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Stability Analysis of Discrete-Time
Recurrent Neural Networks

Nikita E. Barabanov and Danil V. ProkhoroMember, IEEE

Abstract—We address the problem of global Lyapunov stability We discuss global Lyapunov stability analysis of layered re-
of discrete-time recurrent neural networks (RNNs) in the unforced  current networks, also known as recurrent mu|ti|ayer percep-
(unperturbed) setting. It is assumed that network weights are fixed trons (RMLPS). Leta be the number of layers am#(l <i<

to some values, for example, those attained after training. Based on be the stat tor of the laveat ti ter:. d
classical results of the theory of absolute stability, we propose a new ") D€ the state vector of the laygat time step:. Forward prop-

approach for stability analysis of RNN with sector-type monotone agation of signals through an RMLP with global feedback can
nonlinearities and nonzero biases. We devise a simple state-spacde described by
transformation to convert the original RNN equations to a form

suitable for our stability analysis (without compositions of non- k1l _ k k
linearities). We then write appropriate linear matrix inequalities ap™ = tanh(Wiay + Vaay, +01)
(LMIs) to be solved to determine whether the system under study a:’;“ = tanh(WQ{L'g + Vlazlf*'l + bg)

is globally exponentially stable. Unlike previous treatments, our
approach readily permits us to account for nonzero biases usu-
ally present in RNN for improved approximation capabilities. We _—
show how recent results of others on stability analysis of RNN can K+l & Bl

be interpreted as special cases within our approach. We illustrate xn+ = tanh(Way, + V"—lxntl +bn) @)

how to use our approach with examples. Though illustrated on sta-

bility analysis of recurrent multilayer perceptrons (RMLPs), the  whereW;, V; are fixed matrices of weight$, are fixed vec-

approach proposed can also be applied to other forms of time- tors of biases. The hyperbolic tangeanh in (1) may be re-
lagged RNN. placed by any functiog such that functiong(s) ands — ¢(s)

Index Terms—Bias weight, discrete-time recurrent neural are monotone increasing. We analyze Lyapunov stability of an
network, exponential stability, linear matrix inequality (LMI),  equilibrium point ofunforcedor unperturbeddynamical sys-
Lyapunov stability, recurrent multilayer perceptrons (RMLPS), o therefore all external inputs to the layers are set to zero
recurrent neural network (RNN), sector monotone nonlinearity, ' .
state-space transformation. and do not appear in (1).

Problem Under ConsiderationWhat are sufficient condi-
tions on weight matrices and biases which guaranteeathat
. INTRODUCTION AND PROBLEM STATEMENT trajectories of (1) converge to a (unique) equilibrium point?

ECURRENT neural networks (RNNs) have shown their This paper consists of the following sections. Section Il dis-

promise and power in the variety of important applicacusses important classical results from the theory of absolute
tions [1], [6]. RNN are dynamic systems, and, as such, th&{ability that laid the foundation to many approaches to stability
frequently need to be analyzed for stability. Such ana|y5§g1alysis, including ours. Section Il introduces a system trans-
is particu|ar|y important when designing Ciosed-ioop Contréprmation we devised to begin our Stablllty analySiS. Section IV
systems. We often have to deal with stability analysis of variogrifies the relationship between our approach to stability anal-
C|03ed_|00p systems Composed entire|y of neural networ](%is of RNN and three recent results obtained by others in-
(feedforward or recurrent) which necessarily involve glob&ludingNL, theory. In Section V, we show how nonzero biases
feedback. usually present in RNN can be readily accounted for within the

In this paper we consider the problem of global LyapunoV@mework of our approach. The steps of our approach are sum-

stability of discrete-time RNN. We assume that training dharized in Section VI. We illustrate our approach on examples
RNN has been somehow accomplished, and its weights &teSection VII. Section VIII concludes the paper with remarks
fixed during stability analysis. For training we favor powerfuPn the conservatism of all stability criteria and future directions
methods based on the extended Kalman filter (EKF) algorith@ research.
and backpropagation through time (BPTT) (see, e.g., [6]), but
other methods of training can certainly be used.

