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Recurrent neural networks with fixed weights have been shown in
practice to successfully classify adaptively signals that vary as a function
of time in the presence of additive noise and parametric perturbations.
We address the question: Can this ability be explained theoretically? We
provide a mathematical proof that these networks have this ability even
when parametric perturbations enter the signals nonlinearly. The restric-
tions that we impose on the signals to be classified are that they satisfy
an assumption of nondegeneracy and that noise amplitude is sufficiently
small. Further, we demonstrate that the recurrent neural networks may
not only classify uncertain signals adaptively but also can recover the
values of uncertain parameters of the signals, up to their equivalence
classes.

1 Introduction

Recurrent neural networks (RNN) with fixed weights are known to solve
problems of adaptive classification, recognition, and control (Prokhorov,
Feldkamp, & Tyukin, 2002; Feldkamp, Puskorius, & Moore, 1996; Feldkamp
& Puskorius, 1997; Younger, Conwell, & Cotter, 1999; Lo, 2001). When the
objects to be classified are static, for example still images or vectors in R", so-
lutions to these problems are usually characterized in terms of convergence
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of the RNN state to an attractor (Hopfield, 1982, Fuchs & Haken, 1988a,
1988b).! Each attractor corresponds to a specific class of objects, and its
basin determines which objects belong to the class. Conditions specify-
ing convergence to an attractor are widely available in this case (Cohen &
Grossberg, 1983; Michel, Farrel, & Porod, 1989; Yang, & Dillon, 1994; Chen
& Amari, 2001; Lu & Chen, 2003).

When the objects to be classified are dynamic, for instance, nonlinearly
parameterized functions of time of which the parameters are unknown a
priori, no adequate theory exists to explain why the fixed-weight RNN ap-
proach is successful. At present, theoretical results are available to demon-
strate that a single fixed-weight RNN of a certain type can approximate
the solutions of multiple dynamical systems (Back & Chen, 2002). Hence,
in principle, a fixed-weight RNN can behave adaptively with respect to
changes of its input signals. These theoretical results, however, are restricted
to the class of parameter replacement networks (Chen & Chen, 1995). The
structure of these networks differs from that of the more commonly used
recurrent multilayered perceptrons.

It remains an unresolved theoretical issue whether adaptive behavior is
inherent to these other types of RNN. Although several authors have given
plausibility arguments that RNNs with conventional multilayer architec-
ture should also have this ability (Feldkamp & Puskorius, 1997; Prokhorov
et al., 2002), a formal proof has yet to be presented.

In this letter, we consider adaptive behavior in fixed-weight RNNs with
a view to their ability to classify temporal signals adaptively. We provide
a formal proof that continuous-time RNNs with fixed weights can success-
fully classify and recognize nonlinear functions of time, which are allowed
to be nonlinearly parameterized with unknown parameter values. The
main idea behind our results consists of presenting a prototype dynamical
system that solves the recognition problem. We then present a proof that
an RNN with fixed weights can realize this system. We construct such a
system using the concepts of relaxation times and weakly attracting sets
(Milnor, 1985; Gorban, 2004), as well as the tests for convergence to such

Let x be the state of an RNN, and x(t, xo) be the trajectory generated by the RNN’s state
over timet € [0, co) passing through the point xp att =ty > 0. Anattractor (more precisely,
an attracting set) in this context is generally understood as a closed, invariant set A such
that for some neighborhood V of A, the following holds: (1) for all points xp € V states
x(t, Xp) remain in V for all ¢ > fy, and (2) they converge asymptotically to .A with time:
x(t, xg) = Aast — oo.Foramore detailed overview and discussion of the notion of attrac-
tor, see Guckenheimer and Holmes (2002) and Broer, Dumortier, Stiren, and Takens (1991).

2 A set A is weakly attracting, or a Milnor attracting set, iff (1) it is closed and invariant
and (2) for some set V (not necessarily a neighborhood of .A) with strictly positive mea-
sure and for all xg € V, the following holds: x(t, xo) — A as t — cc. The main difference
between the conventional notion of an attracting set and that of a weakly attracting set
is that the domain of attraction of the latter is not necessarily a neighborhood of .A. This
property will be essential for theoretical justification of the main results of our letter.
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sets obtained in our earlier work (Tyukin, Steur, Nijmeijer, & van Leeuwen,
2008). To show that our system can indeed be realized by an RNN with
fixed weights, we employ classical results on function approximation by
feedforward networks (Cybenko, 1989).

The current letter is organized as follows. Section 2 describes nota-
tional conventions. In section 3 we provide a mathematical statement of the
problem, section 4 contains the main results, and section 5 concludes the
letter.

2 Notational Preliminaries

The following notations are used in this letter:

® Symbol R defines the field of real numbers, and symbol R, c €
R stands for the following set R>, = {x e R|x > ¢}, and R., ={x €
Rix > c}.

¢ Symbol R" stands for an n-dimensional linear space over the field of
reals.

 (CFdenotes the space of functions that are at least k times differentiable.
Symbol IC denotes the class of all strictly increasing functions « :
R>9 — Rsg such that «(0) = 0; symbol K denotes the class of all
functions k € K such that lim,_, , k(s) = oo.

Symbol & denotes concatenation of two vectors.
The solution of a system of differential equations x = £(t, x, 6, u(t)),
f:RxR"xRI xR" - R", feC’ u:Ryy— R", 0 eR? passing
through point xg at t = t; will be denoted for t > £ as x(t, xo, to, 6, u),
or simply as x(¢, Xo) or x(t) if it is clear from the context what the values
of xo, # are and how the function u(f) is defined.

e By Li[t,T], to >0, T >ty we denote the space of all functions
f: R0 — R" such that ||f|leofi.7] = esssup{lIf(t)|l, t € [to, T]} < oo;
11l .11, 7] Stands for the L% [ty, T] norm of £(¢).

® Let AbeasetinR" and | - || be the usual Euclidean norm in R". By
the symbol |-|| 4 we denote the following induced norm:

Il = inf(lx — qil)

In case x is a scalar and A € R., notation ||x| s stands for the following
function:

x| — A, x| > A
lxlla = .
0, lx] < A
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3 Problem Formulation

3.1 Signals to Be Classified. We consider the following set of signals,

F= {fl(s(t)v‘gl)}v ie {17 ey Nf}a
fi:RxR—R, fi(-,-) €C, (3.1)
E:Ryp—> R, £() € C' N Ly[0, oo],

where6; € Qy C Rare parameters of which the values are unknown a priori,
Q6 = [Omin, Omax] is a bounded interval, and &(t) is a known and bounded
function. Signals f;(£(t), 6;) constitute the set of variables chosen to repre-
sent the state of an object.

For the given functions f;(£(t), 6;) and £(t), we say that 6; is equivalent
to 0/ iff

fi6(®).6) = fi(().0) ¥ t € Rxo. (3.2)

Hence, an equivalence class for 6; € Q¢ can be defined as

Ei(6:) = {0; € R| fi(§(t), 6:) = fi(5(1).6;) V £ € Rao). (3.3)

Equivalence classes 3.3 determine sets of indistinguishable parameteriza-
tions of the ith signal. It is natural, therefore, to restrict ourselves to the
problem of recognizing signals 3.1 up to their equivalence classes.

With respect to the equivalence classes E;(0;), we further assume that
there is at least one point 8y € R such that

1601l 6) = Ao € Rog V 6; € Q. (3.4)

Requirement 3.4 is a technical assumption. It is satisfied in a wide range
of practically relevant situations in which the union of E;(6;) for all i and
6; belongs to an interval of R. The requirement allows us to exclude from
consideration pathological cases in which almost all points in €24 are indis-
tinguishable in the sense of condition 3.2.

In our work, we consider the case in which the values of f;(£(t), 6;) may
not be available for direct observation. We assume that instead of functions
fi(&(t), 6;), we access variables s;(t, s; 0, 6;, ni(t)), which are solutions to the
following ordinary differential equation:

$i = —@i(si) + fi(6(t), 6;) + ni(t)

(3.5)
si(fo) = si0, Si,0 € s CR.



