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Training Recurrent Neurocontrollers for Robustness
With Derivative-Free Kalman Filter
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Abstract—We are interested in training neurocontrollers for
robustness on discrete-time models of physical systems. Our
neurocontrollers are implemented as recurrent neural networks
(RNNs). A model of the system to be controlled is known to the ex-
tent of parameters and/or signal uncertainties. Parameter values
are drawn from a known distribution. For each instance of the
model with specified parameters, a recurrent neurocontroller is
trained by evaluating sensitivities of the model outputs to pertur-
bations of the neurocontroller weights and incrementally updating
the weights. Our training process strives to minimize a quadratic
cost function averaged over many different models. In the end, the
process yields a robust recurrent neurocontroller, which is ready
for deployment with fixed weights. We employ a derivative-free
Kalman filter algorithm proposed by Norgaard et al. and extended
by Feldkamp et al. (2001) and Feldkamp et al. (2002) to neural
network training. Our training algorithm combines effectiveness
of a second-order training method with universal applicability to
both differentiable and nondifferentiable systems. Our approach
is that of model reference control, and it extends significantly the
capabilities proposed by Prokhorov et al. (2001). We illustrate it
with two examples.

Index Terms—Derivative-free Kalman filter, neurocontroller,
training for robustness, recurrent neural network (RNN).

I. INTRODUCTION

GROWING power of computers permits implementation
of increasingly sophisticated models and algorithms

for control of various technological processes and embedded
systems. Large investments in modeling of physical systems to
be controlled termed plants lead to development of high-fidelity
dynamical models featuring complex, highly nonlinear, and
often discontinuous relationship between variables. For ex-
ample, a plant model can consist of many modules implemented
in Matlab/Simulink each of which may contain multitudes of
lookup tables, dead zones, saturations, and other nonsmooth
and discontinuous elements. In spite of substantial time and
money invested in their development, many plant models are
still known only to within parametric and/or signal distur-
bances. Adaptive controllers may not always be applicable,
and, additional, often costly model calibration efforts seem
unavoidable, especially if high quality control is desired.

Available literature surveys on the use of neural networks to
control show that the majority of papers deal with designing
adaptive neurocontrollers mostly in the form of feedforward
and time-delay neural networks (e.g., [5]–[10] and references
therein). To compensate for uncertainties in plant dynamics,
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such neural networks are trained either directly on the plant
(direct adaptive control) or with the help of its model (indirect
adaptive control, e.g., [11]).

Another direction of research on neurocontrol stems from
neural networks with output-to-input and/or internal feedback
called recurrent neural networks (RNNs); see, e.g., [12]–[14].
RNNs are very powerful nonlinear operators capable of accurate
modeling [15], [16], and control [13] in the presence of distur-
bances. Of special interest to this paper are RNNs with internal
feedback. These are known to be able to imitate adaptive algo-
rithms, even with their weights fixed, as demonstrated in [20]
and [21]. Due to such remarkable behavior, RNNs seem espe-
cially appealing as an alternative to adaptive neurocontrollers,
provided that RNNs are trained appropriately for robustness to
uncertainties or changes in plant parameters.

Our approach is to train an RNN controller on instances of
plant models to handle our imprecise knowledge about the plant.
It has been shown in [22] that it is possible to train a recurrent neu-
rocontroller on several instances of an automotive engine model
(idle speed control problem: maintaining the desired speed of the
crankshaft in spite of various disturbances), where each of the in-
stances is different from others in values of the model parameters.
The goal of [22], as well as the goal of this paper, is to create a
robust recurrent neurocontroller, i.e., a recurrent neurocontroller
which is capable of delivering an acceptable performance regard-
less of the true (unknown) values of the plant parameters. After
its comprehensive testing on many plant model instances, the
recurrent neurocontroller is supposed to be deployed with fixed
weights and no postdeployment adaptation. This bypasses a del-
icate issue of preserving stability while training neurocontrollers
online. Establishing theoretical guarantees of performance in-
cluding those for closed-loop stability is beyond the scope of
this paper. We assume that performance can always be verified
in practice, similar to the viewpoint expressed in [9].

To illustrate a setting in which we train a recurrent neuro-
controller to cope with plant uncertainties, we consider the fol-
lowing example. Let us have a family of plants

(1)

which can be represented as

(2)

where , , and are smooth scalar functions.
Parametric uncertainty is bounded and time-varying, with
the time scale different from that of the plant. (For example,
is piecewise constant, switching from one level to the next with
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changing ; changes much less often than , e.g., after
steps.) We wish to develop a nonadaptive controller capable of
stabilizing all plants of the family (1) around the origin .
We propose the following structure for such controller

(3)

which can be represented as

(4)

where , , and are smooth functions and and
are adjustable parameters of the controller1 ( is formed

by merging and ). The structure (4) can be interpreted
as an RNN with weights , with one recurrent layer of nodes

(internal feedback) and one feedforward node .
Suppose for (1) there exists bounded such that the per-

fect stabilization of all plants is possible

(5)

This ideal control can be computed only if and
are known. However, the full plant state including both

and is not accessible (hidden); therefore, the controller (3)
must develop its internal representation by observing and
its history such that

(6)

Assuming sufficient number of nodes in layer of (4),
we create an adequate representation through training of
weights .

