only one orbital
radius where a necessary condition for angular momentum constancy is approximately achievable.
This orbital radius is shown to be one-sixteenth of the ground state atomic radius given by the Bohr
model of hydrogen and as frequently used as a standard for atomic dimension. Possible implications
of this result are discussed.

I. INTRODUCTION

In this work we revisit the question of whether the
hydrogen atom can be usefully described as two point-like
particles of suitable mass and electrical charge interacting
via classical electrodynamics according to Maxwell. This
model, where the particles traverse planetary orbit-like
trajectories, is often called the Rutherford model.

In the modern view it is usually considered such an ap-
proach is doomed to failure due equally to the problems
of radiative decay and viloation of energy coservation.
The force of radiation reaction causes the electron to spi-
ral in to the proton. One might argue however that these
were not historically the primary reasons for abandoning
this approach. Rather, there were two unrelated reasons
less philosophical. First, there was an utter lack of suc-
cess in discovering any possible explanation from classi-
cal electrodynamics for discrete allowed states of motion
such as would be required to explain the discreteness of
atomic spectra. Then, more importantly, a new theory
came along that had great success in describing atomic
phenomena of many sorts, including atomic spectra, in
accurate detail. Although the new theory had the draw-
back of being postulated rather than derived, this seemed
not significant. The theory worked. In contrast the ear-
lier approach was not only understood to have philosoph-
ical problems with conservation of energy and radiative
decay, but also had essentially no success whatsoever in
explaining the existence of discrete spectra.

In the present day we know that there are important
properties of subatomic particles other than mass and
electric charge, that were not known when the classical-
electrodynamics atomic models were initially attempted.
In particular, subatomic particles of all sorts are now
considered to have an intrinsic angular momentum, or
spin, and associated with spin an intrinsic magnetic mo-
ment. Also, suggestively, the spin of subatomic particles
involves directly Planck’s constant which is also involved
in discrete atomic spectra. One might wonder today what

Bohr would have done with this knowledge in 1912.

Yet today we have still more knowledge to bring to
bear on the problem that was not known in 1912. The
prior work of Lorentz and Abraham on modeling the elec-
tron as a uniformly charged sphere led to a third-order
equation of motion and runaway solutions. For most of
the 20th Century this has been viewed as yet another
justification for the abandonment of classical electrody-
namics in the subatomic realm. Relatively recently how-
ever it has been proposed that these runaway states of
motion may actually hold the basis for quantum mechan-
ical behavior [1]. In the zitterbewegung interpretation of
quantum mechanics, the spin is not an intrinsic property
but rather a kinematical property that is a manifesta-
tion of the runaway motion. This gyrational motion pro-
vides plausible explanations for not only the meaning of
the phase of the Shrodinger wave function, but also for
how point-like particles might orbit without radiating [3].
However the mathematics involved in working out the dy-
namical details of such motions is prohibitively difficult
at present, although some recent progress has been made
[4],[5]. Determination of the exact motion requires the
use of delay-differential equations, which do not admit
readily of closed form solutions. Unique solutions do not
follow from initial conditions specified at discrete instants
of time. Rather, initial conditions must be supplied for
the duration of the applicable delay. Effectively, one is
left in a circular conundrum where in order to find the
solution, one must know it already.

We hope from the above discussion we can draw suf-
ficient justification to allow the reader to reconsider at
least briefly what is according to present-day sensibilities
a very naive approach to modeling the atom. We may
have waiting in the wings a deeper new theory that is
beyond our present ability to directly solve. Yet if we
knew the solution we would be able to test it. What we
need are ideas about what prospective solutions might
look like. We believe the present approach can provide
some.
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II. SCALE INVARIANCE AND ANGULAR
MOMENTUM CONSTANCY

One of the difficulties of constructing a useful atomic
model from classical electrodynamics and point-like
charged particles, lies in successfully determining the
scale of atomic systems from a Coulomb interaction that
is scale invariant, except for the effect of propagation
delay [6]. Although accounting for propagation delay
breaks the scale invariance, it would appear problematic
to recover the scale of atomic phenomena, involving a
particular distance scale as well angular momentum in
small multiples of the reduced Planck’s constant, from
a delay depending only on distance and the velocity of
light. These considerations however neglect a possible al-
ternative scale-invariance-breaking phenomonology, due
to the intrinsic magnetic moments of the particles. If
intrinsic magnetic moments are considered in addition
to Coulomb attraction, it is apparent that scale invari-
ance is broken by the differing dependencies on inter-
particle separation of the electric and magnetic inter-
actions. Also, the intrinsic magnetic moments directly
involve Planck’s constant. It might be considered natu-
ral to wonder therefore what are the implications of the
known scale of atomic phenomena, in terms of the dy-
namics of the motion including effects of the presence of
intrinsic magnetic moments and magnetic effects due to
motion of charges as well as Coulomb attraction.