2568 I. Tyukin, D. Prokhorov, and C. van Leeuwen

In equation 3.5, the function n; : R.g — R,
ni(t) € Lso[0, 00], [1mi()llco,f0.00] < Ay € R, (3.6)

corresponds to measurement noise. The value of A, in equation 3.5 is sup-
posed to be known, while the values of initial conditions s;(#y) and functions
¢ :R— R, ¢() € C! in equation 3.5 are assumed to be uncertain. We do,
however, require that Qs = [Smin, Smax] 1S an interval and that the functions
¢i(s;) satisfy the following constraint:

d¢i(si)
Vsi € R = @nmin < 31751 < @max> Pmin,> Pmax € Roo. (37)
i

Condition 3.7 ensures that the dynamics of each variable s;(t, s; 0, 0;, 1 (t))
at t — oo is uniquely determined in the absence of noise by f;(£(t), 6;),
and the effects of initial conditions s;¢ vanish with time asymptotically
(Pavlov, Wouw, & Nijmeijer, 2006). In other words, solutions s;(t, s; o, 6;, 0)
will asymptotically approach a function of time of which the shape is
uniquely determined by f;(§(t), ;).

The reason we consider signals 3.5 to 3.7 instead of f;(£(t), 6;) is that
in many systems, artificial or natural, measured physical quantities, repre-
sented here by signals f;(£(t), 6;), are often unavailable. In the domain of
neural computation and modeling of neural systems, this is the case when
information about the stimuli is transferred from one node to another by
dynamic synapses (Tsodyks, Pawelzik, & Markram, 1998). In robotics and
motor control, intrinsic dynamics of sensors and moving mechanical parts
often distort stimulus information f;(£(t), 6;). Equations 3.5 are routinely
used in the literature on system identification and adaptive control (Cao,
Annaswamy, & Kojic, 2003). Hence considering this class of signals will
provide theoretical justification for expanding RNN-based classifiers into
wider areas of neural computation. This is done in our study.

Notice also that solutions to the following differential equation,

§i=—1(s; — fi(E(t), 6:)) + ni(t), T € Roo,

d
ni(t) = E(fi(%'(f), ;).

with initial conditions s;(ty) = fi(&(f), 6;) coincide with f;(§(f), 6;) for all
t > ty.3 Therefore, in case the derivative of &(t) is uniformly bounded in ¢, it
is always possible to consider signals f;(§(t), 0;) as if they were generated

3This can be easily verified by taking the time derivative of e; (t) = s;(t, s; 0, 0;, ni(t)) —
fi(6(t), 6;)) It will satisfy the equation é; = —te;, yielding the target equality: e;(t) =
e~ (tg) =0V t > £,
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by equations 3.5 to 3.7 with appropriately chosen parameters and terms
tfi(§(t), 0;) instead of fi(§(f), 6;). Hence, even in the absence of actual
dynamics, we can still use representations 3.5 to 3.7 for a broad class of
signals 3.1, in which the time derivative of £(¢) is uniformly bounded in .

3.2 The Class of RNNs. The following set of differential equations
defines a recurrent neural network,

N
5= 3 o (W], u(s(b). £(5).%) + bjn).

m=1
jefl, ..., Neb, (3.8)
u(s(t), £(t), x() =s(t) @ &(t) @ x,
x=col(x1, ..., xn,), x(t) = xo,

where functions ¢ : R - R, o € C0 are sigmoid.4 Vectors ¢; = col(cj1, ...,
cjin),bj=col(bj1,...,bjn)and matrices W; = (wj 1, ..., w; y) are param-
eters of the RNN. Functions &(t), s(t) : Rg — R, s(t), £(t) € C° are inputs; x
is the state vector, and xy is a vector of initial conditions.

Figure 1 shows the general structure of the network; it also illustrates
how the network receives information about the original signals f;(£(t), ;).
According to notation 3.8, the network maps two functions of time s(t),
&(t) into the functions x;(¢, Xo), ..., xn,(f, Xo), which are the solutions of
system 3.8. In what follows, we consider variables s(t), £(t) as inputs to the
network. The function of the first input, s(t), is to communicate information
about the signal to be classified. The function of the second input, £(t), is
to provide the network with enough information to ensure that classifica-
tion is successful. Our choice of inputs is motivated by known results from
systems and control theory; if a system adapts to a class of external signals,
it must contain a subsystem, or internal model, that is capable of gener-
ating all input signals (Conant & Ashby, 1970; Sontag, 2003). In our case,
this corresponds to the case where the network is to model the functions
fi(&(1), 6;). Hence, in general, knowledge of £(t) is necessary for successful
classification.’

4A function o : R — R is called sigmoid if lim, . 0(z) =1 and lim,_,_ 0(z) =0.
Choosing the function ¢ in notation 3.8 in the class of sigmoid functions is not critical for
our analysis. In our proof, we will require only that the sums Z,I\L 1 c,-a(wl-T u-+bj),ci, bi €
R, w; € RM*2 are dense in C 0([0, 1]N*+2). Hence, any continuous function o satisfying
this requirement can be used in notation 3.8. Detailed discussion and specification of such
functions can be found in Chen and Chen (1995).

5In principle we could have refrained from using input &(t) in our system under the
assumption that such a signal can be generated by a fraction of the RNNSs’ internal states.
This, however, would unnecessarily complicate our analysis and increase the number of
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signals transformation Network
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Figure 1: Structure of the network and routing of the signals. The network re-
ceives signals s(t), £ (t) on its inputs and maps these functions into the trajectories
of its state. Classification decisions are communicated through the state readout
functions. The latter can in principle be realized by a feedforward component.
Here we restrict our consideration to mere existence of these functions (see the
statement of the problem in section 3.3).

&0

— o) + LED0) + n,(t)J

3.3 Assumptions and Statement of the Problem. While the variable & (¢)
is known a priori, variable s(t) is allowed to vary within the set of functions
si(t, si.0, 0;, i(t)), which are the solutions of equation 3.5. In particular, we
assume that the following condition is satisfied:

Assumption 1 (Existence). There exist i € Ny, 6; € Qq, sio € s, and n;(t)
specified by equation 3.6 such that

s(t) = si(t, sio, 0, ni(t)) YVt > 0. (3.9)

We aim to determine if there is a network of type 3.8 that is able to recover
uncertain parameters i and 6; from the input s(t),° t > fy € R5o within a
finite interval of time for all f; € R . Informally, this means that there exist
two sets of functions of network state x and input s(f):

{hyj(x(®), s}, {he,j(x(t), s(£))}

N, N, . (3.10)
hpj RY xR —>R, hyj RN xR—>R, je{l,..., N¢},

technical assumptions. Therefore, we decided to use inputs s(t), &(t) instead of just s(f).
Nevertheless, we should keep in mind such a possibility when deemed appropriate.

®Because filters 3.5 are convergent (Pavlov et al., 2006), the effect of uncertainty in
parameter s; o vanishes with time exponentially. Hence, the only effective uncertainties
are i and 6;.
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such that the values of i and 6; can be inferred from {hy ;(x(t),s(t))},
{he,j(x(t), s(t))}, respectively, within a given finite interval of time. Formally
we can state this as follows:

Problem 1. Consider class F of signals 3.1, where the function &(t) is known,
and the values of parameters 6; are unknown a priori. Determine a recurrent neural
network 3.8 such that the following properties hold:

1. There is a set of initial conditions Q2 such that x(t, Xo) is bounded for all
Xo € Q2 and t > ty € Ry, the volume of Q is nonzero.

2. There exists a set of output functions 3.10 such that for all 6; € Qq,s; 0 € s,
to € Rxo, X0 € 2, and functions n;(t) given by equations 3.6, condition
3.9 implies existence of a constant T € R., time instant t' € (ty, to + 7T),
(arbitrarily large) T* € R.o, and (arbitrarily small) ¢ € R.g and D € Ku
such that

I (KO, SO o471 < £+ D), o)
infoceg) Nho,i (X(£), 8()) — 0] lloo, 1,142 < & + D(A). '

The functions h ¢;(:, -), hg,i (-, -) in the problem are defined by equation 3.10.
The existence of these functions implies a simple readout mechanism for
recovering variables i and 6;. When input s(t) is generated by a signal from
the ith class, then & (x(t), s(t)) must be in the neighborhood of zero for
sufficiently long time T*, and the function & f;(x(t), s(t)) should be in the
vicinity of some constant over the same time interval (see Figure 1 for il-
lustration). Furthermore, as follows from equation 3.11, the value of ¢; is
estimated by hg ; (x(t), s(t)). Hence, information about the class and param-
eters of an input signal can be inferred from the values of h;(x(t), s(t)),
hg i (x(t), s(t)). In case inequality 3.11 holds for multiple indices i, additional
validation might be necessary. This, however, is beyond the scope of our
study. In our current work, we wish to determine if the desired behavior
specified by inequality 3.11 can in principle be realized in the RNNs.