At this point, it is worth recalling representation differences
between the RNN controller (3) and other neurocontrollers. In
our nonadaptive setting (fixed weights ), a feedforward neu-
rocontroller, i.e., a controller such as (4) but with the feedfor-
ward , may be inadequate to control
the family (1) because the same can require the con-
troller to produce different values of , depending on dif-
ferent combinations of and . What about a time-delay neu-
rocontroller? Such a controller can be represented by

in (4), and it has
clearly much more information about the plant than the feed-
forward controller inputting any particular . However,
its complexity in terms of the required number of inputs

, can be significant. Furthermore, the time-delay
neurocontroller may not be sufficient for some plant families. If
we have the plant family (note

), then its stabilization around the origin requires
an RNN controller (3) because control must be different for
varying to keep the plant stabilized at .

Any successful process for training a recurrent neurocon-
troller should cover a sufficient number of variations of . This
requirement is similar to training a neural network to approxi-
mate an unknown function from its samples. It is well known
that a neural network can easily overfit when trained on a small
number of samples, demonstrating very low errors on all of

1We henceforth denote vectors and matrices by letters in bold.

Fig. 1. Performance differences between three hypothetical controllers. The
left panel shows the performance E(�(k)) of each controller while varying the
plant index k. The performance of the ideal (perfectly robust) controller is de-
noted with squares at E(�(k)) = 0:3. The performance of the recurrent neu-
rocontroller trained for robustness (stars) is better than that of the specialized
neurocontroller (trained on just one plant k = 5 and denoted with circles) for
all k except k = 5. The right panel is the histogram of the left panel (squares,
stars, and circles on the left correspond to gray, black, and white bars on the
right, respectively). The advantage of the robust neurocontroller (black bars)
over the specialized neurocontroller (white bars) is apparent.

them. The same neural network may exhibit large errors on test
samples, which is not acceptable. Suppose that we now train (4)
to control (1) on a set of , i.e., we sample
the space of control tasks. For the performance measure

(7)

where is the trajectory length [ is chosen to be sufficiently
large so that the effect of initial states and on (7) is
negligible], we assume that our trained recurrent neurocontroller
exhibits the performance on the set of as shown in Fig. 1 for

(marked by stars). For comparison, the ideal (perfectly
robust) controller is the one with performance (marked
by squares), whereas a controller specialized to just one of the
plants, e.g., , exhibits the performance over all as marked
by circles. This specialized controller overfits in the space of con-
trol tasksbecause in training it onlyhad todealwithoneparticular
example of the control task. [Its performance is signif-
icantly better than that of the RNN controller trained for robust-
ness, but worse for all other .] We would like to strive for the
ideal controller insensitive to variations of , but in practice we
can only achieve some (problem-specific) reduction of the max-
imum and the mean of by training for robustness due to the
limitedsizeofRNN.Thoughreducing thevarianceof isalso
a useful goal in robustness training, we recognize that sacrificing
the minimum of significantly for the sake of the variance
reduction should be considered a last resort.

In the approach discussed in [4], plant models consist of
differentiable components to enable training robust neuro-
controllers via the extended Kalman filter (EKF) algorithm.
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The EKF algorithm was first applied to RNNs more than ten
years ago [22]. Since then, its effectiveness in training neural
networks has independently been verified by many researchers,
e.g., [17], [28], [19], and [18]. The important element of the ap-
proach in [4] is the use of backpropagation through time (BPTT)
[23] to compute derivatives of plant outputs with respect to
the neurocontroller weights. When the plant equations are not
available, the authors of [4] resort to system identification,
the well-known step consisting of training a separate neural
network to act as a plant model and estimate the unavailable
derivatives via BPTT. In many cases, a fairly accurate plant
model is available since it is common in industry to invest a lot
of time and money into system identification. Thus, it is highly
desirable to use the already developed plant models directly for
neurocontroller synthesis (training), rather than replace them
with yet another set of models based on differentiable neural
networks only because such networks enable the use of BPTT.

In contrast to [4], the approach described in this paper ex-
tends the applicability of RNN controllers to broader classes of
plant models, e.g., those including lookup tables, dead zones,
etc., since it does not use BPTT and thus can be applicable to
nondifferentiable elements. Our approach employs the deriva-
tive-free Kalman filter algorithm derived in [1]. Our earlier work
extended this algorithm which we called Kalman filter by Nor-
gaard, Poulsen, and Ravn (nprKF) to training RNN in [2] and
[3]. In this paper, we propose to use a computationally effi-
cient form of the nprKF to training recurrent neurocontrollers
for robustness.

This paper consists of four sections. In Section II, we describe
our method. First, we discuss specifics of model reference con-
trol, then describe the derivative-free Kalman filter algorithm
employed. In Section III, we illustrate its application with two
examples. Our first example is one of the problems described
in [4]. We show that our approach can achieve improved results
on robustness, as compared to previous results. Our second ex-
ample is an electronic throttle control problem for an internal
combustion engine. We demonstrate that our approach is appli-
cable to this practically important problem which includes non-
differentiable elements. Section IV concludes our paper.