In the quantum mechanical treatment of, in the sim-
plest case, the hydrogen atom, angular momentum is
a constant of the motion for stable states. In the
Shrödinger picture the stationary solutions of the wave
equation are eigenvectors of the total angular momen-
tum operator. The implications of this are quite rich, in
that it results in a specific and somewhat elaborate set
of rules for the allowed angular momenta of the atomic
constituents, which is of course also thoroughly confirmed
experimentally.

Apart from the quantum mechanical notion that sta-
ble states have constant angular momentum, it would
seem reasonable to expect that any stable state of mo-
tion would have the property of angular momentum con-
stancy as a necessary condition for being non-radiative.

Based on the above considerations, our starting point
will be a hypothesis that angular momentum is a constant
of the motion of stable atomic states. On the one hand,
this will provide a useful basis for analysis and provide
a powerful constraint on the possible motions. On the
other hand, one may hope, it may point toward an alter-
native or deeper understanding of the basis of quantum
theory.

In our analysis we shall assume that the hydrogen atom
sole constituents are an electron and a proton, and that
they each possess the accepted rest mass and electric
charge values. Of equal importance, they each possess an
intrinsic angular momentum, or spin, and an associated
magnetic moment, with commonly accepted magnitudes.

III. INCORPORATION OF SPIN AND
INTRINSIC MAGNETIC MOMENT

In Maxwell’s electrodynamics the only sources of elec-
tromagnetic fields are electrical charges. Magnetic fields
arise only due to motion of the charges. Due to the lack
of a working model of the electron in Maxwell’s theory,
at least where the electron dimension is consistent with
scattering experiments, our introduction of spin and an
associated magnetic moment as intrinsic properties is en-
tirely ad hoc.

In order to have magnetic field and spin as intrinsic
properties, the electron and the distribution of its charge
must have a nonzero size. Early attempts to model the
electron as an extended object had problems enough prior
to the deduction of the spin, however, and these were
only further compounded by the necessity to represent
the spin. It was realized that an actual rotating elec-
tron of accepted size would have to rotate faster than
the speed of light. Nonetheless the idea of spin as an
intrinsic property has persisted.

The existence of electron intrinsic angular momentum
was deduced by Goudsmit and Uhlenbeck from spectro-
graphic measurements, not by direct measurement. In
stable states the electron must have a particular intrin-
sic magnetic moment magnitude in order to explain the
Zeeman effect. This does not say much if anything about
the constancy of the spin magnitude in other than stable
states. We will nonetheless represent the spin as an in-
trinsic property similar to the electric charge where the
magnitude is unvarying. We also assume the spin has a
well-defined axis of rotation that can take on any orienta-
tion, and only one orientation at a time. However, in our
work we do not intend to take a position about whether
spin is fundamentally an intrinsic or a kinematical prop-
erty of matter. Rather, we model it as an intrinsic prop-
erty solely for expediency’s sake. If the model provides
new insights, the exercise will have been worthwhile.

The intrinsic angular momentum will thus be repre-
sented simply as

s =
~
2
ŝ (1)

where ~ is the reduced Planck’s constant and ŝ is a
unit-magnitude orientation vector. The intrinsic mag-
netic moments will be represented in the form

µ =
ge

2mc
s =

ge

2mc

~
2
ŝ (2)

where the “g factor” has a fixed value depending on
the particle type. For the electron

g = ge ≈ 2.0024 ≈ 2 (3)

and for the proton
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g = gp ≈ 5.5856 (4)

IV. IMPLICATIONS OF ANGULAR
MOMENTUM CONSTANCY

In our model of the hydrogen atom we represent the
electron and proton as dimensionless particles possessing
mass, charge and intrinsic angular momentum and mag-
netic moments, orbiting around their common center of
mass (COM). For convenience we assume the orbits are
essentially circular, apart from small perturbations. (The
details of the dynamics of the motions so far as we need
are worked out in the Appendix.) The angular momen-
tum of the bound-state hydrogen atom then consists of
four components. These are the two orbital components
due to the separate electron and proton orbital motions
around the COM, and the two intrinsic angular momenta.

The orbital components are of the form

L = r ×mv (5)

where r and v are the electron or proton position and
velocity in COM coordinates, and m is the applicable
particle’s mass.

When the orbiting particle has a charge then there is
an associated orbital magnetic moment given by

m =
e

2mc
L (6)

where e is the signed particle electrical charge, c is the
speed of light.