In general, the problem has no solutions for all possible functions &(t) €
cl, fi(, ) € CY and every 6; € Qy. Consider, for instance, the case where

fi(6(t), 6;) = sin(¢(t)6;) and

. 2 _ . _
E(t) = sin“(In(t — f + 1)), s?n(ln(t th+1)) >0 Vit
0, sin(In(t —fp+1)) <0

Time intervals in which £(t) = 0 are growing unboundedly in length with
time. Hence, for any fixed 7, T*, there will always exist a time instant t;
such that for all t > {;, the lengths of intervals when £(t) = 0 exceed 7 +
T*. For all such intervals 7;, j =1, ..., 00 and every 6; € &y, it holds that
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fi(&(t), 6;) = 0. This implies that solutions s;(t, s;.0, 6;, ni(t)) do not depend
onf; forallt e 7']-.7 Hence, recovery of the actual values of 6; from signal
s(t) cannot be achieved within a fixed time interval [fy, ¢y +7 + T*] for
all fy > t). In order to enable a solution of the classification and recognition
problem above, we must introduce an additional constraint on the functions
fi(&(1), 6;). This constraint should ensure that variation in parameter 6; can
be detected from the values of f;(&(t), 6;) within a finite time interval. We
therefore require that the following property holds:

Assumption 2 (Nondegeneracy). For the set of functions f;(§(t), 0;) specified
by equation 3.1 and all t > 1y, 6;, 0], there exist a constant T € R.g and a strictly
increasing function p : Rsg — Rxo, p € K such that the following condition
holds:

Vi>t It et t+Tl: |fi(EF), 6)— fi(E(E), 0))
> p(10i £, or)- (3.12)

In case the equivalence classes E;(6;) consist of single elements, for example,
when there is a unique value of 6/ = 6; satisfying equation 3.2, condition
3.12 will have a more transparent form:

Vi>t 3t e[t t+Tl: |fi(E(F), 6)— fi(EX), 0))]
> p(16; — 0]1). (3.13)

These conditions simply state that within a fixed time interval, the values
of 16;lIg,@y) or 16; — 6] can be inferred from the differences f;(§(t), 0;) —
fi(E(1), 0)) for all t € Rxy.

In the next section, we show that a solution to the problem can be ob-
tained for the class F of functions f;(£(t), 9;) that are Lipschitz in 6;. We
present these results in the form of sufficient conditions formulated in the-
orem 1. In addition to showing the existence of an RNN and corresponding
functions 3.10 satisfying the requirements of the problem, we demonstrate
that functions 3.10 can be made continuous and differentiable. Hence, in
principle, they can be implemented as an extra feedforward component in
the existing RNN structure, 3.8.

4 Main Results

As suggested in our previous work (Prokhorov et al., 2002), as well as in
Younger et al. (1999), the reason that RNNs with fixed parameters (i.e.,

"This is, of course, not true when initial conditions s; 0 are dependent on 6; and such
dependence is known a priori. In our work, due to the presence of noise 7;(t) and potential
uncontrolled changes of 6; for t < ty, we do not consider this special case.
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weights) demonstrate adaptive behavior can be found in their dynamics;
supposedly it is already sufficiently rich to have an adequate adaptation
mechanism embedded in it. Finding a system that satisfies requirements
1 and 2 in the problem and is, at the same time, realizable by an RNN
therefore automatically constitutes an existence proof. This intuition, we
will show, is correct. The result is provided in theorem 1:

Theorem 1 (Existence). Let functions &(t), fi(&(t), 6;) be given and defined as
in equation 3.1 and assumptions 1 and 2 hold. Furthermore, suppose that f;(£(t), 6;)
are (locally) Lipschitz:

3Dy e Rt |fiE(H), 6:) — fi5(H), )] < Do l16illE, )
Vi>0, 06,0 1)
AD; eRop: |fi5,6) — fi6',6) < D:|§ —&'| V0,68 (42)

and the time derivative of £(t) is bounded:
d
Eé(t) <0 V=0, (4.3)

then for any T* € R. g, ¢ € R. g there is a recurrent neural network 3.8 satisfying
the requirements of problem 1, provided that the upper bound A, for the L [0, oo]-
norms of the disturbance terms, n;(t), is sufficiently small.

Proof. We prove the theorem in four steps. First, we present a dynamical
system, which will be referred to as the convergence prototype. We have
chosen this system to belong to the following class of differential algebraic
equations:

§i = —¢i%) + fi6(t). B) (44)
bi=a+ "+ D) (45)
% =y 18 — slle(xi — yi — x:(x? + 1))
) A ) ) (4.6)
Ui = vI8 —slle(xi + yi — via? + y2),
where
Yy € R>Q, a, be R, a < Qmm, b >9max: 90 S [a,b],
i=1,...,Nf, e € Rop. 4.7)

8Property 4.1 can be understood as a generalized Lipschitz condition. When equiv-
alence sets E;(#) consist of single elements, the property transforms into |f;(£(t), 6;) —
fi(), )| < Dgl6; — 6;|.
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Figure 2: Diagrams illustrating invariant and limit sets of system 4.4 to 4.6
(@), e; = s; — §;) and schematic representation of the system dynamics in terms
of 8;(x;(1), lle:(*)lloofr.er11 (b). (@) Invariant and limit sets of system 4.4 to 4.6,
shown as circles p, q. Gray curves show trajectories that converge to these sets
asymptotically. Domains of attraction of these sets, restricted to the cylinder
x? 4+ y? = 1, are shown by thick lines on the surface of the cylinder. Notice that
these domains are not neighborhoods of p, 4. (b) Schematic depiction of the
dynamics of system 4.4 to 4.6: traveling along an attracting closed orbit until
the domain of attraction of either p or g is reached.

Notice that is is always possible to choose parameter values of system 4.4 to
4.6 in accordance with 4.7. Indeed, the fact that 6y € R implies the existence
of an interval [a, b] C R such that 6y € [a, b] and [Omin, Omax] C [a, D].
System 4.4 to 4.6 has a locally Lipschitz right-hand side, and its solutions
are bounded for all initial conditions 3;(f), xi(to), vi(to) € R. Equation 4.4
models the dynamics of input signal s(t); this requirement is shown to be
generally necessary for successful classification and adaptation (Conant &
Ashby, 1970; Sontag, 2003). The intuition behind equations 4.5 and 4.6 is
as follows. For every 6; € Q4 and in the absence of 5;(t), there will always
exist a point x;(ty) = px, yi(to) = py, p% + p;f; = 1 such that 8; (x; (t, Pxs Py)) €
E;(6;) for all t > t; provided that s(t) = s; (¢, si,0, 6;, 0) (see Figure 2). When
signals 7;(t) are present, we will show that 0; (x; (t, px, py)) will remain in the
neighborhood of E;(9;), of which the size is determined by A,. When |s(t) —
5i(t)| > ¢, solutions of equations 4.5 and 4.6, starting from initial conditions
xi(to) = x, vi(to) = yb, x + Y = 1 evolve along a closed orbit toward py,
py- We show that there exist y > 0, ¢ > 0 and their respective domains, and
a point §;(fp) = s, xi(to) = xy, yi(to) = yy, such that the trajectories passing
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Figure 3: Diagrams illustrating the main steps of the proof. (a) Corresponds to
the case, without perturbations and approximation errors, in which estimate
0:(t), shown as a gray curve, asymptotically approaches points from a neigh-
borhood of the equivalence class E;(¢;) for a given set of initial conditions and
all 6;. Existence of such systems (e.g., 4.4 to 4.6) constitutes the first step of our
proof. In the second step, we show that the time required to reach this neigh-
borhood for a given initial condition and all §; € Q4 is bounded from above by
some positive number 7. (b) Corresponds to the case where the convergence
prototype is approximated by a recurrent neural network. Because system 4.4 to
4.6 is not structurally stable, approximation errors might lead to the emergence
of new attracting invariant sets (points p’, q’, and g” in the figure) that do not
belong to the neighborhood of E;(¢;). The diagram of system’s behavior in this
case is shown by a thick, solid line. (c) Illustrates the dynamics of the perturbed
yet structurally stable system 4.9, 4.10. In this case, convergence to invariant
sets p, g is replaced with arbitrarily slow relaxation in small neighborhoods
of these points (ghost attractors). Even in the presence of disturbances due to
approximation errors, the system’s state still visits these sets (shown by the
dashed circle) and stays there as long as needed. The third step of the proof
demonstrates this.

through this point converge to the following target set:
||§1 —Si ”8 = Os ”él ||Ei(9i) = 89(8)' (48)

Second, we prove that there is a point x;(f) = x;, vi(to) = y; such that
convergence is locally uniform with respect to the values of uncertain pa-
rameters 6; and s;o. In other words, for all ) >0, s;o € Q;, and 6; € Qy,
there exists > 0 such that solutions of system 4.4 to 4.6 with initial condi-
tions x;(fo) = x;, vi(ty) = y, will be in an arbitrarily small neighborhood of
equation 4.8 for all t > #; + t (see also Figure 3).