AT = tanh(Wazh + Vazhth +b3)

Il. SOME RESULTS FROM THE THEORY

OF ABSOLUTE STABILITY
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system to be analyzed for stability with this method is writtethe fact that plots of nonlinear functiogs lie in some sectors

in the form [V, 1]
A= Azt 4 BEE oF = Ok b= '0'1' w;i(s)/s € v, ;] foralls.
on In particular, for the functiog; = tanh we haver; = 0, 11; =
¢ = j s Gi=wiloy), i=1....n (2 - The corresponding quadratic form is
whereA, B, and@nare some constant matrices, dnid a con- Fy = (& —vioi) oy — &),

stant vector. It should be emphasized that the nonlineagties ot that a function for whic: > 0 may be nonmonotone and
do not include explicit compositions of functions of differen{ime varying. Thus, if the cofwd_itions of the Theorem 1 holds
Va”ablesa?' o with the form £} then the system (2) would be stable even if
The main of the theory of absolute stability is the frequengyg nctiony, is nonmonotone and time varying. It is required
theorem [7], [8]. Letl” be a quadratic form with argumentss o that its plot lie in the sectdir;, 1,]. The frequency do-
for the system (2). Assume that the p@i, B) is stabilizable. 1 ai condition 1 with a quadratic form (4) that guarantees sta-
Theorem 1: Assume that the following conditions hold. bility of all systems (2) with nonlinear functions; satisfying
1) For any solution of the system (2) there exists a sequenfg |ocal quadratic constraidt; > 0 forall j = 1,...,r, is
of positive numbersV; — oo such that the inequality called the circle criterion. It is not very specific in terms of the
o F(a*,€8) > 0s fulfilled for all ;. amount of information used about nonlinear functions; therefore
2) There exists a positive numbesuch that the inequality the circle criterion is necessarily conservative when used for sta-
Re{F(z,m)} < —e(| z |> 4+ | n [*) holds for all pairs bility analysis of systems with nonlinear functions of a partic-

(z,m) such thatdz + Bn = ¢*z for somew € [0, 7. ular kind. To improve the circle criterion one can use additional
3) There exists a matri® such thatf’(y, Dy) > 0 for all information about the nonlinear functiaanh, e.g., its mono-
vectorsy, and the matrixA + BD is stable. tonicity or information about its derivativel(tanh(s))/ds €
Then the equilibrium point of the system (2) is globally exfo, 1].
ponentially stable. In this paper, we will utilize two kinds of quadratic forms
If the condition 1 holds, then the system (2) is said to satisfy
an integral quadratic constraint with the fodm If F'(x,£) > 0 F=¢rMoez-¢)

for all x and¢ = col(y;(o;)), then the system (2) is said togng
satisfy a local quadratic constraint with the fofmSatisfaction
of the local quadratic constraint evidently implies satisfaction of

the integral constraint (but not vice versa). __ Here diagonal matriced/ and N represent sector bounds for
The condition 3 is usually called the condition of minimahqnjinearities:is = diag{y;} andN = diag{r,}.T is a ma-
stability. For almost all cases it is checked easily with= iy satisfying certain properties to be discussed in the next sec-
diag{s;}© and some appropriate choice of the nuUmBers  tions. This matrix is another argument of the LMI (3), which
The main condition 2 is usually called the frequency domajg g pe solved with respect footh H andI. To solve LMIs,
condition. The problem of checking this condition is reduced {Qe il resort to the popular LMI Toolbox in MATLAB [10].

checking for positive definiteness of some parameter-dependgng he state-of-the art tool for solving various LMIs arising in
matrix. This complicated problem is equivalent to the problegystem and control theory.

of existence of a Hermitian solution to

F = (¢ — NOz)*T'(MOx — ).