In our atomic model, there are magnetic fields present
due to intrinsic magnetic moments and due to the relative
motion of the charged particles. The torque N on a
magnetic dipole moment m in a magnetic field B is

N = m×B (7)

A torque applied to a magnetic moment will cause a
change in the orientation of the moment according to
the angular momentum associated with the magnetic mo-
ment. That is,

dl

dt
= N (8)

where l may be either orbital or intrinsic angular mo-
mentum. For the case of orbital angular momentum, and
using (6) and (7), (8) becomes

dL

dt
= L× eB

2mc
(9)

To begin assessing the implications of angular momen-
tum constancy in our model, let us first consider a sim-
plified case where only the electron has spin and where
the proton orbital angular momentum may be neglected,
as would be true for orbital motion in the limit of a very
large proton mass compared to the electron mass. An-
gular momentum constancy will then require

0 =
dJ

dt
=

d(L + s)
dt

(10)

where J is the total angular momentum and L and s
are the (electron) orbital and spin angular momenta.

Now, an equation of motion such as (9) is [15] (Gold-
stein, p 177) “exactly the equation of motion of a con-
stant magnitude vector which is rotating in space about
the direction B with an angular velocity” (Goldstein, p
177, eq 5-78)

ω = − eB

2mc
(11)

It is therefore possible to rewrite (10), for constant spin
and orbital angular momenta magnitudes, as

L× ωL + s× ωs = 0 (12)

Now, if

ωL = ±ωs (13)

then

(L± s)× ωL = 0 (14)

For the upper sign we have

J × ωL = 0 (15)

Or, L and s precess around J with equal angular ve-
locity. For the lower sign, L and s precess around their
vector difference. In either case, we must have

ωL = ωs (16)

In an obvious way, including the proton orbital and
spin angular momenta as well as the electron’s angular
momenta will lead to a similar result that constant an-
gular momentum can be achieved, if all spin and orbital
angular momentum magnitudes are constant, only if all
individual precessional frequencies are of equal magni-
tude.
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V. INTERACTION OF PROTON SPIN WITH
ORBITING SPINLESS ELECTRON

As an initial illustration of how angular momentum
constancy might lead to a preferred orbital radius we
consider a simplified bound system where only the proton
has spin and the proton orbital angular momentum may
be considered negligible.

In a bound system consisting of an electron and a pro-
ton, where only the proton has intrinsic angular momen-
tum and magnetic moment of the usual values, requiring
that the total mechanical (i.e., non-electromagnetic) an-
gular momentum be a constant of the motion will require
that the precessional frequencies of the proton intrinsic
and electron orbital angular momenta be identical. How-
ever, such will not generally be the case, even for circular
orbits, for arbitrary orbital radius. It is natural to ask,
therefore, at what radius or radii will a circular orbit
possess the property that the mechanical angular mo-
mentum is a constant of the motion. For simplicity, we
shall make an initial supposition that L and s are aligned
approximately parallel, and consider only small preces-
sional angles. In this case, the precessional frequencies
will be very easy to calculate.

For the electron orbiting in the plane perpendicular to
the direction of the proton spin, the magnetic field due to
the proton intrinsic magnetic moment has a magnitude
given by

B =
gpe~

4mpcR3
(17)

The precessional angular velocity of the orbital angular
momentum vector is then

ωL =
e

2mec

gpe~
4mpcR3

=
gpe

2~
8mpmec2R3

(18)

The magnetic field at the proton due to the electron
orbital motion around the proton is

B =
ev

cR2
(19)

where the electron velocity is

v =
e√

meR
(20)

The proton intrinsic angular momentum precessional
frequency magnitude is then

ωs =
egp

2mpc

e

cR2

e√
meR

(21)

or

ωs =
gpe

3

2mpc2
√

me
R−5/2 (22)

Equating precessional frequencies as required for an-
gular momentum constancy yields

e

2mec2

gpe~
4mpR3

=
gpe

3

2mpc2
√

me
R−5/2 (23)

or

R1/2 =
e

2mec2

gpe~
4mp

2mpc
2√me

gpe3
(24)

or

R1/2 =
~

4me

√
me

e
(25)

or

R =
(

~
4me

)2
me

e2
(26)

or

R =
1
16

~2

mee2
(27)

For comparison, the hydrogen ground-state radius in
the Bohr model is given by

RB =
~2

mee2
(28)

and so

R =
1
16

RB (29)

So, equating spin and orbital magnetic moment pre-
cessional frequencies for parallel, constant magnitude
spin and orbital angular momenta has yielded a single
electron-proton separation value where constancy of an-
gular momentum is not precluded by differing precession
frequencies. The formula for this separation value is sim-
ilar to the equation for allowed range separation in the
Bohr model of atomic hydrogen, differing by only a factor
of one-sixteenth. However, (29) does not include the en-
tire magnetic field experienced by the proton due to the
electron as it does not include the magnetic field due to
the electron intrinsic magnetic moment. The electron in-
trinsic magnetic field strength is not negligible compared
to that due to the orbital motion at typical atomic sepa-
rations, so it should be considered of interest to include
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it. We shall include this contribution in a subsequent
section below. In any case, the example we have chosen
in not the only case of interest, since as is well known the
more important spin-orbit interaction in hydrogen is that
between the electron spin and orbital magnetic moments.
Quantum-mechanical analyses of this case typically are
performed in a coordinate frame where the elctron is at
rest, and where the electron spin interacts with the pro-
ton orbital motion in this electron rest frame. We shall
therefore next attempt to assess the motions yielding an-
gular momentum constancy under the interaction of the
electron spin and proton orbit in the electron rest frame.