System 4.4 to 4.6, however, is not structurally stable. That is, small per-
turbations of its right-hand side might change the asymptotic properties of
the system drastically. Hence, due to the inevitable approximation errors,
the chances that an RNN realization of this system would solve problem 1
are slim. To continue our argument, we need to modify system 4.4 to 4.6
such that the resulting system becomes structurally stable.
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For this reason, we, third, consider the perturbed version of system 4.4
to 4.6:

W

i =—@i3)+ fi(E@), 6:)

49
i =a+ 500+ 1) *9)

>

=20

i =v(I8 = sl +8) (v — yi — % (57 + 7)) (4.10)

v = v (I8 —slle +8) (xi + v — yi (¥ + 7)), 8 € Rao. .
Our aim is to achieve structural stability of an otherwise structurally unsta-
ble system. We show that trajectories of system 4.9, 4.10 periodically visit
a small vicinity of equation 4.8 and stay there for an arbitrary long time,
depending on the value of §. Fourth, given that system 4.9, 4.10 is struc-
turally stable, we apply the results from Cybenko (1989) to demonstrate
that solutions of system 4.9, 4.10 can be approximated in forward time over
the semi-infinite interval [0, oo] by the state of a recurrent neural network
specified by equations 3.8.

Figure 3 provides diagrams linking the main steps of the proof:

1. Convergence prototype. According to assumption 1, there exist i €
{1,..., N¢}, si0, 6; such that s(t) = s;(t, 5,0, 6;, ni(t)) for all t > 0. Consider
the ith subsystem of 4.4 to 4.6, and analyze the dynamics of the following
difference: s; () — 8;(t):

d
E(Si (1) = 3i(t) = —(@i(si) — @i(8:)) + fi(E(2), 6:)
—fiE(®), Oi(xi (1)) + mi(t).

According to our assumptions, functions ¢;(-) are differentiable. Hence,
invoking Hadamard’s lemma,

oy ([ eGir + (1 —1)8) .
o) o6 = ([ 200 ) -5, (@11)

and denoting

ei(t)=s(t) — 5i(t) = si(t) — (1),

[P oe(si(t)r + (1 —1)3(8))
oi(t) _/0 asi(t)r + (1 —7)8i(t)) ar

Afi(t)= fi(&(t), 6) — fi5 (D), 6 (x: (1)),

4.12)

we can obtain the following equivalent representation of equation 4.11:

é; = —a(t)e; + Afi(t) +ni(t). (4.13)
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Solutions of equation 4.13 satisfy expression

t t t T
ei(t) — €7f0 a(r)drei(o) + €7f0 a(t)dt / efo a(n)dn(Afi(T) + ni(T))d‘L'.
0

According to the mean value theorem, the following equivalence holds:
a(t) = dp(si(t)r" + (L —r)5;(t))/a(si(t)r’ + (1 —r")$i(t)) for some r’ € [0, 1].
Hence taking condition 3.7 into account, we can obtain that ¢min < «(t) <
¢max- Therefore, using inequality

e—féa(r)dr S e_¢mint’
we can derive the following estimate:
(1)) < e~ RN oy (0)) 4 e e

t
x /0 o5 I (A (v) 4 mi())d T

t
< e ¥mint|g;(0)] 4 ¢~ o @D / el “OIT A fi(7) + i) d
0
t t
= ¢ ~mint|¢;(0)] +/ e~ fe@dn A fi(2) + (o) dT (4.14)
0
t
Seiwmi"t|3i(0)| +f o~ $min(t=7) ’Afl(t) + 17,-(‘[)’ dt
0

< e~vmitjo;(0)] + q)i (1= e~¥mmt)

min

XA Si () oo, 10,11 + 117 (D)1l 00, [0,001)-

Given that [|1;(7)lloc,j0,00] < A, for all t > 0, inequality 4.14 implies that

lei(8)] < e=¢mintle; (0)] + =1 (1 — e=#mn!) (| Afi(7) loouto) + Ay)
= et (16O = 22 ) + L UAfOlloepon + Ay).

Pmin

(4.15)

Regrouping terms in equation 4.15 yields

A ) A 1
<|€z‘(f)| - > < g ¥mit <|ei(0)| - ) + 1 Afi(T)lloo,[0,11-
Pmin Pmin %

min
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Letusdenote & = A, /¢min and consider the values of ||e;(t)||,. When |e; (t)| —
A, /@min > 0, we have

lei®lls = (|ei(t)| Y ) < e e O)e + —— I ALl 0.

min

min

When |e;(t)| — Ay /@min < 0, then

, 1
llei(t)lle = 0 < e~ #mnf|le; (0)]] + r”Afi(r)”oc,[O,t]'

min

Hence, we can conclude that the following estimate holds along the trajec-
tories of equation 4.4:

1 A
IAfi(D)lloo 0,0, €= p . (4.16)

Pmin min

lei ()l < e™#™"lle; (0)lle +

Taking equations 4.1 and 4.16 into account, plus the fact that ||@i H Eio) =
infg, £, 0,) |6; — ], we can conclude that the following inequality holds:

llei(t)ll < e~ le; (0) e

Dy

+ 18; — 0:(*)llot0,1> Oi € Ei(6;) N a, b]. (4.17)

min

Let us now consider equations 4.5 and 4.6. We pick up a point x’, i’ that
satisfies the following condition:

Xyt =1 (4.18)

Solutions of equation 4.6 passing through this point can be defined as
follows:

t
xi(t, x', y') =cos (/ y8i(z) — s(r)||8dr+vx> , X' =cos(vy), vy €[0,27]
0 (4.19)

t
yi(t, x', y)=sin (/(; v8i(t) — s(f)||8dr+vy) , ¥ =sin(v,), v, €[0, 27].

This observation can easily be verified when writing equation 4.6 in polar
coordinates: x; = r cos(v), y; = r sin(v) (Guckenheimer and Holmes, 2002):

F=yl& —sle-r(1—r) (4.20)
v=ylI5 —sl. - 1. '
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Given that 6; belongs to the interval [a, b], there is a number /1(6;) € [0, 7]
such that for all k € Z, the following equivalence holds:

b =a+ - (cos(h(B;) +27k) +1). 4.21)

Hence, according to equation, 4.5 and 4.19, the norm ||6; — 9,-(r)||oc,[o,t] can
be estimated from the above as follows:

o b—a _
16; — i (T)llos, 0,51 < Tllﬁ(@‘) — vy + 27k
t
- [ v = sl (422)

Denoting

c— D@ b—a
- 2

Pmin

t
C R B k) =F(@) — vy + 2k — / Y 18:(2) — s()llod e
0

and taking into account equations 4.17 and 4.22, we can conclude that the
following holds along the solutions of system 4.4 to 4.6:

lei(®)lle < e lle; ()l + clih(z, B;, K)lloo, 0.0

h(0, 8;, k) — h(t, 6;, k) = /(;t yllei(t)lldr. (4.23)

According to Tyukin et al. (2008, theorem 1 and corollaries 2 and 3) there
exist y* € R.gand h* such thatfora givenboundede;(0),ally € R.y,y < y*
and h(0, 8;, k) > h* the norm ||€;(7)||.[0,00] 1S Pounded and