II. METHOD

A. Controller Training With Reference Model

We follow the framework for neurocontrol established in [24]
and [25], and we adopt the viewpoint of model reference con-
trol with the controller being an RNN. An example of the gen-
eral structure for model reference control is shown in Fig. 2.
The plant is connected to the controller. The controller goal is
to make the plant outputs track the reference (or desired) signals.
The plant evolves as a function of the input vector and
its internal state . The input vector consists of con-
trol signals (outputs of the controller) and any other ex-
ternal variables including unmeasured disturbances (e.g., those
corrupting the plant outputs).

The controller receives the time-delayed output of the
plant along with the reference signals . The feed-
back loop is closed through a time-delay operator

. The appropriate delays are applied

Fig. 2. Block diagram of model reference control [4]. The notation y and
y is used to distinguish between different elements of the diagram (outputs
and inputs, respectively). The symbol � stands for plant, controller, or reference
model, each of which may have its own set of state variables. Implicit in this
diagram are various disturbances and noise always present in real control sys-
tems. The plant block denotes both the actual system to be controlled and its
model(s) used to synthesize a controller. Our approach employs plant models to
train a neurocontroller for robust control of the plant so that the average of (10)
is reduced.

component-wise to elements of the vector . The con-
troller produces the vector as a function of the input
vector , its internal state , and the vector of con-
troller weights .

In Fig. 2, the plant block has a dual meaning. It is not only
the actual system to be controlled but also its models employed
to train a recurrent neurocontroller for robustness, as discussed
in this paper.

The desired output of the plant is given by the output
of a stable reference model which is specified as a function of
the reference signals and the internal state of
the reference model. The simplest possible reference model is
just the time-delay operator , providing time shifts of com-
ponents of the vector , in order to correctly compute the
error vector . Such shifts are neces-
sary to reflect causality and properly account for internal delays
always present in the plant model.

Our neurocontroller is implemented as an RNN with
n nodes in the pseudocode below. The pseudocode is gen-
eral, and it can be used to describe a large variety of computa-
tional structures including networks with layers, nonrecurrent
networks, polynomials, etc. After setting up several required
vectors and matrices describing the network architecture (i.e.,
n con specifies the number of connections per node, is an
element of the connectivity matrix specifying which node is
connected to node , with the corresponding delay of the link
specified in the delay matrix ; often ), the network
execution is compactly expressed in pseudocode 1 [26]:

for i = 1 to n nodes f

if n con(i) > 0f

ai(t) =

n con(i)
j=1 Wi;j(t)yc (t� di;j);

if i is additive;
n con(i)
j=1 (Wi;j(t) + yc (t� di;j));

if i is multiplicative:

(8)

yi(t) = fi(ai(t)) (9)

g

g
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Most commonly, we take the activation function to be
a bipolar sigmoid, though we also can make use of other func-
tions, e.g., linear or sinusoids, for special purposes. Further-
more, some are controller inputs , others form its
internal state , and still others serve as controller outputs

.
The neurocontroller weights can be adjusted using either gra-

dient-based methods (less effective, first-order methods, e.g.,
the gradient descent, or more effective, second-order methods,
e.g., EKF with BPTT truncated after time steps [27]) or
derivative-free methods. We choose the second-order deriva-
tive-free method to be described because: 1) it obviates the need
for computing derivatives in (possibly) complex and not readily
differentiable closed-loop systems, and 2) it provides more ac-
curate treatment of nonlinearities than either the EKF or any
other estimation technique available today (see [1]), while re-
maining computationally competitive. The recurrent neurocon-
troller is trained to minimize the root-mean-square (rms) error

(10)

where is the output weighting
matrix (often set as the identity , as in our examples of
Section III), is the vector of plant parameters, and is
sufficiently large [cf. (7) in Section I]. (A penalty for excessive
control efforts can be imposed by employing feedthrough con-
nections: .) In an adaptive problem setting,
the controller weights are time-varying to compensate for
uncertain . In our robust setting, the controller weights are
fixed, but the controller itself is an RNN trained to reduce both
the average and the maximum of (10) over all possible .

Our approach is applicable to control of very general plants.
To account for parametric uncertainties, we augment the
common state–space description of the plant with the vector of
plant parameters [cf. (2) in Section I]

(11)

where and are concatenated to form , and changes
no earlier than after time steps (slowly, continuously
changing is also admissible). Different components of may
only be known to within component specific uncertainty bands.
We do not assume models linear in parameters, as illustrated in
Example 1. Usually (see, e.g., [8]) and are assumed to
be smooth vector functions. Such requirement is not necessary
because we intend to use a derivative-free method of assessing
sensitivities of plant outputs to its inputs. However, we do
require that any discontinuities in and be bounded. Our
approach is thus applicable to control of systems with common
nonsmooth and discontinuous nonlinearities such as dead
zones, saturations, and hystereses. In addition, many practical

systems, e.g., aerospace and automotive power trains, include
lookup tables of various complexity, and these are also handled
well by our approach, as shown in Example 2.

The process and/or actuator noise and measurement
noise in (11) can be modeled as random processes from
normal or uniform distributions, which is the common as-
sumption in the field. RNN controllers have been known to be
significantly less sensitive to and than other nonre-
current neurocontrollers (see, e.g., [13] for RNN controllers
and [15] for RNN in general) even without incorporating these
noises into the training process. We confirm this observation,
demonstrating robustness to measurement noise in Examples 1
and 2. We can also readily incorporate and into our
training for robustness, if necessary.