(Az + BE)*H(Az + BE) — " Ho + F(z,8) <0 (3) [ll. SYSTEM TRANSFORMATION

To apply the method of absolute stability theory to stability
analysis of RNN, it is necessary to transform the (1) to the form
(2). Hence, the first step of our approach is a transformation
step discussed in this section. In (8),becomes a matrix of

- blocks ofi¥; andV;, andb becomes a vector of biases. (A proper
= ZTJ'FJ ) treatment of the vectadr for stability analysis is explained in
=t Section V.) Without loss of generality we henceforth assume that
wherer; are arbitrary positive numbers, ahglare the quadratic all nonlinearities are hyperbolic tangentsterh, although the
forms with fixed coefficients, each of the forms describing someinimum requirement is to have all nonlinearities of a sector
property of a nonlinearity. In this case the inequality (3) baype (see Section Il). A recurrent network (1) containing just
comes an LMI also with respect to the parametgr§ hese pa- one layer is already cast in the form (2). An RMLP wittayers
rameters and the matr&f may be found by an efficient interior without global feedbackV,, = 0) can be analyzed for stability
point algorithm of the convex optimization [9]. using (2) layer by layer. However, the (1) with, # 0 must be

One of the useful types of quadratic form% in (4) is the modified to fit the form (2). To transform these equations to (2)

sector quadratic form known from the early 1960s. It utilizeswe propose to use a special state-space extension method. We

for all (z,£) # 0. Inequality (3) is a linear matrix inequality
(LMI) with respect to the components of the matfix Further-
more, the quadratic form' is usually of the following type:
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would like to start with an illustration and then continue with
general case of the state-space extension method.
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a For each state vectar; of a layer! of ann-layer RMLP we
introducen copies

We consider a two-layer RMLP with global feedback de-

scribed by

.’L”f'f’l = tanh (Wl.’L'lf + ‘/2.’13']5 + bl)

25T = tanh (Waah + Vizit +0,) . (5)
The original system above can be transformed into

a:’ﬂ"l = tanh (Wla:IfQ + Vaxh + bl)

$’f;—1 = 37’f1

2l = tanh (WQ$§2 +Viah + bo)

wyft = b (6)

The system (6) can now be written in the form suitable for oy,

stability analysis

e = Adt 4 ek, ¢ = col (6.4)
Sjk = tanh (ajk) . =12 o =0zs"+b
0= COl(@l7 @2), b= COl(bl7 bg)

61 = [Oana Vv?ao]a @2 = [VvlaOaOa WQ] (7)

wherez = col(z11,212, %21, 222), and A and B are shown
below

OO ~NO
oo oo
~ o O O
oo oo
OO O M
O~ O O

We would like to demonstrate that the system (6) may kggln

k+1 k k
3711+ = tanh (Wla:ln + Vicixgy g + bl)
I=1,...,n(modn)
k+1 _ Kk
Tiz = In
k+1 _ Kk
Tz = T2
k41 _ K
L = Pin-1- (11)

It can be seen that (11) has the form (2). Equation (11) can be
interpreted as describingindependent processes in the RMLP
(1), and itis the general formillustrated in the example above for
n = 2. Each process represents a system that is a counterpart
of the original system (1). It differs from systems represented
y other processes. For instance, a system with the state vector
col(z1p, Z2,n—1, T3 n—2,---,%s1) CAN be written as

k+n

Lin = ¢1 (xln,’ x?,n—l? x3,n—2? L) xnl)
k+ _ k k k k
$27n711 - ¢2 ($1n7 x?,nflv $3,n727 (RS xnl)
‘Tnii—n = d)n (‘Tlnv ‘T2,n—17 ‘T3,n—27 () ‘Tnl) (12)

where vector functiong; may be compositions of the functions
tanh with appropriate arguments. However, there are no com-
positions of nonlinear functions in (11), which is important for
our stability analysis.