Iim A(t, 8. k) € [0, (0, 5, K)] (4.24)
—00

The value of y* can be determined, according to corollary 3 in Tyukin et al.
(2008), from the following inequality:

-1
* Pmin K K K
o<y <7 (n(5) 5 (2 )

Kk eRoq, d €(0,1) CR. (4.25)

The value of h* can be estimated from

min kN1 —1 K N
lei (ko) e < <¢y* ()" —c(2+1_d>>h. (4.26)
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Given that |le;(f)ll. in equation 4.26 is bounded from above for all #, > 0,
”ei(tO)”s < Smax — Smin + DG/(pmin(b - lZ), condition

Dy(b —a))

@min

$Pmin Tk — 1 K -
x ( = (1 E) - <2+ m)) , (4.27)

together with equation 4.25, imply that for all §;(fy) € Qs and k(0, §;, k) > h*,
the norm ||e;(7)[loc,[0,00] is bounded and property 4.24 holds.
Notice that in the definition of 1(0, 8;, k),

h* > <(Smax - Smin) +

h(0, 6;, k) = h(B;) — vy + 27k, (4.28)

the value of k can be chosen arbitrarily large. Moreover, 1(8;) € [0, 7] for
all 6; € [a, b]. This implies that there exists a finite k' such that condition
h(0, 6;, k') = h* will be satisfied for any fixed h* (i.e., for all y* satisfying
equation 4.25) and all §; € [a, b]. In addition, the following will hold:

lim h(t, 6, k') € [0, h(0, 8;, k)] C [0, 7w — vy + 27k']

t—o00

Veb; ela,b] (4.29)

Taking equation 4.19 into account, we can conclude that solutions
xi(t, ', y') converge to a point in the interval [-1,1] as t — oo, and vec-
tor (x;(t, x', y), yi(t, x’, y')) makes no more than k’ full rotations around the
origin for all 6; € [Omin, Omax]- Hence for a given initial condition x;(0) = x,
yi(0) =V, 8ip € Qs and 6; € [Omin, Omax] the estimate 0:(t)=a+®—-a)/2-
(x:(t, x’, y¥') + 1) converges to a point in [a, b] as t — co. We denote this
point by symbol 7.

Given that 6;(t) converges to a limit, there exists a time instant +* such
that for all t > t*, the following condition holds: 16; (t) — 9i*| < oo, Where
oo € Ry is an arbitrarily small constant. Therefore, taking condition 4.1
into account, we can conclude that for all t > t*, derivative ¢é; satisfies the
following equation:

i = —a(te; + fi(E(t), 6;) — fi(E(t), 07) + pit) + ni(t), (4.30)

where |u;(t)] < Dy jto is a continuous function.

Now we show that the norm ||6; || E,(6r) can be bounded from above by
a Koo-function of A,. Consider the term f;(é(t), 6;) — fi(£(t), 67). Accord-
ing to equation 3.12, there exists a sequence of monotonically increasing
time 1nstances tj, j=1,2,... such that t;;; —t; <2T and |f;(§(t;), 6;) —
fi&(t)), 67 = p(||9 I £, ) Furthermore, accordmg toequations 4.2 and 4.3,
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the time derivative of f;(£(t), 6;) — fi(£(t), §) is bounded:

<2D; - 9 = Dy.

d "*
S ED.0) = 0.

Hence the following estimate holds:

" . 1011 6 )2
|£i(5(2), 6) = fi(6(0), )] = P10 )
2Dy 4.31)
pb — a)}
f

L= 2T,
max { D

In order to proceed further, we need the following lemma:

Lemma 1. Consider the following differential equation:

z=—p(t, z) +ult)+nt), zo = z(0) € [Zmin, Zmax] C R. (4.32)
Let us suppose that
1. ¢(2)z> 0, @uin < 9¢(t,2)/02 < Qpax.
2. Ll(t) € Loo[(), OO] mclv “u(t)”oo,[O,oo] < Uco, “u(t)“oo,[(),oo] =< 8”00
3. n(t) € Lso[0, OO]/ ”n(t)”oo,[(),oo] <A
4. There exist constants L, 8, such that for all t > 0.
t+L
/ lu(z)ldt > 8. (4.33)
t
5. Finally, assume that the following inequality hold:
5\ 2
<L> — Aty > 0. (4.34)

Then for any p € R.p, there exist constants L* > 0 and 8* > ((§/L)* —
Auy)/p, such that

t+L* 1 82
/ |z(z)|dt > 8" > ; (L — AuooL> Vi>0. (4.35)
t

Proof. We prove the lemma along the lines of an argument provided in
(Loria, Panteley, Popovic, & Teel, 2003) (property 1). Consider the time
derivative of zu:

%(zu):(—ga(t, 2) 4+ u + pu + zit > u?

— 12| (@max + Do) — [U|A. (4.36)
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According to equation 4.33 for all ¢, ) € Rxq, t > ty, the following inequality
holds:

t
2B)u(t) — 2to)uty) > / W3(T)AT — (Pma + Diioc)

fo

t t
X |z(T)|ldt — A/ lu(z)|dz. (4.37)
fo to
Rearranging terms in equation 4.37 yields

t
(G + Diioc) f l2(0)ldT = 2(to)ulto) — 2(E)u(t)

+/tu2(r)dr —A t lu(z)|d.

fo fo

Notice that z(fo)u(fy) — z(t)u(t) is bounded from below for all t > 0. We
denote this bound by the symbol M. Furthermore, according to the Holder
inequality and property 4.33, the following estimate holds for all ¢ > 0:

52 1 t+L t+L2
— < — u(t)|dt 5[ u-(r)dr.
Fer ([ woue) < [

Hence, for all time instances ¢: (n + 1)L >t — ty > nL, where n is a positive
integer, we have

2

t 82 t
(¢max + 8uoo) |Z(T)|dt > M+ nf —A |M(T)|d‘[
22 fy 52 (4.38)
> M—Hzf —(n+1DAUup = (M — AuooL)—Hz(f — AuooL>.

According to the requirements of the lemma, inequality 4.34, the dif-
ference 8%2/L — AusL >0 is a positive constant. Therefore, there exists
n =n' such that the right-hand side of equation 4.38 exceeds some §' =
(82/L — AuxL)/p' € Rey, p' € Rog. Choosing #' = mini{t —ty > n'L}, we
can conclude that

v
(@max + 0Uoo) |z(t)ldT > 8. (4.39)

fo
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Given that we could choose the value of t; arbitrarily in the domain R,
inequality 4.39 is equivalent to

t+L*
/ 2()ld = 57,
t

where L* =t —t), & =8 /(Pmax + 0Uoo) = (8*/L — AusL)/p, p=1p
(¢max + Uso). The lemma is proven.

Denoting fi(5(t), 6;) — fi(5(5). 07) = u(t), ni(t) + wi(t) = n(t), we can ob-
serve that equation 4.30 is of the same class as equation 4.32 in the formu-
lation of lemma 4. Furthermore, the following inequalities hold:

A=Ay + Do prooy N1U(B)lloo,fo,001 < Do i1,y < Do(b —a).  (4.40)

Notice that the value of 11 in equation 4.40 can be made arbitrarily small
because 0;(t) converges to a limit, and 8 can be chosen from its arbitrarily
small vicinity. Let us therefore choose @,-* such that Dypo, < A,. Hence, in
accordance with lemma 4, the following condition,

P> (116; ”E,(é-*))
2D;L

2

> 2A, Dy(b — ), (4.41)

implies the existence of constants L*, p € R.( such that
2 0: ~
FHL* 1 14 ( Il z||E,.(e,.*)> 1
/t lei(7)ldT > » (72@ ) T~ DL

=6*>0 Vt >t (4.42)

We now show that the norm ||6; || E@r) 1S bounded from above by a func-
tion gy(A,) € Ko for all sufficiently small A,. Let us parameterize A, as
follows:

2( %
p=(e") 1
A, = * e Roy. 44

" (ZDfL) 2Dy —a)y & 0 (4.43)