Though we stress the robustness to parametric uncertainty,
additional uncertainties can come in a form of structural un-
certainty. For example, different modes of plant operation can
be described by models of different order. In each moment ,
our knowledge of the operation mode (the structure of the plant
model) can be uncertain

(12)

In this case, the index defines the mode, rather than the vector
of parametric uncertainty in (11). We can train a recurrent
neurocontroller by sampling different modes as if they were dif-
ferent instances of the parameter vector .

An RNN controller with outputs implemented by
pseudocode 1 is assumed to exist such that the rms error (10)
for the plant model (11) or (12) is bounded for all or ,
respectively. To achieve a decreased sensitivity of the recurrent
neurocontroller to the uncertainties, we wish to utilize the most
accurate plant models supplied to us externally (e.g., by system
modelers) with specified ranges of uncertainties, regardless of
the plant model differentiability.

B. Npr Method

The nprKF provides a much more accurate estimate of a
Gaussian distribution evolution under a nonlinear transforma-
tion than that of the EKF [1]. This is done by subjecting the
special vectors, which are derived from columns of the square
root of the covariance matrix , to the same transformation.
The nprKF is derived by replacing a Taylor expansion in the
vicinity of the current weight vector with an expansion based
on Stirling’s formula for interpolating an analytic function
over an interval. In one dimension, Stirling’s formula may be
obtained from the Taylor expansion by replacing derivatives
by divided differences. Restricting attention to first and second
orders, we can replace the first and second derivatives about ,
i.e., and , with

(13)

(14)

where controls the interval for which the approx-
imation is optimal. Norgaard, Poulsen, and Ravn (NPR) argue
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that their approach is advantageous because of its more accu-
rate treatment of the effects of nonlinearity on the Kalman filter
recursion. An important side benefit is that nonlinearities need
not be differentiable since derivatives are not employed.

We now describe application of the NPR method to neuro-
controller training. The controller weights are denoted as a
vector of trainable weights for consistency of notation with
[1] and [2]. The vector is treated as the state to be estimated
(the same interpretation is adopted in the EKF framework [27]).
We denote the number of trainable weights as . The -dimen-
sional covariance matrix at time step is represented in the
square root form

(15)

where the matrix (square root factor) is also . The
th column of is denoted by . We henceforth discard

explicit notation of the time step for simplicity, wherever pos-
sible. From each such column vector, we form two variations of
the current weight vector , i.e., and , where

is such that ( is recommended for Gaussian
and unbiased distributions of estimation errors)2 [1]. We must
compute system outputs for each of these variations.

Our system is the closed-loop system of Fig. 2 which includes
a recurrent neurocontroller as its trainable part. We can describe
the closed-loop system in the following pseudocode form (pseu-
docode 2):

for n = t � hd to t f

Compute outputs yO (n)of neurocontroller
in Pseudocode 1 of Section II-A.

Compute plant model outputs yO (n) in
(11).

Compute reference outputs yO (n) of the
reference model (see Fig. 2).

g

Elsewhere [4], [27], we utilize derivatives of outputs with re-
spect to RNN weights computed by truncated backpropagation
through time, BPTT , where is the truncation depth
( corresponds to static backpropagation). BPTT
estimates the change of outputs of the closed-loop system in re-
sponse to a hypothetical change of RNN weights up to time
steps in the past. Dynamic derivatives obtained by BPTT
are used in [4] to adjust recurrent neurocontroller weights to
minimize (10). In the nprKF, we can estimate effectively the
same change by repropagating the closed-loop system, starting
with step , where is the current step, for each set of
RNN weight variations. That is why the state of the network
(plus the state of the plant model and the state of the reference
model, if applicable) at step must be saved just as in
BPTT , so that the system can be initialized properly prior
to each repropagation.

2The assumption about the underlying Gaussian distribution is also the stan-
dard EKF assumption [28]. We choose the constant h because the evolution of
S has sufficient influence on variations of x, as it is affected by the learning
parameters of the nprKF algorithmQ andR to be introduced in Section II-C.

We can compactly denote pseudocode 2 as the vector function
, computing the outputs of the closed-loop system

time steps from the step . We denote its th output for the
nominal weight vector as , for variation as

and for variation as .
The internal states of the recurrent neurocontroller, the plant
model and the reference model, are provided as an additional
implicit argument to and pseudocode 2. However, these
serve only as memory to be stored temporarily, in exactly the
same way it is done in the EKF training of RNN.

C. NprKF Recursion

Several working matrices must be set up at each step of the
nprKF recursion. The matrix is and diagonal, with
diagonal elements equal to (

, where controls forgetting of past data). We denote the
number of closed-loop system outputs as (e.g., the dimen-
sionality of in Fig. 2 is equal to ). The th element of
the matrix is given by

(16)

where is the th column of in (15).
The th element of the matrix is given by

(17)

We mainly adopt the notation of [1] and [2] for consistency.
The computational cost of the original nprKF recursion scales

with [1], which is impractical for neural networks with many
weights. Much more efficient formulation is pro-
posed in [2] (typically ), which is also implemented for
experiments in this paper. We describe this more efficient recur-
sion as follows.

