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Recurrent Neural Networks
Nikita E. Barabanov and Danil V. Prokhorov, Member, IEEE

Abstract—We address the problem of global Lyapunov stability
of discrete-time recurrent neural networks (RNNs) in the unforced
(unperturbed) setting. It is assumed that network weights are fixed
to some values, for example, those attained after training. Based on
classical results of the theory of absolute stability, we propose a new
approach for stability analysis of RNN with sector-type monotone
nonlinearities and nonzero biases. We devise a simple state-space
transformation to convert the original RNN equations to a form
suitable for our stability analysis (without compositions of non-
linearities). We then write appropriate linear matrix inequalities
(LMIs) to be solved to determine whether the system under study
is globally exponentially stable. Unlike previous treatments, our
approach readily permits us to account for nonzero biases usu-
ally present in RNN for improved approximation capabilities. We
show how recent results of others on stability analysis of RNN can
be interpreted as special cases within our approach. We illustrate
how to use our approach with examples. Though illustrated on sta-
bility analysis of recurrent multilayer perceptrons (RMLPs), the
approach proposed can also be applied to other forms of time-
lagged RNN.

Index Terms—Bias weight, discrete-time recurrent neural
network, exponential stability, linear matrix inequality (LMI),
Lyapunov stability, recurrent multilayer perceptrons (RMLPs),
recurrent neural network (RNN), sector monotone nonlinearity,
state-space transformation.

I. INTRODUCTION AND PROBLEM STATEMENT

RECURRENT neural networks (RNNs) have shown their
promise and power in the variety of important applica-

tions [1], [6]. RNN are dynamic systems, and, as such, they
frequently need to be analyzed for stability. Such analysis
is particularly important when designing closed-loop control
systems. We often have to deal with stability analysis of various
closed-loop systems composed entirely of neural networks
(feedforward or recurrent) which necessarily involve global
feedback.

In this paper we consider the problem of global Lyapunov
stability of discrete-time RNN. We assume that training of
RNN has been somehow accomplished, and its weights are
fixed during stability analysis. For training we favor powerful
methods based on the extended Kalman filter (EKF) algorithm
and backpropagation through time (BPTT) (see, e.g., [6]), but
other methods of training can certainly be used.
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We discuss global Lyapunov stability analysis of layered re-
current networks, also known as recurrent multilayer percep-
trons (RMLPs). Let be the number of layers and

be the state vector of the layerat time step . Forward prop-
agation of signals through an RMLP with global feedback can
be described by

(1)

where are fixed matrices of weights, are fixed vec-
tors of biases. The hyperbolic tangent in (1) may be re-
placed by any function such that functions and
are monotone increasing. We analyze Lyapunov stability of an
equilibrium point ofunforcedor unperturbeddynamical sys-
tems; therefore all external inputs to the layers are set to zero
and do not appear in (1).

Problem Under Consideration:What are sufficient condi-
tions on weight matrices and biases which guarantee thatall
trajectories of (1) converge to a (unique) equilibrium point?

This paper consists of the following sections. Section II dis-
cusses important classical results from the theory of absolute
stability that laid the foundation to many approaches to stability
analysis, including ours. Section III introduces a system trans-
formation we devised to begin our stability analysis. Section IV
clarifies the relationship between our approach to stability anal-
ysis of RNN and three recent results obtained by others in-
cluding theory. In Section V, we show how nonzero biases
usually present in RNN can be readily accounted for within the
framework of our approach. The steps of our approach are sum-
marized in Section VI. We illustrate our approach on examples
in Section VII. Section VIII concludes the paper with remarks
on the conservatism of all stability criteria and future directions
of research.

II. SOME RESULTS FROM THE THEORY

OF ABSOLUTE STABILITY

In this section we describe some approaches and results
known from the theory of absolute stability. They form the
basis of our approach for stability analysis of RNN.

One of the most efficient methods of stability theory of dy-
namical systems is the method of absolute stability theory. A
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system to be analyzed for stability with this method is written
in the form

(2)

where , and are some constant matrices, andis a con-
stant vector. It should be emphasized that the nonlinearities
do not include explicit compositions of functions of different
variables .

The main of the theory of absolute stability is the frequency
theorem [7], [8]. Let be a quadratic form with arguments
for the system (2). Assume that the pair is stabilizable.

Theorem 1: Assume that the following conditions hold.