Parameterization 4.43 is always possible because p(-) € K. For all
”9"”5(@*) > ¢*, condition 4.41 is satisfied. Hence, according to lemma 4,
there exist constants L*, p such that inequality 4.42 holds. Given that
8%, L*, ¢min € R.o there will always exist a number A} e R such that
Ay < (L*)"'6*@min/2. This implies that for all A, < Ay, the following
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inequality holds:

t+L* §* A
f les(@)lldr = %, £ = 20 (4.44)
t

Pmin

Let us suppose that the norm ||6;]] E(6y) 1S greater than ¢*. In this case
equations 4.41 and 4.44 hold, and the integral

t
[ teonar (4.45)

grows unboundedly with ¢. On the other hand, according to equations 4.23
and 4.24, integral 4.45 is bounded. Hence, we have reached a contradiction.
This implies that ||6; I @ <& Given that p(-) € Ko, the inverse p~(-) is
well defined and is a K-function. Therefore, taking equation 4.43 into
account, we can conclude that the latter inequality is equivalent to

16,16 < o7 (88, Dot6 = )DFL)™). (4.46)

Thus, we have just shown that there exists a point x’, ¥’ in the state space of
system 4.4 to 4.6 and parameters y, ¢, such that foralls; g € Qs and every 6; €
[Bmin, Omax] the estimate &; (x; (¢, x’, y)) converges into a small neighborhood
of E;(6;) in finite time and stays there for an arbitrarily long time. The size
of this neighborhood can be characterized by a Ko-function of A,, when
A, is sufficiently small. Let us now show that this convergence is uniform
with respect to 6;.

2. Uniformity. Consider equation 4.29. According to equations 4.23 and
4.29, trajectories passing through a point (x', ') satisfying equation 4.18 at
t = 0 also satisfy the following constraint,

A eZ: h0)— h(oo):y/ llei(z, e (0), 6;, ni(z))lledr
0
<7 — vy + 27k’ < o0, (4.47)
for all 6; € [Omin, Omax] and e;(0). We will use this property to demonstrate

that there is a point (', ¥/), vx2 + y2 =1, [0;(x) |l g,¢6) = Ao, Ao € Rogsuch
that for any 6; € [Omin, Omax] , the estimate 0; (xi(t, x', Y')) converges into a set

16:1z,6y = »" (88, Do(0 —)D312)™) (4.48)

in finite time T7(6;) for all ty, 8; o € 25, and stays there for all t > f + T'(6;).
Furthermore, the value of T'(6;) is bounded from above for all 6; €
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[Omin, Omax]. In other words, there exists T ,, € R.o:
T'(6:) < Tiox ¥ 6i € [Omin, Omax]- (4.49)

The fact that estimate ; converges into a set specified by equation 4.48 in
finite time T'(6;) and stays there for t > ty + T'(¢;) forallx’, y' : /x?2 4+ y? =
1 follows immediately from equation 4.46. We must show, however, that
equation 4.49 holds.

According to equations 3.4 and 4.7, there is a point 6y € [a, b] such that
160l E;6:) = Ao for every 6; € Q¢. Hence, there exists a point 6;; € [a, b] such
that

~inf |16 — 6,1l = As.

6;€E;(9;)N[a,b]
Without loss of generality, suppose that the set Qi = {6; € E;(6:))N
[a,b]] 6;1 > 6;} is not empty.’ By symbol 6; max we denote 6; max = sup{€21}.
Let us pick a point 6; » € [a, b] according to the following constraints,

102 — 0i1] = 16i2 — 6; max] = Ag/2,

(4.50)
91'.1 > 9i,2 > Oi,mam
and choose the value of v, in equation 4.19 such that

b—a
2

Oir=a+ (cos(vy) + 1), vy € [0, 7].

According to equation 4.21, there exist /1(0; max), k such that

(€08 (. max) + 27K) + 1), F(6max) € [0, 7], K € .

ei,max =a-+

Given that 6,5 > 6; max, we set the value of k = 0 and choose /(6; max) in
accordance with the following inequality:

vy < R(0; max)- (4.51)
Because |0;(cos(vy)) — 6;(cos(v)))| < 5%|vy — v} for all v, v}, € R, condi-
tions 4.50 and 4.51 ensure the existence of a constant v}, < f1(6; max), Vi =

vy + Ag/(2(b — a)) such that

16; (cos(vy)) — Bi(cos(V)| < Ag/4 VY V! € [vy, V,]. (4.52)

9f Q is empty, then Q> = {6; € E;(6;) N [a, b]| 6;1 < 6;} is not empty. We can proceed
with the same argument, replacing interval [0, 7] with [7, 27] and sup with inf when
appropriate.
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Hence,
A A 7" /
116; (cos(w) I ;6 = 1 V vy € [y, V]

The inequality above implies that the values of f;(cos(v/)) are outside
the Ay/4-neighborhood of E;(¢;) for all v} € [vy, v;]. Furthermore, because
0; (cos(-)) is monotone (nonincreasing) over [vy, R0 max)) and 6;2 > 6; max,
there are no values of v} € [vy, i(6; max)) such that ||9i(cos(v;/))||5i(91) =0.

Let us consider those solutions of system 4.4 to 4.6 that are passing
through the following point x;(0) = cos(vy), ¥ (0) = sin(vy), 8;(0) € Q. Sup-
posethat0 < y < y*, and y* satisfies equation 4.27 with h* = Ay /(2(b — a)).
Then, according to Tyukm et al. (2008), the sum v, + y fo llei (z)|ledT con-
verges to a point in [vy, fi(6; max)]. Taking monotonicity and continuity of
function 8;(cos(v?)) for v/ € [vy, i(6;.max)] into account, we can conclude that
trajectory 0; (x: (¢, x'(6;))) enters the ¢*-neighborhood of 6; max only once for
all t € [0, oo].

Let us show that the amount of time required for the system to enter
this neighborhood is bounded from above for all 6; € Q¢. Given that
trajectory 6;(x;(t, x’, y')) enters the e*-neighborhood of 6;max only once,
we shall show that the amount of time the system spends outside this
neighborhood is bounded from above for all 6; € Q4. We prove this by
contradiction. Suppose that for any fixed T € R.o, thereisa6; € [Onin, Omax]
such that T'(0;) > T;. Consider the dynamics of system 4.4 to 4.6 when
s(t) = s;(t, si0, 0;, ni(t)). Let us pick a sequence of time instances {t; }j.’°=1 such
that tj;1 —t; = Dr and Dr > L*. For each interval [¢t;, t;11], we consider
two alternative possibilities:

1. The norm [|;(t}) — 0i()lloo.tt,.t;.] < €, € € Rog, € < DA,

2. The norm ||6;(t;) — 6i(T)lloo.[t; .t;11] > €-
In case the first alternative applies, according to equation 4.44, the following
estimate holds: ft”l lei(t)lledt > 8*. Hence h(tj) — h(tj+1) > y8*. When the
second alternatwe holds, ||0; () — 6; (Do ft;.t;,1] > €, Wecan conclude, using
inequality 4.22, that

2
b—a’

T
”V/ ||Ei(rl)||8d‘[1||OO,[f/‘,t]'+1] > €
tj

Given that i(t) is monotone with respect to t, we obtain that h(t;) — h(t; 1) >
€2/(b — a). Thus, we have shown that

h(t;) — h(t;+1) > min{ys*, €2/(b —a)} =

for all j such that ||9i(t ||E o= e* for all T € [tj, tj1]. Given that h(t) is
nonincreasing and T’ is arbitrarily large, there would be a time instant £, <
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T’ when Z']" h(t;) — h(tj;1) > mAy > w — vy + 2k’. This, however, would
contradict equation 4.47. Hence property 4.49 is proven.

3. Structurally stable prototype. So far we have shown that for the
given system 4.4 to 4.6, there exists a nonempty set of parameters y, ¢, and
X,y X2+ y’? =1, such that trajectories x;(t, x', y), yi(t, x', y') converge
to a point on the unit circle in R?, and variable 6;(x;(t, ', ¥/)) reaches a given
small neighborhood of E;(6;) (see equation 4.48) within finite time T, _for
all o; € [emin’ 9max]~

Let us now consider perturbed system 4.9, 4.10 where § € R. and initial
conditions are selected in a neighborhood of x’, y/":

(5:(0). 5(0)) € X', ¥) = ((x. 1) € B2/ (x — ' + (y — y)?
<&}, 8 € Rog. (4.53)
In order to distinguish solutions of 4.9, 4.10 from the solutions of unper-
turbed system 4.4 to 4.6, we denote the latter by symbols x;(t, x;(0), 1;(0)),
yi(t, x:(0), 1:(0)), and 8/ (t, 6;, si 0, i (t)). For notational compactness, we also
denote the state vector of the ith subsystem of 4.4 to 4.6 as q = (5/, x7, y}")

and the state vector of the ith subsystem of 4.9, 4.10 as q;.
Solutions of system 4.9, 4.10 are bounded:

18i(t, 3i.0, ni () lloo,[0,00] =< 131,01 + (max{lal, |b|} Dy + A;)/@mins

llx: (£, %:(0), ¥ (0)) [l oo 0.00] < Max{1, /x;(0)* 4 v;(0)?}, (4.54)
llyi (t, xi(0), 4 (0)llow.f0.00] < max{1, /x;(0)* + v;(0)?}.