We define the concatenated matrix

(18)

where the component matrices are assembled according to (16)
and (17), and the matrix is and diagonal, with
diagonal elements equal to ,
where is the inverse learning rate). Weighted average outputs
of the closed-loop system to be used in the RNN weight update
are calculated from

(19)

Then, the weight update is given by

(20)

where is the Kalman gain [28], is the target vector (e.g.,
in Fig. 2), and the “ ” subscript denotes the after-update

value.
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The Kalman gain is determined from the following factored
form:

(21)

which utilizes (15) and (18). We make use of the matrix factor-
ization lemma [28], which implies that (21) holds if and only if
there exists a unitary matrix such that

(22)

The matrix is assembled implicitly by carrying out Givens
rotations [29] to annihilate the appropriate blocks of the matrix
on the left-hand side of (22) such that it has the same structure
as the right-hand side. We then identify the nonzero blocks with
those on the right-hand side. We recover the updated square root

of the covariance matrix (15) and lower triangular .
Once is obtained (through backsubstitution [29]), the weights
are updated according to (20).

The dominant computational term of operations of the new
recursion scales with , provided that the Givens rotations
are performed in the following order. We first annihilate the
block, then the block. Within blocks, we proceed from left
to right and top to bottom. In each case, the Givens rotations in-
volve elements of the leftmost blocks. The block that began as

should end up as upper triangular. However, rigorous annihi-
lation of still requires operations that scale with . To
avoid such prohibitively expensive scaling, we approximate the
full annihilation of the block by performing quadrature
additions to the diagonal of : , .

D. Summary of nprKF Algorithm for Controller Training

We summarize the nprKF application to training our recur-
rent neurocontroller for robustness in the following algorithmic
form.

1) Initialize diagonal , , and to ,
, and , respectively, where , , and

are problem-dependent values (see Section III and [2] and
[3] for example values).

2) Choose an instance of the plant model (e.g., initialize pa-
rameters of the model from a distribution).

3) Choose a segment of the reference trajectory provided by
the reference model starting at time .

4) Initialize (or restore from step ) states of the plant
model, the reference model, and the neurocontroller; set

.

5) For the neurocontroller weights and each of their
variations and , do as
follows.

a) Perform repropagation through the closed-loop
system (forward propagation of signals through the
controller, the plant model, and the reference model,
as in pseudocode 2) from step to step to
obtain and and populate
matrices (16) and (17).

b) Restore states of the closed-loop system from step
to prepare for the next repropagation.

6) Assemble the vector according to (19).
7) Carry out updates (22) and (20).
8) Move ahead by one time step: .
9) Continue from step 4) until the end of the reference trajec-

tory segment.
10) Choose a new segment [go to step 3)] and/or a new instance

of the plant model [go to step 2)] and continue training until
a required level of performance, e.g., a sufficiently low rms
error (10), is attained. During our training for robustness it
is worth monitoring the mean of the rms errors taken over a
representative selection of over time and stop the training
when its progress becomes sufficiently slow.

We employ a multistream version of the aforementioned
algorithm. A concept of multistream was proposed in [22] for
improved training of RNN via EKF. It amounts to training
copies ( streams) of the same RNN with outputs. Each
copy has the same weights but different, separately maintained
states. With each stream contributing its own set of outputs, every
update (20) is based on information from all streams, with the
total effective number of outputs increasing to .
The multistream training is especially effective for heteroge-
neousdata sequences because it counters the tendency to improve
local performance at the expenseof performance in other regions.

The multistream is naturally suitable for the nprKF algorithm,
as shown in [2], and here we resort to the multistream nprKF
for training RNN controllers for robustness. We assign a sepa-
rate stream to each instance of the plant model (possibly, with
its own segment of the reference trajectory) and carry out steps
2)–6) for all streams. (All streams share the weights of the
neurocontroller, while maintaining their differences of states of
the closed-loop system components as well as parameters of the
plant models.) We then execute steps 7) and 8) and repeat the
multistream training process from step 9). Thus, our neurocon-
troller is trained simultaneously on plant models.

There are two straightforward ways of training on multiple
plant models. In the first approach, several sets of plant model
parameters may be chosen purposefully and kept constant
during training. In fact, different plant models may reflect dis-
tinct operation modes of the plant, as mentioned at the end of
Section II-A. Alternatively, one vector of plant parameters
might describe mode 1 of the plant operation, another vector

might apply to mode 2, etc. When the number of modes is
small (on the order of ten), we can assign an individual training
stream to each mode, e.g., the plant model with is assigned
to the th stream, .

The second approach is applicable when the total number
of possible plant variations is too large or even infinite. As-
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suming no prior knowledge of parameter uncertainties except
their ranges, we generate parameters of plant models at random.
That is, we draw samples from a distribution and
keep these instances of the plant model assigned to their respec-
tive streams for training during some number of training epochs.
Periodically, we draw new samples from and continue
training on them.