1) For any solution of the system (2) there exists a sequence
of positive numbers such that the inequality

is fulfilled for all .
2) There exists a positive numbersuch that the inequality

holds for all pairs
such that for some .

3) There exists a matrix such that for all
vectors , and the matrix is stable.

Then the equilibrium point of the system (2) is globally ex-
ponentially stable.

If the condition 1 holds, then the system (2) is said to satisfy
an integral quadratic constraint with the form. If
for all and , then the system (2) is said to
satisfy a local quadratic constraint with the form. Satisfaction
of the local quadratic constraint evidently implies satisfaction of
the integral constraint (but not vice versa).

The condition 3 is usually called the condition of minimal
stability. For almost all cases it is checked easily with

and some appropriate choice of the numbers.
The main condition 2 is usually called the frequency domain

condition. The problem of checking this condition is reduced to
checking for positive definiteness of some parameter-dependent
matrix. This complicated problem is equivalent to the problem
of existence of a Hermitian solution to

(3)

for all . Inequality (3) is a linear matrix inequality
(LMI) with respect to the components of the matrix. Further-
more, the quadratic form is usually of the following type:

(4)

where are arbitrary positive numbers, andare the quadratic
forms with fixed coefficients, each of the forms describing some
property of a nonlinearity. In this case the inequality (3) be-
comes an LMI also with respect to the parameters. These pa-
rameters and the matrix may be found by an efficient interior
point algorithm of the convex optimization [9].

One of the useful types of quadratic forms in (4) is the
sector quadratic form known from the early 1960s. It utilizes

the fact that plots of nonlinear functions lie in some sectors

for all

In particular, for the function we have
.
The corresponding quadratic form is

Note that a function for which may be nonmonotone and
time varying. Thus, if the conditions of the Theorem 1 holds
with the form then the system (2) would be stable even if
the function is nonmonotone and time varying. It is required
only that its plot lie in the sector . The frequency do-
main condition 1 with a quadratic form (4) that guarantees sta-
bility of all systems (2) with nonlinear functions satisfying
the local quadratic constraint for all , is
called the circle criterion. It is not very specific in terms of the
amount of information used about nonlinear functions; therefore
the circle criterion is necessarily conservative when used for sta-
bility analysis of systems with nonlinear functions of a partic-
ular kind. To improve the circle criterion one can use additional
information about the nonlinear function , e.g., its mono-
tonicity or information about its derivative,

.
In this paper, we will utilize two kinds of quadratic forms

and

Here diagonal matrices and represent sector bounds for
nonlinearities; and . is a ma-
trix satisfying certain properties to be discussed in the next sec-
tions. This matrix is another argument of the LMI (3), which
is to be solved with respect toboth and . To solve LMIs,
we will resort to the popular LMI Toolbox in MATLAB [10].
It is the state-of-the art tool for solving various LMIs arising in
system and control theory.

III. SYSTEM TRANSFORMATION

To apply the method of absolute stability theory to stability
analysis of RNN, it is necessary to transform the (1) to the form
(2). Hence, the first step of our approach is a transformation
step discussed in this section. In (2),becomes a matrix of
blocks of and , and becomes a vector of biases. (A proper
treatment of the vector for stability analysis is explained in
Section V.) Without loss of generality we henceforth assume that
all nonlinearities are hyperbolic tangents, or , although the
minimum requirement is to have all nonlinearities of a sector
type (see Section II). A recurrent network (1) containing just
one layer is already cast in the form (2). An RMLP withlayers
without global feedback can be analyzed for stability
using (2) layer by layer. However, the (1) with must be
modified to fit the form (2). To transform these equations to (2)
we propose to use a special state-space extension method. We
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would like to start with an illustration and then continue with a
general case of the state-space extension method.

We consider a two-layer RMLP with global feedback de-
scribed by

(5)

The original system above can be transformed into

(6)

The system (6) can now be written in the form suitable for our
stability analysis

(7)

where , and and are shown
below

We would like to demonstrate that the system (6) may be
converted to two independent systems which are counterparts
of the original system (5). We can write

(8)

We note that this system is identical to the original system (5)
since one time step of the system (5) corresponds to two time
steps of the system (6). (Indeed, let us choose

, then , etc.) For the second counterpart,
we have

(9)

The system (9) corresponds to the following system:

(10)

It is easy to see that the system (10) is like the original system
(5) for which the forward propagation begins with the second
layer and ends with the first layer [it is the other way around for
the system (5)].