VI. ELECTRON REST FRAME INTERACTION
OF ELECTRON SPIN WITH SPINLESS PROTON

In a bound system consisting of an electron and a pro-
ton, where only the electron has intrinsic angular mo-
mentum and magnetic moment of the usual values, re-
quiring that the total mechanical angular momentum be
a constant of the motion will require again that the pre-
cessional frequencies of the intrinsic and orbital angular
momenta be identical. However, in this case, the situa-
tion is complicated by the fact that the electron orbital
magnetic moment does not directly precess in an intrin-
sic magnetic moment. Rather, it is the proton orbital
magnetic moment as defined in an electron-centered co-
ordinate system, which precesses in the electron-centered
coordinate system, and which, via a mechanism we shall
describe in detail in a future work, manifests as an elec-
tron orbital moment precession in center-of-mass coordi-
nates.

While it is true that the proton in reality does pos-
sess an intrinsic magnetic moment, its magnitude is much
smaller than the electron magnetic moment and so may
be neglected to a first order. As is well understood,
the energetically more important spin-orbit interaction
is that between the electron moments. The interaction
between the electron’s own moments as described above
however must be considered somewhat indirect and so
the treatment is more complicated than for the previous
model.

We now consider the motion in a frame centered on
the orbiting electron and moving with it. The particu-
lar frame under consideration is the result of a constant
velocity translation relative to the proton-centered frame
(or more properly the center-of-mass frame, but we ig-
nore the distinction here), followed by an acceleration
towards the proton in accordance with the acceleration
of the electron in its orbit. In such a frame, the proton
orbits the electron with a vector velocity opposite to the
electron velocity in the COM frame.

The coordinate frame we consider here is identical to
that described by Thomas in conjunction with his analy-
sis of the spin-orbit interaction. It was shown by Thomas
that the result of the successive Lorentz transformations
from the COM to the electron-centered frame is equiva-

lent to a rotation with frequency (Jackson, p 546, 11.119)

ωT =
γ2

γ + 1
a× v

c2
(30)

We can thus relate the orbital angular momentum in
the two frames [15] (Goldstein, p133, 4-102)

(
dL

dt

)
COM

=
(

dL

dt

)
elec

+ ωT ×L (31)

or

L× ωL = Lp × ωLp
+ ωT ×L (32)

where Lp is the orbital angular momentum of the pro-
ton in the electron rest frame. In the electron rest frame,
the proton velocity is the negative of the electron veloc-
ity in the laboratory frame, plus an additional component
due to the Thomas precession of the electron rest frame.
That is,

(vp)elec = (−ve ±RωT v̂e)COM = −ve

(
1± RωT

v

)
(33)

so

Lp = rp ×mpvp = −re ×−mpve

(
1± RωT

v

)
(34)

or

Lp =
mp

me

(
1± RωT

v

)
L (35)

or

Lp ≈
mp

me

(
1± R

v

v3

2Rc2

)
L (36)

or

Lp ≈
mp

me

(
1± v2

2c2

)
L ≈ mp

me
L (37)

Eq (32) becomes

L× ωL =
mp

me
L× ωLp

+ ωT ×L (38)

or

ωL =
mp

me
ωLp

− ωT (39)



6

Similarly, for the electron spin

(
ds

dt

)
COM

=
(

ds

dt

)
elec

+ ωT × s (40)

and

s× ωs = s× ωs′ + ωT × s (41)

or

ωs = ωs′ − ωT (42)

where the prime indicates that the precessional fre-
quency is the value observed in the electron rest frame.