Setting £ + n instead of £ + 1 as the time index
of the left-hand side of (12), we arrive at a system
which is an exact equivalent of the system (1) since

= X1,T2pn-1 = T2,¥3n-2 = I3,...,Lpnl = Tn

converted to two independent systems which are counterpaiiSihis case. It is also natural to count the forward

of the original system (5). We can write

37’{;—2 =¢ ($’f27$§1)
37’51'—2 = ¢ ('Tglvd)l ($’f27$§1)) . (8)

propagation of signals sequentially from the first layer
of (1). For othern — 1 processes with state vectors
COl(aZu, Lo, L3 n—1y---, 377,2), COl(aZlQ, L21,L3,mny - - .’17,,,3),
o021 1, B2,m—2, T3 03, - - -, Tnn ), their systems differ
from (1) only by the order in which signals propagate through

We note that this system is identical to the original system (8)e layers. The first layer to propagate through is denoted by the
since one time step of the system (5) corresponds to two tisecond index of the last component,,. of the state vector.

steps of the system (6). (Indeed, let us chadse= 0, 29, =

The propagation order is usual (sequential) for all the systems.

z9, thenz! = 2%,, z} = 3, etc.) For the second counterpart, Stability is established at once for allprocesses (12), coun-

we have

k+2 _
Lo2

k+2 _
L1

P2 (xlflvxIQCQ)

D1 (xlfla¢2 (xlflvxl2c2)) .

9)
The system (9) corresponds to the following system:

x’;"'l = tanh (Wgazé + lelf + bg)

2T = tanh (Wiah + Voak ™ +0,) . (10)

terparts of the original system (1). If this is possible (by solving
an LMI system to be discussed further), then the global stability
of the original system (1) and the system (11) follows immedi-
ately. [In the example discussed earlier in this section, proving
stability for both (8) and (9) means doing so for (5) and (6).]
Furthermore, recognizing the independence between the pro-
cesses has important consequences for simplifying the compu-
tational aspects of our stability analysis (see Section VII-B for
an illustration).

IV. ON EXISTING CRITERIA FOR LYAPUNOV

It is easy to see that the system (10) is like the original system
(5) for which the forward propagation begins with the second
layer and ends with the first layer [it is the other way around for This section discusses three recently published criteria for
the system (5)]. Lyapunov stability analysis of recurrent neural networks. We

STABILITY OF RNNSs
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show that each of these is a special case of the criterion based I
on Theorem 1. I
In [1], N L,-systems are introduced to describe the dynamics P = N
of RNNs. AN L, system (without external inputs) has the form I ’
1
fq
Pr+1 = PLQ1PQa .., PyQ,px (13) Vit
1
wherep;, € R™ is a state vectorp; are known matrices, ait} by = I
are diagonal matrices. The problem is to check Lyapunov sta- I
bility of system (13) for all matrice#’; satisfying the condition I
0< P <1 I
The systems (1) and (13) have different forms, but the system I
(1) can be transformed into the form of (13) o
Q= ; .
I 1 0
I ‘/q—l Wq
W1 0 00V,
oS
I 1
I Q, = /
fq
I 1
I 1
I : : .
I 0 Let us consider a special case of the system (1) Withk=
Voo, W, 0,j = 1,...,q9(n = q). The following stability criterion was
7 ! ! published in [1, p. 127]:
I If there exist diagonal positive—definite matric@s such that
I
fa—1 , | D;Q;D; 1 |I<1 forallj=1,... q(modq) (14)
1
I :
then the system (13) [consequently, the network (1)] is stable.
I 0 Assuming diagonal positive definite matrice®; =
Viy W,y diag(D; 1, ..., D; ), the conditions (14) take the form
1
f1
1 D171 < D271 < D371 <00 K Dq,l
I D,LQ < D172 < D272 < e K D,I_172
I ............
I D27,1 < D37,1 < D47,1 < e K Dl:’]
|44} ? e 00V | Dg1VeDrs Dy WiDT1|| <1
. |Dg—12V1D; 1 Dy_12WaDg3| < 1
x
i
I ; |D1,¢Ve—1D5y 1 D1 W,Dji| < 1.
where f;(s) = tanh(s)/s,z* = col(z},...,zF), and all off- We can show how to obtain a stronger stability criterion using