Hence, for all 5;(0), x;(0), 1:(0) € €5 x Q(x', y’) there exists a constant Dy
such that [|q;(f)lc.[0.00] < Do for all 6;. Let us rewrite equation 4.9, 4.10, as
follows:

§i =—i3) + fi5(1), Bi(x))

G =y 8 —sle (v — v — x(F + ¥7) + v8 - ex(xi, ) (4.55)

Bi=vI8 — sl + v — vi(x? + v2) + v - ey (xi, vi),
where

ex(xi (1), yi (1)) = xi (1) — yi(t) — i () (67 (1) + vP (1))
ey (xi(t), yi (1) = x: () + yi (t) — v (F) (X2 (F) + Y2 (1))
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The right-hand side of equations 4.4 to 4.6 is locally Lipschitzin §;, x;, y; (and
sois the right-hand side of equations 4.9 and 4.10). We denote its correspond-
ing Lipschitz constant in the domain specified by equation 4.54 by sym-
bol L;(Dp). Furthermore, provided that equation 4.54 holds, &, (x;(t), v;(t)),
ey(xi(t), yi(t)) are globally bounded with respect to t. Let us denote this
bound by symbol B:

max {lex(%; (£), ¥ (D))lloo, 10,001, 1€y (X (), % (D))lloc[0,001} = B-

For the notational compactness, let us rewrite equation 4.55 as follows:

qi = £(qi. s(), §(t)) + v3 - g(qi). (4.56)

where f(q;, s(t), £(t)) and g(q;) are defined to copy the right-hand side of
equation 4.55. Notice that [f(q;. (), £(1)| < Li(Do)llgl, Ig(a)ll < Bv2.

According to the theorem on continuous dependence of solutions of an
ordinary differential equation on parameters and initial conditions (see,
e.g., Khalil, 2002, theorem 3.4) the following holds:

lqi(t) — q; (DIl < llqi(fo) — qi (to))[|e (PE—H)

8YBV2 [ 1.(boie—tn)
VONE (oL 0 _1). 457
Loy ¢ ) (4.57)

When the values of §; o and §l-’f0 coincide, estimate 4.57 implies that

, SyBv2 / ;.
(B — qF (D < §,eliDo)t—to) Li(Do)t=to) _ 1) . 4.58
la:(t) — q;(0)] < e 1o @ ) @s8)

This ensures the existence of §, € R.g, § € R such that for a fixed, yet
arbitrarily large, time T"(5,, §) > Ty, solutions of system 4.9, 4.10 passing
through a point from Q(x’, ') at t = fy will remain within a fixed, yet ar-
bitrarily small, neighborhood of a solution of system 4.4 to 4.6 with initial
conditions x;(fy) = x’, yi(tp) = y'. The value of T/ ,, does not depend on §,, é.

Taking equation 4.20 into account, we can conclude that the set x? + y? =
1 is globally attracting in the state space of system 4.9, 4.10 for almost
all initial conditions (except when x;(ty) = 0, v;(ty) = 0). This implies that
solutions starting in Q(x’, ¥') will remain there. In addition, according to
equation 4.19, for any t, > 0 a §,-vicinity of (x’, y') will be visited within at
least time t' < ty + 27 /(y - 8). Hence, we have just shown that for all f, > 0,
solutions starting at Q; x Q(x’, y') approach the target set within a fixed
time T ,, and stay in its vicinity for an arbitrarily long time T"(5,, §). The
latter time is a function of §,, §: the smaller the values of §;, §, the larger the
value of T"(3,, 6).
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4. Realizability. Let us finally show that system 4.9, 4.10 can be realized
by a recurrent neural network. More precisely, we wish to prove that there
exists a system 3.8 such that x=¢, B¢, D B Ly, & €RS, £, =01 @
Ci2® &3, i ={1,..., Ny} and solutions ¢;(t, q;,0) are sufficiently close to
qi(t, qi0), where qi o € s x Q(x', y) C R3.

It is clear that the right-hand side of system 4.9, 4.10 is a continuous and
locally Lipschitz function. To proceed further, we use the following result
by Cybenko (1989):

Theorem 2 (Cybenko, 1989). Let o : R — R be any continuous sigmoid-type
function. Then finite sums of the form
N
G() = ano(nt + Bu). £ €R", @y €R", oy, fu €R
m=1

are dense in C°([0, 1]").1°

According to theorem 2, for any arbitrarily small ey € R.o, any given
bounded intervals 2, C R, 2, C R, and any

(0. £(0) : max{ls(®)loe 001 1EO 001} < M. M€ R,
thereexist N € N, wj € R, aju € R, Bjm €R, j =1,2,..., Nsuch that
v
3 @] W0, 60, 50+ i) =61, 50). 60) =73 8151 <3
u(s (). £0). £) =s() @ ED) D L5, (459)
where ¢; € 2 x Q¢ x Qy, and £;(£;,s(t), £(1)), g;(¢;), j = 1,2, 3 denote the

jth components of the vector fields £(¢;, s(t), £(t)), g(¢;), respectively. It
follows from equation 4.59 that there exist N, @ u, &, Bj.m such that

N
D o (@], - ulst), E(1). &) + Bjm) =£;(&;. (1), E() + v5 - g;(Z))
m=1

+Aj(;.s(t). (1)),
u(s(f), §(). &) =s(t) ® () & ¢, (4.60)

10Symbol €°([0, 1]") denotes the space of all continuous functions from R” into R
defined on the hypercube [0, 1]* C R".
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where A(g;, s(t), £(t)) are continuous and
IAj(,5(0). E(E)] < %N V=123

Let us choose Q, = [—v, v], 2, = [-v, v] where v € R, v > 1 and con-
sider the dynamics of

& =1£(&;,s(t), (1) + 8 - g(&:) + A&, s(8), (1)),
AL, s(t), §(8) = A1(8;,5(b), §(8) © Aa(&;.5(b), §(1) © As(&;. s(b). §(1)),
A, (). EM)I < en. (4.61)

System 4.61 has a globally attracting invariant set (for almost all initial
conditions), which can be characterized as

{8, € R’ 1—plen) < ¢H + 5% < 1+ plen)}, p € Koo

This follows immediately from the fact that equation 4.56 is structurally
stable and has a globally attracting invariant set (for almost all initial con-
ditions). Furthermore, for any given ey and a bounded set of initial condi-
tions Q. (r) = {¢; € R3| ||g;|| <7, r € R.o}, there exists a constant By such
that [|;(t)lloo,[0,0c] < B1 . Hence, solutions of system

N
éi,j = Z O[j,mg(w]T',m . u(S(f), E(t)’ cz) + ,Bj,m)v (462)
m=1

u(s(t),6(h). &) =s() @) ¢, j=1,2.3

are bounded for all initial conditions from €, (r) provided that inequality
4.59 holds over sufficiently large intervals ., Q, (for sufficiently large v).
Furthermore, given that ey is sufficiently small, solutions of equation 4.62
enter domain ©; x Q(x’, y') specified by equation 4.53 in finite time. Finally,
according to equality 4.60 and theorem 3.4 in Khalil (2002), solutions of
equation 4.62 starting in Q(x’, y'), satisfy the following inequality:

. ) — . EN Li(Do)(t—to) _
9t 9i0) = &6 @)l = s (¢ 1),

qio € 2 x Q, v). (4.63)

Hence, for any ¢ > 0, solutions of equation 4.62 starting from Q.(r) ap-
proach the target set within a fixed time (dependent on §) and stay in its
vicinity arbitrarily long provided that the values § in equation 4.55 and ey
in4.59 to 4.61 are sufficiently small. The possibility of the latter follows from
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theorem 2: the value of ey can be made arbitrarily small by the appropriate
choice of parameters N, @, &}, Bjm, and the value of § can be made
arbitrarily small because it is our design parameter.