For each state vector of a layer of an -layer RMLP we
introduce copies

(11)

It can be seen that (11) has the form (2). Equation (11) can be
interpreted as describingindependent processes in the RMLP
(1), and it is the general form illustrated in the example above for

. Each process represents a system that is a counterpart
of the original system (1). It differs from systems represented
by other processes. For instance, a system with the state vector

can be written as

(12)

where vector functions may be compositions of the functions
with appropriate arguments. However, there are no com-

positions of nonlinear functions in (11), which is important for
our stability analysis.

Setting instead of as the time index
of the left-hand side of (12), we arrive at a system
which is an exact equivalent of the system (1) since

in this case. It is also natural to count the forward
propagation of signals sequentially from the first layer
of (1). For other processes with state vectors

, their systems differ
from (1) only by the order in which signals propagate through
the layers. The first layer to propagate through is denoted by the
second index of the last component of the state vector.
The propagation order is usual (sequential) for all the systems.

Stability is established at once for allprocesses (12), coun-
terparts of the original system (1). If this is possible (by solving
an LMI system to be discussed further), then the global stability
of the original system (1) and the system (11) follows immedi-
ately. [In the example discussed earlier in this section, proving
stability for both (8) and (9) means doing so for (5) and (6).]
Furthermore, recognizing the independence between the pro-
cesses has important consequences for simplifying the compu-
tational aspects of our stability analysis (see Section VII-B for
an illustration).

IV. ON EXISTING CRITERIA FOR LYAPUNOV

STABILITY OF RNNs

This section discusses three recently published criteria for
Lyapunov stability analysis of recurrent neural networks. We
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show that each of these is a special case of the criterion based
on Theorem 1.

In [1], -systems are introduced to describe the dynamics
of RNNs. A system (without external inputs) has the form

(13)

where is a state vector, are known matrices, and
are diagonal matrices. The problem is to check Lyapunov sta-
bility of system (13) for all matrices satisfying the condition

.
The systems (1) and (13) have different forms, but the system

(1) can be transformed into the form of (13)

where , and all off-
diagonal blocks not shown are set to zero. This system has the
form (13) with

Let us consider a special case of the system (1) with
. The following stability criterion was

published in [1, p. 127]:
If there exist diagonal positive–definite matricessuch that

for all (14)

then the system (13) [consequently, the network (1)] is stable.
Assuming diagonal positive definite matrices

, the conditions (14) take the form

We can show how to obtain a stronger stability criterion using
the approach from the theory of absolute stability. As described
in Section III, we extend the state space as follows:
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(15)

For all positive definite diagonal matrices the following
quadratic inequalities must be satisfied on trajectories of (15):

(16)

It can be shown that (3) has a solution with diagonal matrix
if there exists a solution to the coupled inequalities shown at the
bottom of the page, with respect to diagonal positive definite
matrices and where the symbol # in expressions #
stands for ; with additional constraints

Each of the inequalities above can be transformed to

which is equivalent to

where and are some matrices. We obtain

# #

#

# #

# (17)

Comparing appropriate terms to the left and to the right of ma-
trices and we notice that

#

# #

#

# #

# #

# #

#
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It can be seen that for any set of diagonal positive definite
satisfying (14) there always exists an appropriate set of diagonal
positive definite and , but not vice versa since the total
number of and is larger than the total number of .
Thus, (14) is a special case of (3). In general, matrixin (3)
may have more complicated structure (e.g., blocks may
be nondiagonal), and the matrixin (3) may be nondiagonal.
Hence the criterion based on Theorem 1 is stronger than that in
[1].

Another stability criterion published in [1] (diagonal domi-
nance criterion, see p. 128) does allow the use of nondiagonal
matrices , but it is handicapped due to a mistake in the proof.
To prove positive definiteness of a matrix , where is a
symmetric matrix, and is a diagonal positive definite matrix,
the authors have only proven that all eigenvalues of
lie in the right half plane. This is not sufficient because matrix

may benonsymmetric. Indeed, consider the matrix

then

which has only positive real eigenvalues. But it is not positive
definite since, e.g., for vector . In
fact, the proof in [1] only holds for the case of , where

is a positive number.
A stability criterion is proven in [2] for the system

(18)

which describes the dynamics of a fully recurrent layer with
nodes. This stability criterion is summarized below:

A system (18) is stable if there exists a Hermitian, positive
definite matrix and a symmetric matrix such that
the following conditions hold.

1) An inequality holds
for all .