Such training on randomly chosen plant models is akin to
training with a continuous flow of data. Examples are never re-
peated. Making the most of each example is likely to be inap-
propriate. A recurrent neurocontroller trained for too long on
the same small set of plant models gets too specialized to
this particular set. As discussed in Section I, the neurocontroller
overfits and performs inadequately when tested on other exam-
ples not used in training. This phenomenon called recency effect
has been observed previously for both RNN trained on data se-
quences and recurrent neurocontrollers (see, e.g., [22] and [27]).
As our goal is to synthesize a robust neurocontroller, i.e., a neu-
rocontroller which can deliver an acceptable performance for
any example, we attempt to balance the duration and intensity
of training on each selection of plant models with the duration
of the entire training session and the total number of plant model
selections utilized in training. We recognize that the optimal bal-
ance may always remain problem dependent, but we are encour-
aged by our results, thus far suggesting that an adequate balance
can be achieved with a modest amount of experimentation, as
demonstrated in Section III.

III. EXPERIMENTS

A. Example 1

Our first example is taken from [4] with the purpose to
demonstrate that the nprKF is a viable alternative to the
BPTT–EKF-based technique capable of attaining an improved
level of performance, even when a plant model is differentiable.
We train a neurocontroller for robustness to parametric distur-
bances of the multiple-input–multiple-output (MIMO) plant,
which is a third-order system with two inputs and two outputs
described by the state equations

(23)

(24)

(25)

where , and are components of the plant state
vector, and the plant inputs and are set equal to the con-
trol signals. The first two components of the state vector and

are the plant outputs and , respectively. The goal
is to develop a neurocontroller such that the plant outputs follow

TABLE I
NOMINAL VALUES OF PARAMETERS ��� FOR THE MIMO PLANT OF [30]

two independent reference model outputs and as
closely as possible.

This control problem was originally proposed by [30]. The
authors studied five cases of the problem formulation with con-
stant values of the parameters assembled in
the vector . These cases differed by the amount of information
about the plant available to the control designer. For example, in
one case all state variables were accessible, and the plant equa-
tions were known. In [4], we reformulated this control problem
for the case of uncertain (parametric disturbances), developed
several controllers based on RNN and compared them with neu-
rocontrollers based on feedforward networks.

Table I contains nominal values of the plant parameters . We
allow each components of to be a random variable uniformly
distributed around its nominal value in the range . We first
consider the case in which all state variables are accessible and
plant equations are known (the full state feedback case); then,
we provide the results for the partial state feedback case.

Our training setup (i.e., the RNN architecture, the type of
reference trajectories, and the total number of training epochs)
is the same as the one employed in [4] except that we use the
nprKF algorithm with five streams . We begin with

(value on the diagonal of ), , and
. After 300 epochs (about 30 000 weight up-

dates), we switch to for another 300 epochs, fol-
lowed by another 300 epochs with . We com-
plete the training process with another set of 500 epochs with

.
Upon completion of training, we test the resulting neurocon-

troller on various reference signals and on many plant models
with different parameters independently generated from the
same distribution as that of the training set of plant models.
Fig. 3 shows tracking results for the nominal plant model on the
same set of reference signals as those in [30]. Fig. 4 compares
our performance with performance of the BPTT–EKF-trained
neurocontroller of [4] on 10 000 plant models for the reference
signals of Fig. 3. Similar comparative results in favor of the
nprKF-trained neurocontroller are obtained for 1 000 000 plant
models.

Our performance (the average tracking rms error) is signifi-
cantly better than performance of the neurocontroller trained on
the nominal system. In fact, for several instances of the plant
model (about 0.03%) the nominal neurocontroller fails to stabi-
lize the closed-loop system altogether. (This system is known to
be notoriously unstable to inadequate controls, and its state vari-
ables can reach unbounded growth in just a few time steps.) It
is worthwhile to note that another derivative-free optimization
approach [simultaneous perturbation stochastic approximation
(SPSA)], [31], apparently encounters serious difficulties when
applied to training a neurocontroller for this problem because
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Fig. 3. Tracking of the reference signals on the nominal plant model. The ref-
erence signals are solid and the plant outputs are dashed. The rms error (10) is
0.109.

Fig. 4. Comparison of tracking rms errors (10) over 10 000 plant models for the
same reference trajectory as in Fig. 3. The black bars are for the nprKF-trained
neurocontroller (the mean rms error is 0.168; the maximum rms error is 0.357),
the white bars are for the BPTT–EKF-trained neurocontroller of [4] (the mean
rms error is 0:179; the maximum rms error is 0:379).

the plant is easily destabilizable, especially early in the training
process.

Interestingly, subjecting our trained recurrent neurocontroller
to the measurement noise (a uniform random distribution in the
range 0.025), in addition to the perturbations of , changes
the histogram of Fig. 4 very little. The mean rms error becomes
0.174 and the maximum rms error is 0.364 versus the mean rms
error 0.184 and the maximum rms error 0.393 for the perfor-
mance of the BPTT–EKF-trained neurocontroller of [4] in the
same setting.

Though we considered so far the full state feedback con-
trol, our conclusions regarding the improved performance of the
nprKF-trained neurocontroller also hold in the case of the partial
state feedback control. Specifically, for the recurrent neurocon-
troller of the same architecture but with four inputs (

, and ) the mean rms error is 0.191 and the max-
imum rms error is 0.361, which is better than the performance

of the the BPTT–EKF-trained neurocontroller of [4] (the mean
rms error is 0.196 and the maximum rms error is 0.405).