Taking equations 4.63, 4.58, 4.12, and 4.9 into account, we conclude the
proof by choosing /£,;(x, s), hs,i(x, s) as follows:

hpi(,s)=hpi(61 @ - ®&y,,8) =5 — i,

b—a (4.64)
hoi(x,8) =hgi(§1@--- @ iy s)=a+ T(fz’,z +1).

The theorem is proven.

Before concluding this section, we provide several remarks regarding
theorem 1.

Remark 1 (readout from the outputs). As follows from the theorem, the
class to which a given signal belongs can be determined from the values
of hs j(x(t),s(t)), j = {1, ..., Nf} (specified, for example, by equation 4.64)
within a finite interval of time. When s(t) = s;(¢, si.0, 0;, n:(t)) the values of
h1.i(x(t), s(t)) should approach a small neighborhood of zero and stay there
for a sufficiently long time. The estimate of 6; up to its equivalence class
is available from the values of hy;(x(f), s(t)) over the same interval. As
follows from our proof, the more accurately the RNN approximates system
4.55, the larger the interval of time when /¢ ;(x(t), s(t)) is in the vicinity
of zero. Indeed, if the approximation error is small (e.g., the value of ey
in equation 4.59 is small), then for a given §* € R. the right-hand side of
equation 4.63 should not exceed §* for all t € [ty + T':

1 8*L;(Dy) )
0<T= In +1]).
L;(Dy) ( eN

The smaller the ey, the larger the value of T, and hence the longer the inter-
val of time when trajectories of the RNN stay within the §*-neighborhood of
the solutions of equation 4.55. The latter, as follows from equation 4.58, can
be made arbitrarily close to that of the converging prototype 4.4 to 4.6 by
choosing the value of § sufficiently small. Thus, the function & f; (x(t), s(t))
as defined by equation 4.64, will asymptotically approach zero and stay in
its small neighborhood for a sufficiently long time, subject to the choice of
§ and ey.

From a practical viewpoint, it might sometimes be preferable to read out
from the RNN outputs directly rather than having to satisfy ourselves with
the existence of two sets of readout functions, for state and input, respec-
tively, of the RNN. Although this option is not stated explicitly in theorem 1,
it can easily be shown that the preferred option can indeed be realized.
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Adding to recurrent subsystem 3.8, a feedforward part realizing continu-
ous "output” functions 4.64 enables direct readout from the RNN outputs.

Remark 2 (convergence to an attractor). Theorem 1 does not imply that
recognition of the class of the input signal s(t) involves convergence of
the RNN state to an attractor. Yet its formulation does not exclude this
option either. In fact, when f;(£(t), 6;) satisfies some additional restrictions
(e.g., linear or monotone parameterization with respect to 6;), it is possi-
ble to replace equations 4.5 and 4.6 with another prototype system: one
that converges to a point attractor exponentially (Tyukin, Prokhorov, & van
Leeuwen, 2007). This implies that it depends substantially on the proper-
ties of f;(£(t), 6;) whether the network state will behave intermittently or
asymptotically converge to an attractor. It is important, however, that in
both cases, an RNN will successfully solve the recognition problem.

Remark 3 (multidimensional uncertainty). Although the theorem applies
to the case where 6; is a scalar, it can be trivially extended to the case where
uncertain parameters are vectors from a bounded domain Qg 4 C R4. To do
so one, needs to find a Lipschitz mapping A : R — R? such that for a given
small ¢, € R., the following property holds:

VO e Qy36 €Q: |0; — A6 < e;.
Hence, the problem will reduce to the scalar case to which theorem 1 applies.

Remark 4 (number of dynamic states). Our proof of theorem 1 not only
demonstrates the possibility for an RNN to classify uncertain functions
of time adaptively. It also allows us to estimate the number of dynamic
nodes (e.g., the value of N, in equation 3.8), that is sufficient for successful
classification. As follows immediately from equations 4.55, 4.61, and 4.62,
the number of the dynamic states, N,, can be as small as

Ny = 3Ny, (4.65)

where Ny is the number of functions fi(-, -) tobe classified. Further, suppose
that N is the number of sigmoidal terms ensuring sufficiently accurate
approximation of each function on the right-hand side of equation 4.55.
Then the total number of sigmoidal functions in the network, Nl can, in
principle, be estimated as follows:

Niotal = 3N N. (4.66)

These estimates, although inheriting linear dependence on Ny, are still
somewhat conservative. Simple numerical examples show that there is
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room for further improvements. Consider, for instance, the following set
of signals:

S = —si + file(®),0), i ={1,2), (4.67)
0; €0, 4],

where

fi(E(t), 61) =sin(E(t)61) + cos(&(t)6r)
f2(E(t), 6;) =sin(€()62) + cos’ (£(t)62) (4.68)
&(t) =sin(t).

According to equations 4.65 and 4.66, the number of dynamic states in an
RNN that adaptively classifies signals 4.67 and 4.68 could be as small as
six. Assuming that only two sigmoid functions are used to approximate the
right-hand side of each equation of 4.55, the total number of the sigmoidal
nodes in the RNN is 12. In our numerical simulations, we have found,
however, that an RNN with 10 recurrent nodes already is able to solve the
adaptive classification problem of signals s;(t) defined by equations 4.67
and 4.68. Results of this experiment are provided in Figure 4.

In this example we used a network with 10 recurrent nodes. This number
obviously exceeds the value provided by estimate 4.65. On the other hand,
adaptive classification is achieved by an RNN with a smaller total number
of sigmoidal nodes than that predicted by equation 4.66. These results
motivate further attention to this topic.

5 Conclusion

We provided a formal proof that an RNN with fixed weights can serve as a
universal adaptive classifier of both static and dynamic inputs. The number
of dynamical states in an RNN recognizing Ny different classes of signals
si(t) can, according to our analysis, be as small as 3Ny; it grows linearly
with the size of the set of signals to be classified.

We stated the classification and recognition problems in a behavioral con-
text in which, over time, the desired input-output relationship is achieved.
Finding a solution corresponds to a network dynamics in which the state
reaches a given neighborhood of the a priori specified set and stays there
for a sufficiently long time, provided that input to the network belongs to
a given class (problem 1). With these ramifications, RNNs solve the prob-
lem of adaptively classifying time-dependent signals. We did not set out to
guarantee, however, that the state of the RNN will asymptotically converge
to an equilibrium or its small vicinity as a result of recognition. On the other
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Figure 4: Adaptive classification of signals 4.65 and 4.66 by an RNN with 10
dynamic states. The network had two inputs, one for signals s;(t) and the other
for signal &£(t), and one output. When s;(t) is present on the first input, the
output should converge to —1; when signal s,(t) is present, the output should
converge to 1. (a) Trajectories of the actual output (black solid line) and desired
performance (gray dashed line) of the network as functions of model time. We
started with signal s; (t), in which the value of #; was set to 6; = 2r. In the middle
of the simulation, we replaced s;(t) with s,(¢), in which the value of 6, was set
to 6, = 3. Although the parameters and signals change, the network clearly
solves the classification problem correctly. The same happens for other values
of 6; € [0, 47] for which the network was trained. (b) The difference between
the actual and desired responses of the network. Always after a short period of
transient behavior, the error settles well within the standard 5% zone marked
by the two dashed lines.

hand, the amount of time a network would spend in the vicinity of a target
set can be made sulfficiently large to qualify as a practical solution to the
classification problem. For classification, after all, asymptotic convergence
is not actually needed.

In physics and nonlinear dynamics, the phenomenon that the state of a
system reaches a neighborhood of a set and stays there sufficiently long, yet
inevitably escaping, only to get caught again, is called (chaotic) itinerancy
Kaneko, & Tsuda (2003); the set is referred to as an attractor ruin. These de-
scriptive concepts are currently recognized as a possible mathematical basis
for modeling brain activity (Tsuda, 1991; Tsuda, & Fujii, 2004). We envis-
age that our current result supports this idea, by showing its considerable
power in adaptive classification.
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