2) The following inequalities hold for all

for (19)

Now we show that this criterion is also a particular case
of the criterion of Theorem 1.

The monotone property of the function implies the in-
equality (for all )

(20)

where is row number of the matrix
. Adding these inequalities with nonnegative

weights [due to (19)] to nonnegative
we obtain

(21)
Hence the criterion [2] is also a special case of the criterion of
the Theorem 1, with a particular form for the matrix.

Another approach to stability analysis of RNN is offered in
[3]. A neural network with recurrence should be written in a
form of linear differential inclusions [11]. The overall com-
plexity of the method is on the order of , where is the
number of nodes in the network. For illustration, we discuss it

for the neural network (18). The following stability criterion has
been proven.

If there exists a Hermitian positive definite matrix such
that the following inequalities hold:

for all (22)
then the system (18) is Lyapunov stable. (A method to solve (22)
for a unique is proposed in [4].)

Here are various matrices reflecting the sector bounds on
nonlinearities. In the worst case, the number of coupled inequal-
ities is equal to . However, it can be made much smaller
than , if the system is essentially a feedforward neural net-
work with one or several time-delayed feedback loops (as in the
NARX recurrent neural networks [12]). Nevertheless, the ne-
cessity of constructing a large number of matricesand then
choosing the “right” set of matrices (called vertex matrices)
makes the approach too cumbersome and not practical for net-
works with several layers and even a moderate number of nodes.

Inequality (3) with a sector condition implied in (22) can be
written as

for all
where , or

(23)

This is a simple LMI to be solved for and . Its
size is , which is clearly advantageous compared to
the need to solve up to inequalities of the size each
in (22).

As in the case of the criterion of [1], if the criterion (22) is
met, then the system (18) is stable with any transfer function (not
just ) such that its plot lies in the sector . In contrast,
the criterion in [2] is a little more specific on the properties of
nonlinearities it accounts for (monotonicity); therefore it is less
restrictive than the two other criteria discussed.

In this section we have shown that three recently proposed
criteria for stability of RNN are special cases of the criterion
based on Theorem 1. Our approach uses Theorem 1 and (3)
directly and in a form more general than any of the stability
criteria published thus far (to the best of our knowledge). In the
next section we extend our approach to a much broader group
of RNN, namely those with nonzero biases. We also show how
to incorporate the criterion of [2] into our approach.

V. ACCOUNTING FOR NONZERO BIASES

IN STABILITY ANALYSIS OF RNN

In this section we show how to address stability analysis of
neural networks containing biases [ , in (1)].
To the best of our knowledge, proper accounting for nonzero
biases and its consequences for stability analysis have not been
given adequate consideration in previously published studies in-
cluding those discussed in Section IV. It has been observed that
ignoring biases [ , in (1)] not only severely
limits the mapping capabilities of neural networks (to the point
of rendering them useless) but also almost always results in ex-
tremely conservative stability criteria. As it turns out, incorpo-
rating biases into our approach to stability analysis is easy and
natural and allows us to analyze stability of neural networks with
biases the same way it is done for the networks without biases.
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Consider an RNN in the form (2) with nonzero biases

(24)

Let be its equilibrium point, where

Consider the affine transformation . Denote
. Then

(25)

System (25) has the same form as system (24), but an equilib-
rium point of this system is at the origin. The components of the
nonlinear vector function

are different if coordinates are different. Furthermore, all new
nonlinear functions are still monotone and their plots lie in
the sector .

Hence we can apply the stability criterion of Theorem 1 to
(25) with quadratic form (21). It is remarkable that, for nonzero
biases , the widths of the sectors for each function are
often substantially reduced. Indeed, the upper bound of a sector,
where the plot of a function
lies is equal to unity only if . In all other cases, it is less
than unity.

Let us introduce the notation

The derivative of the function has at least one root.
Hence, given , it is easy to find .

Denote , then for the system (25) we have the
following local quadratic constraint:

(26)

where is any positive definite diagonal matrix. Condition 2 of
the Theorem 1 and (3) changes correspondingly.

It is easy to see that if . Therefore for large
numbers the quadratic form (26) becomes close to ,
and the inequality (3) has a solution. Therefore, it is always pos-
sible to stabilize the system (25) by choosing biases such that
the values are sufficiently large. Of course, in such a case
the equilibrium will be far from the origin of the coordinate
system associated with.