Angular momentum constancy in the COM frame will
require

0 =
(

dJ

dt

)
COM

=
(

d(L + s)
dt

)
COM

(43)

or

L× ωL + s× ωs = 0 (44)

Angular momentum constancy will again have the nec-
essary condition

ωL = ±ωs (45)

or, in either case,

ωL = ωs (46)

which in turn yields,

|mp

me
ωLp − ωT | = |ωs′ − ωT | (47)

In the present work we shall not attempt to investigate
(47) in general. There are two problems inherent, one
fundamental and one practical. The fundamental prob-
lem is that the motion of the orbital angular momentum
vector is not strictly as given by (), which assumes a
constant magnetic field, except in the case of spin ori-
entaion perpendicular to the plane of the orbit. We can
avoid both this problem and the practical problem of al-
gebraic complexity by restricting our consideration for
the present to the case of spin orientation perpendicular
to the orbital plane. Then we will have that either

mp

me
ωLp

= ωs′ (48)

or

mp

me
ωLp

= ωs′ + 2ωT (49)

We shall first consider the case of (48).
In the electron rest frame, for the proton orbiting in the

plane perpendicular to the direction of the electron spin,
the magnetic field due to the proton intrinsic magnetic
moment has a magnitude given by

B =
gee~

4mecR3
(50)

The precessional angular velocity of the orbital angular
momentum vector is then

ωLP
=

e

2mpc

gee~
4mecR3

=
gee

2~
8mpmec2R3

(51)

In the electron rest frame, the magnetic field at the
electron due to the proton orbital motion around the
electron is

B =
ev

cR2
(52)

where the proton velocity in the electron rest frame is

v =
e√

meR
(53)

The electron intrinsic angular momentum precessional
frequency magnitude in the electron rest frame, assuming
the electron spin magnitude is the same in the electron
frame as in the laboratory frame, is then

ωs′ =
egeB

2mec
=

ege

2mec

e

cR2

e√
meR

(54)

or

ωs′ =
gee

3

2c2
me

−3/2R−5/2 (55)

Equation (48) becomes

mp

me

gee
2~

8mpmec2R3
=

gee
3

2c2
me

−3/2R−5/2 (56)

or

1
me

~
8meR3

=
e

2
me

−3/2R−5/2 (57)

or
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~
8me

2
=

e

2
me

−3/2R1/2 (58)

or

R1/2 =
~

8me
2

2
e
me

3/2 (59)

or

R1/2 =
~
4e

me
−1/2 (60)

or

R =
1
16

~2

mee2
(61)

or

R =
1
16

RB (62)

Interestingly, in spite of a large difference in the
strength of the electron and proton intrinsic magnetic
moments, we have arrived at the same expression as our
previous analysis of spin-orbit interaction where only one
of the particles possesses intrinsic spin and magnetic mo-
ment. However we have not yet considered the situation
where the proton orbital angular momentum in the elec-
tron rest frame and the electron spin are antiparallel. For
the circular orbit, the Thomas frequency may be evalu-
ated from (30) as

ωT =
γ2

γ + 1
|a× v|

c2
(63)

or

ωT =
1
c2

γ2

γ + 1
v3

R
(64)

or

ωT =
1
c2

γ2

γ + 1

(
e√

meR

)3

R−1 (65)

For the present application it is reasonable to approx-
imate the gamma factor as unity so

ωT ≈
1

2c2
e3me

−3/2R−5/2 (66)

Equation (49) becomes

mp

me

gee
2~

8mpmec2R3
=

gee
3

2c2
me

−3/2R−5/2+
1
c2

e3me
−3/2R−5/2

(67)
or

ge~
8me

2R3
= eme

−3/2R−5/2
(ge

2
+ 1
)

(68)

or

ge~
8

= eme
1/2R1/2

(ge

2
+ 1
)

(69)

or

R1/2 =
ge~
8e

(ge

2
+ 1
)−1

me
−1/2 (70)

or

R1/2 ≈ ~
4e

(ge

2
+ 1
)−1

me
−1/2 (71)

or

R1/2 ≈ ~
8e

me
−1/2 (72)

or

R ≈ 1
64

RB (73)

We have not yet assessed the effect of the full magnetic
field in neglecting the proton intrinsic magnetic moment,
and so must return to this case to complete the analysis of
the effect of the proton on the electron spin. The proton
intrinsic magnetic moment however is much smaller than
that of the electron and so the additional effect of the pro-
ton intrinsic magnetic moment on the electron spin pre-
cession is expected to be small. A proportionately larger
effect of intrinsic magnetic moment can be expected from
the electron intrinsic moment acting on the proton spin.
We shall therefore next incorporate both particle intrin-
sic moments in that of the effects of the electron orbital
and intrinsic magnetic moments on the proton spin.

VII. PROTON SPIN INTERACTION WITH
ELECTRON ORBIT INCLUDING EFFECT OF

ELECTRON SPIN ON PROTON SPIN

Our initial spin-orbit interaction analysis case was to
consider the interaction of a proton possessing intrin-
sic spin and magnetic moments with a spinless electron.
This yielded that orbital and spin precessional frequen-
cies would be of equal magnitude at 1/16th the ground-
state Bohr radius. In this section we will consider the
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effect on the proton precessional frequency of including
the effect the electron intrinsic spin and, importantly, the
associated electron intrinsic magnetic moment. The to-
tal magnetic field at the proton is of course that due to
both the electron orbital motion and intrinsic magnetic
moment, and so the proton spin precessional frequency
neglecting the latter contribution cannot be exactly cor-
rect.