Our experimental conclusions are also confirmed by re-
peating the nprKF training process for different initial weights
of the neurocontroller. It helps to test several choices when
dealing with processes with random components. A useful
variation of the described process of training for robustness is
to test some intermediate neurocontrollers (e.g., those with rea-
sonably good training rms errors attained before the specified
number of epochs is completed) on a large set of plant models
and decide whether to stop or continue the training process
further.

B. Example 2

Our second example deals with a problem of electronic
throttle control (ETC). The ETC is gaining popularity in
the automotive industry due to its capabilities for achieving
improvements in fuel economy, drivability, and other crucial
performance factors. In conventional vehicles, the driver pedal
is linked to the engine throttle mechanically. The ETC vehi-
cles are “drive-by-wire” vehicles, meaning that the throttle is
driven by an electric motor controlled electronically through an
appropriate interpretation of the driver pedal position.

The ETC is an electromechanical system consisting of a
direct current (dc) motor, a gear mechanism, and a throttle valve
with a dual spring system. In the neutral position, both springs
are relaxed, and throttle valve is slightly open. This is called
the “limp-home” position, and it is critical in case of the power
failure allowing the engine to operate in a low power mode.
The two springs have substantially different stiffness. The first
spring affects the throttle valve motion at angles exceeding
the “limp-home” angle, whereas the second spring counteracts
the motor torque for angles smaller than the “limp-home.”
The second spring’s stiffness must be higher to provide higher
angular resolution at small angles.

The throttle position is measured by a potentiometer. A
sufficiently accurate angular control of the throttle valve’s
plate between 0.14–1.57 rad is required (between 8 and 90 ,
respectively).

The ETC model consists of several components (Fig. 5). It
includes the dc motor dynamics, with the armature time constant

, the armature gain , the emf constant , and the torque
constant . Our control signal is the motor voltage , and it is
limited between and . Further, there is a complicated
model of friction due to ball bearings and the gear mechanism
(one of the most accurate is the LuGre friction model [32] also
used in this paper). The gear ratio is , and the overall inertia
is . Finally, the dual spring system is modeled in the form of a
lookup table.

The ETC model has been validated experimentally and
demonstrated to be a very accurate description of the real
hardware, provided that the model parameters included as
components in the uncertainty vector (15 components in-
cluding parameters of the friction and spring models) could
be estimated with high accuracy (to within a few percent from
their true values). It is projected that the massive use of the
ETC in automotive industry in the near future will expedite
the utilization of relatively cheap components with substantial
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Fig. 5. Block diagram of electronic throttle. The controller (not shown) senses the throttle valve position ���, (and, possibly, the motor speed ! ) and puts out the
voltage u.

spread of parameters around their nominal values. For example,
the friction model parameters or the spring stiffness may have
their true values significantly different from nominal, or they
may deviate significantly during the throttle service time.
The ETC pervasiveness will also mean that it is too costly
to calibrate any model-based control algorithm with fixed
parameters. On the other hand, an adaptive control algorithm
may be very difficult to design because it has to cope with too
many uncertainties, entering the control equations nonlinearly.
We illustrate how to employ a robust neurocontroller trained
via the nprKF algorithm for the ETC problem.

The ETC closed-loop system is modeled with the fixed time
step of 0.1 ms. For our ETC experiments in this paper, we
specify the uncertainty ranges for all 15 ETC parameters as

around their nominal values, although the uncertainties
might eventually be set to parameter specific (but currently
unavailable) values. When the control sampling rate ms,
the motor speed is measured or inferred (e.g., from the first
difference of angles), and no angular measurement errors are
present, a very accurate position control is achieved easily with
a small RNN using the nprKF training algorithm for any set
of plant model parameters kept constant throughout the neuro-
controller training (see Fig. 6 for typical results; the network
3-2R-1, which stands for the architecture with three inputs,
a fully recurrent hidden layer of two nodes with the one-step
feedback delays, and one output, has 15 weights).

Even with the small neurocontroller, the control sampling
rate ms might be too demanding for the hardware
implementation. When increases and, in addition, the
motor speed is not measured, the tracking accuracy gradually
decreases, which is not surprising considering the growing
control delay, but controllability is still maintained up to

ms with a satisfactory level of accuracy. For this most
challenging sampling rate, we carry out the nprKF training
for robustness. We choose a larger two-hidden-layer RNN,
2-5R-3-1 (62 weights), as a reasonable tradeoff between its
capabilities and complexity of on-board implementation. Sim-

Fig. 6. Tracking of a 4-s segment of the sin function around the “limp-home”
angle. The reference signal is solid, and the plant output is dashed (top panel).
The bottom panel shows the corresponding output of the neurocontroller. The
rms error (10) is 0.002 rad, and instantaneous errors are negligible. The sampling
for control values T is 1 ms. The controller is a 3-2R-1 RNN [the three inputs
are the current angle, its desired (reference) value, and the motor speed]. The
rms error deteriorates slightly (to 0.003 rad) when no speed measurements (or
inference based on the first difference of angles) are provided to the controller.