Now we consider the lower bounds of the sectors. For all
cases discussed thus far this bound was at zero. However, we
show that the slope of this line may be increased, which should
improve the stability criteria. Indeed, according to formulas (24)
and particular form of matrices , it follows that the absolute
values of each coordinate of the vector are less or equal to
one. Therefore one can obtain

(27)

for all . The following lemma establishes new
lower bounds for the sectors, where plots of an effective part
of nonlinear functions reside.

Lemma 1: If , then

(28)

(if then at .
Proof of Lemma 1:If , then the result follows from

the monotonic property of the odd function on the in-
terval .

Let 0 (the case is similar) and . Then
for because this function is de-

creasing monotonically on this interval. The function
has a single maximum on the interval . Denote the argu-
ment of this maximum by . On the interval the function

is increasing, therefore if . On
the interval the function is decreasing. There-
fore, if .
We have because . Hence,

and

or

Thus,

for all

The case is obtained as a limit if we consider
. Lemma 1 is thus proven.

Denote , then for all trajectories of the system
(25), all and positive definite diagonal matrix the fol-
lowing inequality holds:

(29)

This local quadratic constraint leads to a better stability criterion
than that for (26) due to positive definiteness of the matrix.

Fig. 1 illustrates what happens with a plot of the nonlinearity
due to nonzero bias, and it also shows the sector bounds.

Let us now discuss what effect for has on the
criterion proposed in [2] (see Section IV). The local quadratic
constraint (21) with a nondiagonal (filled) matrix, satisfying
condition (19), in this case is not valid, because (20) is not sat-
isfied if . These inequalities, however, may be slightly
changed to become valid. Specifically, a symmetric matrix

replaces the matrix of (19), and

(30)

The matrix is such that, for all

for (31)
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Fig. 1. The nonlinear functiontanh(s) is shown in the original system of
coordinates(s; �) with the upper bound of the sector denoted as the angle 1.
Due to a nonzero biasb , the new coordinate system(s; ') (its origin is at
(c ; tanh(c ))) features a smaller upper bound� denoted as the angle 2. In
addition, a graphical justification for� of (28) is provided.

where , and are some numbers de-
termined by and (see Appendix A). The nonequal biases
result in increasing diagonal elements of a matrixas com-
pared to the case of systems without biases, i.e., the matrix
becomes even more diagonally dominant. If (and,
in particular, if ) we have and the quadratic form
(30) with conditions (31) coincides with the quadratic form (20)
with conditions (19) (for ).

Thus, our approach for stability of RNN without biases is also
applicable to RNN with biases, but with modifications pointed
out in this section.

VI. STEPS OFOUR APPROACH

In this Section, we summarize the steps of our approach for
stability analysis of RNN.

1) The dynamics of RNN should be described by the equa-
tions of the form (24). One can analyze the structure of
RNN and apply the state-space extension method as de-
scribed in Section III. The equations obtained after this
step has a form suitable for stability analysis based on the
absolute stability theory.

2) It is necessary to find out a equilibrium pointof the
system obtained in Step 1. (Of course, we can onlyhope
that the equilibrium point found is stable, before the sta-
bility analysis has been completedandconclusively con-
firmed its stability.) If the stationary point of RNN is de-
termined during training, it becomes an equilibrium point
of the system (24) taking into account the extended state
space. Otherwise, one can use a simple procedure of cal-
culating a few trajectories of the system until the state
vector converges to the equilibrium point.

3) The state vector should be shifted in such a way that
the equilibrium point moves to the origin. The nonlinear
transfer functions of nodes should be altered correspond-

ingly (see Section V). This shift results in a vector[see
(25)].

4) For each transformed transfer function [which has a form
] it is necessary to cal-

culate the upper bound of a sector in which the plot of
this function lies. It may be done using the MATLAB’s
function fzero for calculating the (single) zero of a deriva-
tive of the slope of this function. Namely, for the func-
tion , it is sufficient to find a root of the scalar function

.
Then one can proceed with calculating the lower bounds.
For each transfer function it is necessary to find the
maximum value of an argument utilizing the fact that the
output of lies in the interval . We can use
Lemma 1 (Section V) to find out the lower bounds for
all functions .