diagonal blocks not shown are set to zero. This system has the approach from the theory of absolute stability. As described
form (13) with in Section Ill, we extend the state space as follows:
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2yt = &b = tanh (Wial, + Vyzk)) Each of the inequalities above can be transformed to
k+1 _ Kk - 0 X
x =T
e 0 —I Y*|<o
S Y v
3?1; =T14-1 which is equivalent to
okt = ¢b = tanh (Wga:gq + Viz}) X Y| <1.
a;’gl = b whereX andY are some matrices. We obtain .
1 —3
IR (P = Hu) 300V, (Hyy st = Hoqo1yr2) /2
Ty =5, \ _1
............... I
k41 _ ok k :
xiil e o (Wt Vg (T = Hyy1,401) 2T Vi(Hip — H22)_%/2
$q2 - xl]l 1 1
............... (T2 = Hyvo o) HTaWabgh /2] <1
x};;—l .’];",;7,1_1 (15) ............ _%
H (Fq - Hq(q—l)-i—l,#) I'oVe-1

For all positive definite diagonal matricds; the following
guadratic inequalities must be satisfied on trajectories of (15):

ET1(Wimyg + Vewgr — &) 20
§Ua(Wamay + Viz — &) 20, ..

S;Fq(quqq +Vim1xg—11 — &) 2 0. (16)

It can be shown that (3) has a solution with diagonal maifix
if there exists a solution to the coupled inequalities shown at the

-1
x (Hq(q72)+l,# - Hq(q72)+2,#) /2

(Fq - Hq(qfl)+l,#) FquHq—q,qu/2H <L (17)

Comparing appropriate terms to the left and to the right of ma-
tricesV; andW; we notice that

Dy =1 — an%lﬂl/2 =(H; - H22)%
Dl,q = (F(I - Hq(q—l)-l—l,#)

= (Hq(q—l)—l—l,# - Hq(q—l)—l—?,#)

[MES

r,/2

=

bottom of the page, with respect to diagonal positive definite Dy =Hgy
matricesH; ; andI';where the symbol # in expressiof 4 Dy 19=T2— Hgp1,441) 22/2
stands for; with additional constraints = (Hyt1.q41 — Hopz.q42)?
D(172 = HQEq,Qq
H  <Hj_141<H; o, -<---<Hyo . .
Higq < Hago124-1 S Hago224-2 < -+ < Hypog40 Dyg1= (Fq—l — Hq(q_2)+17#) “Dy1/2
1
............ i
Hyqqq < Hog—1,99-1 S Hyg—2,99-2< -+ = a1~ Hq(q_2)+2’#)
< Hyg-1)42,9(a-1)+2- D34 = Hgy,aq
Hq(q71)+2,# - Hq(qfl)-f—l,# 0 ‘/(I*Fl/2
0 ~H,, WiTy/2 |<0
r.V,/2 [yWi/2 Hy -1
Hiy — H1y 0 ViTy/2
0 —H2q72,1 W;F2/2 <0
oVi/2 TaWa/2 Hopprg1 =1
Hyt2,4+2 = Hog1,0401 0 ViTs/2
0 —H3q73,1 W§F3/2 <0
[3Va/2 [sWs3/2 Haygq1,2q41 — '3
Hyg-2ysot = Hym 41 # 0 Vieily/2
0 —Hyqq W;‘Fq/2 <0
LyVi—1/2 LW, /2 Hq(q—1)+1,# -I,
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It can be seen that for any set of diagonal positive defibitg for the neural network (18). The following stability criterion has
satisfying (14) there always exists an appropriate set of diagohaken proven.

positive definiteH; ; andI’;, but not vice versa since the total If there exists a Hermitian positive definite matdX such
number ofH, ; andl’; is larger than the total number &f; ;. that the following inequalities hold:

Thus, (14) is a special case of (3). In general, makfixn (3) W*MHM;W — H <0 foralli=1,2,...,r (22)
may have more complicated structure (e.g., blotks may then the system (18) is Lyapunov stable. (A method to solve (22)
be nondiagonal), and the matiixin (3) may be nondiagonal. for a uniqueH is proposed in [4].)