The total magnetic field at the proton due to both the
electron orbital motion and intrinsic magnetic moment,
for a circular orbit, for electron spin oriented perpendic-
ularly to the orbital plane, is

B =
gee~

4mecR3
± e

cR2

e√
meR

(74)

where the upper sign corresponds to electron orbital
and intrinsic angular momenta aligned parallel, and the
lower sign, antiparallel. This may be rewritten as

B =
e

c
R−5/2

(
ge~

4me

√
R
± e
√

me

)
(75)

or

B =
e

c
me

−1/2R−5/2

(
ge~

4
√

meR
± e

)
(76)

The proton precessional frequency is then

ω =
egp

2mpc

e

c
me

−1/2R−5/2

(
ge~

4
√

meR
± e

)
(77)

or

ω =
e2gp

2mpc2
me

−1/2R−5/2

(
ge~

4
√

meR
± e

)
(78)

The electron orbit precessional frequency in the proton
intrinsic magnetic moment is again

ωL =
e

2mec

gpe~
4mpcR3

=
gpe

2~
8mpmec2R3

(79)

Equating precessional frequencies:

e2gp

2mpc2
me

−1/2R−5/2

(
ge~

4
√

meR
± e

)
=

gpe
2~

8mpmec2R3

(80)
or

me
−1/2R−5/2

(
ge~

4
√

meR
± e

)
=

~
4meR3

(81)

or

R1/2

(
ge~

4
√

meR
± e

)
= me

1/2 ~
4me

(82)

or

R1/2 = me
−1/2 ~

4

(
ge~

4
√

meR
± e

)−1

(83)

or

R =
~2

16me

(
ge~

4
√

meR
± e

)−2

(84)

or

R =
~2

mee2

e2

16

(
ge~

4
√

meR
± e

)−2

(85)

or

R = RB

(
4
e

)−2(
ge~

4
√

meR
± e

)−2

(86)

or

R = RB

(
ge~

e
√

meR
± 4
)−2

(87)

or

R

(
ge~

e
√

meR
± 4
)2

= RB (88)

or

R

(
ge

2~2

e2meR
± 8ge~

e
√

meR
+ 16

)
= RB (89)

or

ge
2~2

e2me
± 8ge~

e
√

me

√
R + 16R = RB (90)

This is a quadratic equation for the square root of R
with coefficients

a = 16 (91)

b = ± 8ge~
e
√

me
(92)
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c =
ge

2~2

e2me
−RB (93)

and solution

√
R =

−b±
√

b2 − 4ac

2a
(94)

where all four sign combinations are allowed to be con-
sidered. We then have

32
√

R = ∓ 8ge~
e
√

me
±

√(
8ge~
e
√

me

)2

− 64
(

ge
2~2

e2me
−RB

)
(95)

or

4
√

R = ∓ ge~
e
√

me
±
√

RB (96)

or

4
√

R = ∓ge

√
RB ±

√
RB (97)

or

4
√

R =
√

RB(∓ge ± 1) (98)

or

R =
1
16

RB(ge ± 1)2 ≈ 1
16

RB ,
9
16

RB (99)

The two solutions provided by Equation (124) corre-
spond to the electron spin and orbital moments being
antiparallel or parallel. Since the antiparallel case yields
the same radius as previously where the proton intrinsic
spin precesses at the same frequncy as the electron or-
bital moment, and since the calculation of the magnetic
field at the electron is the same as the previous case omit-
ting the contribution of the electron intrinsic moment, it
is apparent that the magnetic field strength due to the
electron intrinsic moment is twice that due to the elec-
tron orbital moment at a radius of one-sixteenth RB .

VIII. ELECTRON REST FRAME
INTERACTION OF ELECTRON SPIN WITH

PROTON INCLUDING PROTON SPIN

In this section we consider again the interaction of the
electron spin with the proton. This case will differ from
our initial treatment of the electron spin interaction with
the proton orbit by including the additional magnetic

field component felt by the electron, due to the proton
intrinsic magnetic moment.

The total magnetic field at the electron due to both
the electron rest frame proton orbital motion and proton
intrinsic magnetic moment, for a circular orbit, for elec-
tron spin oriented perpendicularly to the orbital plane,
is

B =
gpe~

4mpcR3
± e

cR2

e√
meR

(100)

where the upper sign corresponds to proton orbital and
intrinsic angular momenta aligned parallel, and the lower
sign, antiparallel. This may be rewritten as

B =
e

c
R−5/2

(
gp~

4mp

√
R
± e
√

me

)
(101)

The electron precessional frequency is then

ω =
ege

2mec

e

c
R−5/2

(
gp~

4mp

√
R
± e
√

me

)
(102)

or

ω =
e2ge

2mec2
R−5/2

(
gp~

4mp

√
R
± e
√

me

)
(103)