5) One can construct the sector quadratic form [like that in
(29)]. Then, using information about the independent pro-
cesses in the extended system (11) (see Section III), one
can construct (3) in a matrix form. It should be empha-
sized that the set of independent processes, counter-
parts the original system (1), subsumes all possible se-
quences in (11). Hence establishing global stability for
all the processes (by solving LMI) means that both (1)
and (11) are proven to be stable. We need to show sta-
bility for processes, with their appropriate state vectors
constituting the (total) state vector of system (11). Inter-
actions between different processes are absent due to in-
dependence of the processes (as discussed in Sections III
and VII-B). This allows us to zero out blocks in the ma-
trix which correspond to the parts of the state vector of
(11) from different processes. Setting such blocks to zero
considerably reduces the number of unknown parameters
without adding any conservatism to our stability criteria.
In general, for a system with layers we replace one ma-
trix of blocks by matrices of

blocks. (An example of such replacement
is given in Section VII-B.) We obtain the linear matrix in-
equalities with respect to the components of matrices
and . It is also useful to add the inequality .

6) We can use the interior point method to solve linear ma-
trix inequalities. To analyze stability of a particular RNN,
one can use the MATLAB LMI Control Toolbox [10].
If there is a solution to the matrix inequalities, then the
system (24) (and therefore the corresponding RNN) is
stable. Moreover, we can obtain a Lyapunov function for
this system. It is sufficient to extract those blocks from the
matrix which correspond to the parts of the state vector
of the same process. A quadratic form built using these
blocks becomes a Lyapunov function for this RNN. For
different processes we obtain different quadratic forms.
For global asymptotic stability, the equilibrium point of
RNN must be asymptotically stable in the small (and it
is easy to check in simulations); therefore all different
quadratic forms (Lyapunov functions) should be positive
definite. It should be noted that for an RMLP withlayers
and global feedback all Lyapunov functions can be ob-
tained simultaneously in a single run of the LMI solver.
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Stability of an RMLP without global feedback may be
analyzed layer by layer, and all Lyapunov functions (one
for each layer) can be obtained in independent runs of the
LMI solver. For example, for an RMLP with two fully re-
current hidden layers without global feedback one should
first determine whether the first (preceding) hidden layer
is stable. This is done by running the LMI solver to solve
LMI for this layer alone. If a solution is feasible, then
we can analyze stability of the second (succeeding) layer.
Due to (generally) nonzero connection matrix between
the first and the second layers and nonzero outputs of
the first layer at its equilibrium, one should adjust biases
of the second layer accordingly before invoking the LMI
solver for the second layer. If a solution for the first layer
is not feasible, then nothing can be said about stability of
the second layer either. Generalization to cases with more
than two layers is straightforward.

The steps 1)–5) may be done for any RNN, and it is possible
to automate them. But final LMI [see step 6)] may still have no
solutions. It does not mean that RNN is unstable, but it clearly
demands application of a more sophisticated stability criterion.
In such a case, we first calculate the numbersin the inequali-
ties (A1) (see Appendix A). Then we can construct an additional
quadratic form (30) with constraints (31). We use the sum of
forms (29) and (30) in (3) to get new LMI. New constraints be-
come less restrictive than previous ones, and LMI may have a
feasible solution.

The fundamental limitation of all methods based on theory
of absolute stability is in its lack of specificity on information
about nonlinear functions which is used to derive stability cri-
teria. The criterion which uses only the sector quadratic con-
straint (21), the criterion in [1], and the circle criterion remain
valid even if each nonlinear function is time-varying, with its
plot lying in the sector . The criterion with a filled matrix

, and the criterion in [2] utilize only the monotonic property
of the transfer function . If any of these stability criteria
is met, then the system (24) with arbitrary monotone functions

such that for all is stable. In particular,
all (or some of) the nonlinear functions of nodes may be re-
placed by linear functions residing in the same sectors. There-
fore if any of the criteria mentioned above holds, then a RNN
with linear functions for any number of nodes or a linearized
RNN would also have to be stable. But sometimesnoneof the
stability criteria may be satisfied. It happens when a linearized
system corresponding to (24) is not stable for some linear func-
tions satisfying the quadratic inequalities. It mainly takes place
for a set of linear functions corresponding to the upper bounds
of the sectors. In any case, the first (linear) approximation of
the right-hand side of the system (24) at the origin (Jacobian)
should be stable, i.e., should have all its eigenvalues within the
unit circle. (This may also be used to check if the system (24)
and the corresponding LMI are correctly constructed).

VII. EXAMPLES

In this section, we would like to illustrate applications of our
approach. First, we analyze the stability of individual layers of

RNN. Next, we show how to deal with stability analysis of two-
layer RNN with global feedback.