ilar to the example of Section III-A, we train according to the
six-stream nprKF algorithm in which each stream
is assigned to a particular instantiation of the ETC model, with
parameters drawn from a uniform random distribution around
their nominal values. Similar to [4], our training reference
trajectory is chosen as random levels between 0.14–1.57 rad
maintained for a random duration between 0.25–1.0 s. Changes
between levels are commanded as ramps up or down, with the
rise or fall limits consistent with physical limitations of the real
ETC. Each stream is assigned to its own 100-point segment
of the reference trajectory, with the starting point chosen at
random. All parameters of every ETC model are redrawn every
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Fig. 7. Our typical tracking performance of the 2-5R-3-1 neurocontroller
trained for robustness with T = 10 ms (its inputs are the current angle
and the desired angle). A 30-s segment of the reference signal is solid, and
the plant output is dashed. The measured angle is corrupted by noise due to
potentiometer errors of no larger than 0.0009 rad. The rms tracking error (10) is
0.022 rad (within 1% of the noise-free tracking rms error). The neurocontroller
seems to be very insensitive to the measurement noise, which is crucial for
practical implementation.

five training epochs, each epoch consisting of processing all
100 points for all streams. We train for 200 epochs total (about
20 000 weight updates) with , and

. The initial value on the diagonal of the
matrix is larger than that in Example 1 due to the presence of
the friction model discontinuity (even larger values may be
useful for successful training with wider discontinuities).

Typical tracking results after training are shown in Fig. 7
when tested with an angular measurement noise (the amplitude
of 0.05 ) not present during training. The maximum steady state
angular error is less than 1 , which is favorable.

We compare our results of training for robustness with those
of the same recurrent neurocontroller trained on the nominal
ETC model via the nprKF algorithm. We test both controllers
on the same reference trajectory and 10 000 ETC models. On
average, our tracking rms error (0.024 rad) is 50% smaller than
the rms error of the nominal neurocontroller (0.036). In addition,
the maximum rms error of the recurrent neurocontroller trained
for robustness is significantly smaller (0.083) than that of the
nominal recurrent neurocontroller (0.131), as shown in Fig. 8.
Further improvement to robustness may also be achieved, but
only at the expense of a significantly increased size of the RNN
controller not practical for on-board implementation. The per-
formance advantages of our recurrent neurocontrollers trained
for robustness also hold for other reference trajectories.

IV. CONCLUDING REMARKS

This paper introduces a new method for practical controller
synthesis. We choose a sufficiently accurate model of the plant
(e.g., reflecting all major physical phenomena) and make a prac-
tically sound assumption that the plant parameters are known
only in some ranges around their nominal values. We train a

Fig. 8. Comparison of tracking rms errors (10) over 10 000 ETC plant models
for the same reference trajectory as in Fig. 7. The black bars are for the neu-
rocontroller trained for robustness by the nprKF algorithm (the mean rms error
is 0.024 and the maximum rms error is 0.083), the white bars are for the nom-
inal neurocontroller (the mean rms error is 0.036 and the maximum rms error is
0.131).

neurocontroller on many instances of plant models with dif-
ferent parameters. We apply a computationally efficient form of
the derivative-free Kalman filter algorithm (nprKF) to training
neurocontrollers for robustness in the model reference control
setting. Our neurocontrollers are discrete-time RNNs to be de-
ployed with fixed weights. They are known to be very flexible
computational structures capable of exhibiting a rich spectrum
of behaviors. We rely on the power of RNN and effectiveness of
the nprKF algorithm to synthesize (train) controllers which are
able to handle gracefully modeling uncertainties in nontrivial
control problems.

In Examples 1 and 2, one can probably show that knowing the
exact values of plant model parameters is sufficient to develop
a nonlinear (nonneural) controller with accurate tracking of any
reasonable reference trajectory. However, such a controller as-
sumes too much prior knowledge which is not available in the
robust problem setting of this paper. Any theoretical analysis
with RNN in the control loop stumbles upon the fact that, even
by itself, RNN is a dynamical system highly nonlinear in pa-
rameters. Such systems are notoriously difficult to analyze (see,
e.g., [33] and [34]). Meaningful performance guarantees appli-
cable to RNN training for robustness are yet to be developed.

A likely limitation to the classes of plant models to be con-
trolled with neural networks can come from the following con-
sideration. Neural networks of various architectures are proven
to be universal approximators of mappings with bounded first
absolute moments of their Fourier transforms (see, e.g., [35]).
In practice this means that the higher the dimensionality of
and , the smoother these functions should be for the same ac-
curacy of the approximation. Thus, high-dimensional neurocon-
trollers may run into difficulties when dealing with plants with
a large number of nonsmooth and discontinuous nonlinearities,
but this is the limitation of the chosen controller parameteriza-
tion, rather than the training method proposed in this paper.
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As compared to the EKF algorithm, the nprKF recursion de-
scribed here has an extra complexity due to multiple repropaga-
tions through the closed-loop system for RNN weight varia-
tions, resulting in the cost . It may be possible to offset
this by increasing the cost of the nprKF recursion, as discussed
in [3], but further research to reduce the complexity of the nprKF
algorithms is warranted.
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