The proton orbit precessional frequency in the electron
intrinsic magnetic moment is again

ωLp =
e

2mpc

gee~
4mecR3

=
gee

2~
8mempc2R3

(104)

Equation () becomes:

e2ge

2mec2
R−5/2

(
gp~

4mp

√
R
± e
√

me

)
=

mp

me

gee
2~

8mempc2R3

(105)
or

R−5/2

(
gp~

4mp

√
R
± e
√

me

)
=

~
4meR3

(106)

or

R1/2

(
gp~

4mp

√
R
± e
√

me

)
=

~
4me

(107)

or
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R1/2 =
~

4me

(
gp~

4mp

√
R
± e
√

me

)−1

(108)

or

R =
~2

16me
2

(
gp~

4mp

√
R
± e
√

me

)−2

(109)

or

R =
~2

mee2

e2

16me

(
gp~

4mp

√
R
± e
√

me

)−2

(110)

or

R = RB

(
4
√

me

e

)−2
(

gp~
4mp

√
R
± e
√

me

)−2

(111)

or

R = RB

(
gp
√

me~
mpe

√
R
± 4

)−2

(112)

or

R

(
gp
√

me~
mpe

√
R
± 4

)2

= RB (113)

or

R

(
gp

2me~2

mp
2e2R

±
8gp

√
me~

mpe
√

R
+ 16

)
= RB (114)

or

gp
2me~2

mp
2e2

±
8gp

√
me~

mpe

√
R + 16R = RB (115)

This is a quadratic equation for the square root of R
with coefficients

a = 16 (116)

b = ±
8gp

√
me~

mpe
(117)

c =
gp

2me~2

mp
2e2

−RB (118)

and solution

√
R =

−b±
√

b2 − 4ac

2a
(119)

where all four sign combinations are allowed to be con-
sidered. We then have

32
√

R = ∓
8gp

√
me~

mpe
±

√(
8gp

√
me~

mpe

)2

− 64
(

gp
2me~2

mp
2e2

−RB

)
(120)

or

4
√

R = ∓
gp
√

me~
mpe

±
√

RB (121)

or

4
√

R = ∓gpme

mp

√
RB ±

√
RB (122)

or

4
√

R =
√

RB(∓gpme

mp
± 1) (123)

or

R =
1
16

RB(
gpme

mp
± 1)2 ≈ 1− ε

16
RB ,

1 + ε

16
RB (124)

with

ε =
2gpme

mp
≈ 0.006 (125)

IX. DISCUSSION

In Equations (29) and (62), we have shown that for
two different types of spin-orbit interaction, for similar
relative orientation between spin and orbital angular mo-
menta, and making similar simplifying assumptions that
only one of the particles has an intrinsic magnetic mo-
ment, the same unique electron-proton separation value
results where a necessary condition for angular momen-
tum constancy is met. This value is similar in appear-
ance to the Bohr ground state radius, though smaller by
a factor of 16. These initial analyses however neglect the
spin-on-spin interaction, and including it in one case led
to an allowed radius that was 9/16 the Bohr radius.

At this point it is justified to observe that at the least
we have determined an atomic scale involving Planck’s
constant to the proper power, as well as the electron
mass and charge to proper powers, and where Planck’s
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constant has entered not in an ad hoc fashion but rather
through its association with intrinsic spin. While our hy-
pothesis that preferred motions are those with constant
angular momentum might itself be considered ad hoc, we
would argue that this is inherently more interesting and
admitting of further investigation of its basis than the
conventional quantum mechanical assertion that angular
momentum may be exchanged only in integer multiples
of h-bar. We propose, time and further investigation may
determine that it is not ad hoc at all.

Finally, we observe that our approach is interest-
ingly consistent with the Bohr Correspondence Principle,
whereby quantum physics transitions to classical physics
in the limit of large quantum numbers. The effects on
the motion due to intrinsic magnetic moments decrease
with separation faster than the inverse square law of the
Coulombic interaction, and so it is easy to see (and prove)
that they will be insignificant at the same ranges where
it is known that classical electrodynamics and Coulomb
attraction can accurately describe atomic phenomena.