A. One-Layer System

In this section, we analyze stability of a simple RMLP with
one hidden layer without global feedback. The network has two
recurrent nodes of bipolar sigmoids (nonlinearity ,
where ). The weight matrix and the bias vectorare

The candidate equilibrium point is located at
. We write the LMI similar with the

expression (23)

(32)

where is a symmetric matrix satisfying (31), is
a diagonal matrix reflecting upper bounds of the sectors, and

is a diagonal matrix of lower bounds of the sectors (see
Section V). Such assignment for the matrices and is
called assigning the full sector. The matrices and are

and , respectively
(the largest possible upper bound corresponds to 0.5, and it is
equal to the slope of the bipolar sigmoid at zero).

The LMI is easily solved with positive definite matrix
even with . Thus, we prove that the equilibrium point
is globally exponentially stable. It is interesting that solutions
of the LMI are also feasible for , suggesting that sta-
bility holds with a wide margin. However, the two-node network
is not stable if its bias weights are set to zero (one of the two
eigenvalues of the matrix is outside the unit circle), and
the LMIs solution is clearly infeasible in this case. This con-
firms the importance of taking into account nonzero biases for
stability analysis.

B. Two-Layer System

In this section, we analyze stability of an equilibrium of the
two-layer system introduced in Section III. According to (25),
we write the following LMI:

(33)

where , and
, are positive definite diagonal matrices

specifying the sector constraints . Given matrices
and , we would like to solve it for positive

definite matrices and diagonal . The system
(6) (and, consequently, the original system (5)) is considered
Lyapunov stable globally, if the LMI above have a solution.

In order to determine if the LMI have a solution using the
MATLAB LMI Toolbox, one can write the first LMI as one large
matrix for the quadratic form . Here
we do not provide the expression for. Instead, we illustrate a
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more appealing alternative. We begin by spelling out the term
with in the first inequality of (33)

(34)

We can see that vector pairs and do not have
cross terms, which reflects independence of the two systems (8)
and (9), as discussed in Section III. This suggests that the struc-
ture of matrix can be simplified. The symmetric matrix
has a block form , and we can make half of
its blocks equal to zero matrices to remove all the cross terms
that do not appear in (34). Instead of a single 66-block ma-
trix , we end up with two 3 3-block matrices and for
the quadratic forms
and , respectively, as
shown in (35) and (36) at the bottom of the page. Here both
matrices are symmetric, so we chose to denote all appropriate
blocks located in the upper triangles by the symbol.

Decomposing the original LMI in two sets of LMI coupled
through blocks of the matrix is a promising implementa-
tion alternative. [In fact, existence of a solution for the cou-
pled LMI (35) and (36) is the necessary condition for solv-
ability of (33).] Based on our experience with the MATLAB
LMI Toolbox, such decomposition appears to be the only way
one can implement and solve the appropriate LMI for RNN with
many nodes using this Toolbox. How many nodes depends on
the RNN architecture in each particular case, but a three-layer
RNN with five nodes in each layer is a good ballpark to begin
using the decomposition.

Before invoking the LMI solver for (35) and (36), we need
to specify the matrices and . Recall that is a diagonal
matrix reflecting upper bounds of the sectors, where all nonlin-
earities reside, whereas is a diagonal matrix of lower bounds
of the sectors (see Section V).

When the LMI solver finishes up returning a feasible solu-
tion, we obtain two Lyapunov functions and , each of
which corresponds to one of the two systems (8) and (9). The
functions are and

, where

Fig. 2. Three typical trajectories for the two-layer RNN of Section VII-B. All
state variables are randomly initialized att = 0; t = 50 andt = 100. They
exhibit oscillations followed by convergence to the equilibrium point.

We choose the two-layer system (5) with two
nodes in each layer. The weight matrices are shown below

The bias vectors for the first and the second layers are
and , respec-

tively. This system is suspected to be stable, with the
candidate equilibrium point at
for the first layer and for the
second layer. Fig. 2 illustrates a few typical transient pro-
cesses all converging to the same equilibrium point. We
calculate the upper and lower bounds for the sectors of all
four nonlinearities, i.e., the matrices and .
We determine that

, and
. As in the previous example, the

matrices and are obtained using Lemma 1 with and
from (7).