X. AN ALTERNATIVE METHOD FOR
MODELING SPIN-ORBIT INTERACTIONS

Our modeling of spin-orbit interaction as precession
of magnetic dipole moments in constant magnetic fields
was seen to be limited from the start. It is valid only for
infinitesimal precessional motions around constant mag-
netic field vectors. An alternative approach is to deter-
mine the induced fields at each particle due to the in-
trinsic magnetic moment motion as well as due to its
position [12]. The motion of the intrinsic moment in
general results in an electric field and resulting electric
force due to particle charge. The force on the proton due
to the motion of electron intrinsic magnetic moment, for
an electron orbiting circularly at about a Bohr radius, is
much weaker than the Coulomb attraction between the
particles but much stronger than the radiation reactive
force on the electron due to its orbital motion. (It is
shown in [12] that propation delay of the force due to in-
trinsic moment motion results in a nonradial component
on the proton that is equal to the radiation reaction on
the electron at 9/16 Bohr radius.) These forces even ne-
glecting delay introduce significant new dynamics beyond
the Keplerian-orbit model. It is possible to understand
the electron spin interaction with the electron’s own orbit
based on this approach, because of the force due to intrin-
sic moment motion action on the proton and the resulting
motion of the proton affecting the electron orbit through
the Coulomb binding force. This interaction does not in
general preserve the mechanical angular momentum nor
the linear momentum of the center of mass. Attempts to
determine what specific states of motion might exhibit
angular momentum constancy are the object of ongoing
efforts.

XI. POSSIBLE EXTENSIONS OF THE MODEL

Appel and Kiessling have developed a rigorous electro-
dynamics incorporating spin in [13]. Using their formu-
lation as a basis for modeling will not only add rigor to
the present approach, it will incorporate the possibility
of the spin magnitude, as well as orientation, to partici-
pate in the dynamics, while preserving the simplicity of
working in the Galilean limit.

XII. CONCLUSION

It has been shown that including the effects of
particle intrinsic magnetic moments in a classical-
electrodynamics atomic model, along with a hypothesis
that the total angular momentum of stable states will
be a constant of the motion, leads to particular allowed
atomic radii that are similar in magnitude to the radius
of the hydrogen ground state as given by the Bohr model.
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XIV. APPENDIX: OVERVIEW OF THE
CLASSICAL AND BOHR HYDROGEN ATOM

MODELS

The magnitude of the Coulomb force, F , acting be-
tween two charged particles of equal charge magnitude,
e, and separated by a distance R, is, in Gaussian units,

F =
e2

R2
(126)

For particle charges of opposite polarity the Coulomb
force is attractive and, neglecting effects due to propaga-
tion delay, is oppositely directed for each particle, so we
can write

F e = −F p (127)

where F e and F p are the vector Coulomb forces on the
electron and proton.

It is well known that a force law such as that given by
(127) results in conservative motion, and for the case of
inverse-square-law force such as given by (126), known as
Kepler’s problem, results in regular elliptical orbits. In
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this work we confine our attention to the case of circular
orbits, however.

We suppose the electron and proton are in a circular
orbit around their common center of mass. Then balanc-
ing the centrifugal acceleration of the electron with the
Coulomb attraction from the proton yields

me
ve

2

Re
=

e2

R2
(128)

where me and ve are the electron mass and velocity
measured in the center-of-mass frame, Re is the electron
distance from the center of mass and R is the electron-
proton separation. We also have that

R = Re + Rp (129)

where Rp is the proton distance from the center of
mass, and the definition of the center of mass

meRe = mpRp (130)

so

R =
(

1 +
me

mp

)
Re =

(
mp + me

mp

)
Re (131)

or

Re =
(

mp

mp + me

)
R (132)

Also, in order for the electron and proton to remain
opposite each other across the center of mass, we must
have that

ve

Re
= − vp

Rp
(133)

so

vp = −me

mp
ve (134)

If v is the electron velocity relative to the proton, then

v = ve − vp (135)

or

v = ve +
me

mp
ve =

(
mp + me

mp

)
ve (136)

Substituting (132) into (128):

me
mp + me

mp

ve
2

R
=

e2

R2
(137)

and with (136)

me
mp + me

mp

(
mp

mp + me

)2
v2

R
=

e2

R2
(138)

or

memp

mp + me

v2

R
=

e2

R2
(139)

And so

v2 =
e2

mrR
(140)

where

mr =
memp

mp + me
(141)

is the “reduced” mass of the electron.
The electron velocity as measured in an inertial refer-

ence frame with origin at the center of mass between the
particles is thus

ve =
mp

mp + me

e√
mrR

(142)

or

ve =
mp

mp + me

√
mp + me

mp

e√
mrRe

(143)

or

ve =
√

mp

mp + me

√
mp + me

memp

e√
Re

(144)

or

ve =
e√

meRe

(145)

The proton velocity as measured in an inertial refer-
ence frame with origin at the center of mass between the
particles is

vp =
me

mp
ve =

me

mp

e√
meRe

=
√

me

mp

e√
Re

(146)
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or

vp =
e
√

me

mp
Re
−1/2 =

e
√

me

mp

(
mp

me
Rp

)−1/2

=
(

me

mp

)
e√

mpRp

(147)
The ground-state radius from the Bohr atomic theory

for hydrogen is given by

RB =
~2

mee2
(148)

where ~ is the reduced Planck’s constant.
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