We invoke the LMI solver of MATLAB LMI Toolbox to solve
(35) and (36) for and and
. The solver returns a feasible solution which proves global

exponential stability of this RNN.
We wish to examine whether a feasible solution of (35) and

(36) also exists for expanded sectors. First, we consider the case
when and (the lower

(35)

(36)
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bounds of the sectors are at their minimum). It turns out that
no feasible solution exists in this case, although a feasible so-
lution can be found when only is a zero matrix. Next, we
consider what happens when both and remain as before
(determined from Lemma 1), but the upper bounds of the sec-
tors are raised to their maximum levels,
and . We find that, as in the first case, no
feasible solution exists when both and are at their max-
imum. We are able to obtain a solution for
keeping as before. This example
illustrates importance of having proper bounds of the sectors
and for stability analysis.

Concluding this section, we wish to point out what changes
one would have to make to (35) and (36) in order to apply the
combined criterion utilizing both (29) and (30) to stability anal-
ysis. The last row of (35) should be replaced with

and
(from left to right), and the last row of (36) is to be

replaced with
and (from left to right).

Additional constraints (31) on elements of symmetric nondiag-
onal matrices and must be respected as well.

VIII. C ONCLUSION AND FUTURE DIRECTIONS

In this paper we proposed a new approach for stability theory
of RNN based on classical results of the theory of absolute sta-
bility. This approach features a state space extension method
and the use of LMI. Our approach accounts for nonzero biases
usually present in RNN for improved approximation properties.
Accounting for nonzero biases is done naturally, and it aids to
satisfy the stability criteria. This is another important feature
of our approach missing from pertinent results published else-
where. We showed that those results are special cases within
our approach. Though all our examples deal with stability anal-
ysis of RMLP, the approach developed can be readily applied
to other forms of time-lagged recurrent neural networks. [Such
a network differs from RMLP by allowing a more general pat-
tern of connections between its nodes (see [6]).] Indeed, a given
time-lagged recurrent neural network may be analyzed for sta-
bility within our approach as long as its equations can be trans-
formed into the form (2).

We emphasize the fundamental difficulty with all modern sta-
bility criteria. All of these are based on a reduction of a given
nonlinear system to a linear system and judging stability of that
linear system instead. Frequently, a full reduction of such kind
is not possible due to severe performance degradation of the
closed-loop system. After all, we resort to nonlinear systems be-
cause only they deliver the required performance sought in the
first place! To achieve a proper performance, a neural network
usually needs to use as many of its nonlinearities as possible.
Furthermore, it uses as much information about nonlinearities
as available, e.g., a bipolar sigmoid as a very specific kind of
nonlinearity. In contrast, current stability methods can not dis-
tinguish between any two types of nonlinearities as long as these
nonlinearities belong to the same sector, monotone and time-in-
variant. One avenue for future research is to develop methods
enhancing discriminatory capabilities of the stability criteria for

RNN, i.e., to permit them to distinguish between nonlinearities
of different kinds, thereby mitigating their conservatism.

We showed that stability analysis of trained recurrent neural
networks is done via solving a set of LMI. A solution for the
full sector is frequently infeasible, but feasibility of solution for
a very narrow sector is almost always guaranteed for all locally
stable RNN (e.g., for those discussed in [6]). This follows
directly from the necessary condition for asymptotic stability
(local stability of an RNN linearized around its equilibrium
point). This also suggests that one possible way of achieving
feasibility of the LMI is to keep the sector as narrow as pos-
sible, which translates into the requirement to increase biases
and decrease other weights. It is clear that straightforward
implementations of this requirement can be harmful to perfor-
mance of RNN, and one should develop other implementations
to achieve a reasonable compromise between stability and
performance. While we are aware of original experiments to
tradeoff performance of RNN with stability carried out in [1],
details on how to incorporate stability encouragement into the
EKF-based training process taking into account the approach
proposed in this paper are to be clarified in future work.

APPENDIX A

For each pair let be the minimum number such that
for all numbers the following inequality holds:

(A1)

Note that for all and . The numbers
are determined by the biases and may be calculated

using a simple optimization procedure. [For each pair one
has to find such that to satisfy (A1) in the two-dimensional
region (see (27)]. In practice, a
search on a coarse enough grid often suffices.) For the
first term in (A1) disappears and we have for all . If

, then .
The inequality (A1) may be rewritten as follows:

(A2)

Adding these inequalities with nonnegative weights
to nonnegative
we arrive at (30).

We illustrate how to obtain (30) based on (31) for a recurrent
layer with two nodes. We assume , so that
. As in (A2), we write

We multiply this equation by nonnegative , then add
to it nonnegative and
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. Keeping in mind that ,
the result is easily reduced to the quadratic form (30).
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