Hence the criterion based on Theorem 1 is stronger than that irHere AZ; are various matrices reflecting the sector bounds on
[1]. nonlinearities. In the worst case, the number of coupled inequal-
Another stability criterion published in [1] (diagonal domi-ties » is equal to2™. However, it can be made much smaller

nance criterion, see p. 128) does allow the use of nondiagoti@n2™, if the system is essentially a feedforward neural net-
matricesD, but it is handicapped due to a mistake in the proofvork with one or several time-delayed feedback loops (as in the
To prove positive definiteness of a matik—1.S N, whereSisa NARX recurrent neural networks [12]). Nevertheless, the ne-
symmetric matrix, anav is a diagonal positive definite matrix, cessity of constructing a large number of matridésand then

the authors have only proven that all eigenvaluesVof:t SN  choosing the “right” set of matrices (called vertex matrices)

lie in the right half plane. This is not sufficient because matrimakes the approach too cumbersome and not practical for net-
N~1SN may benonsymmetricindeed, consider the matrix ~ works with several layers and even a moderate number of nodes.

<1 4 ) <4 0) Inequality (3) with a sector condition implied in (22) can be
S = , N= ;

4 20 0 1 written as

then EHE—x"He+ET(Wa —€) <0 forall (z,£) #0

1 1 ) wherel" = diag{v;;} > 0, or
16 20 H-T wWr/2

<FW/2 4 <o 23)
which has only positive real eigenvalues. But it is not positivenis is a simple LMI to be solved faH > 0 andl” > 0. Its
definite since, e.g4*Gx < 0 for vectorz = col(=5,1). In  sjze is2m x 2m, which is clearly advantageous compared to
fact, the proof in [1] only holds for the case 8f = 61, where  the need to solve up @™ inequalities of the sizex x m each

G=N7'SN = <

6 is a positive number. in (22).
A stability criterion is proven in [2] for the system As in the case of the criterion of [1], if the criterion (22) is
z* T = tanh(Wz") (18) met, then the system (18) is stable with any transfer function (not
which describes the dynamics of a fully recurrent layer with just tanh) such that its plot lies in the sectr, 1]. In contrast,
nodes. This stability criterion is summarized below: the criterion in [2] is a little more specific on the properties of

A system (18) is stable if there exists a Hermitian, positiveonlinearities it accounts for (monotonicity); therefore it is less
definite matrixd and a symmetric matrik = {v;,} such that restrictive than the two other criteria discussed.

the following conditions hold. In this section we have shown that three recently proposed
1) Aninequalityt* H¢ — 2*Hz + & T(Wz — £) < 0 holds ~ Criteria for stability of RNN are special cases of the criterion
for all (z, &) # 0;& = tanh(Wz). based on Theorem 1. Our approach uses Theorem 1 and (3)
2) The following inequalities hold for all = 1,.. ., m: directly and in a form more general than any of the stability
m criteria published thus far (to the best of our knowledge). In the
v <0 forj#k, Z’m >0 (19) next section we extend our approach to a much broader group
k=1 of RNN, namely those with nonzero biases. We also show how

Now we show that this criterion is also a particular casg incorporate the criterion of [2] into our approach.
of the criterion of Theorem 1.

The monotone property of the functioanh implies the in- V. ACCOUNTING FOR NONZERO BIASES
equality (for all¢, 5 = 1,...,m) IN STABILITY ANALYSIS OF RNN
By = (_Si = &) (Wi — fo — (&= &) 2 0 (29) |1 this section we show how to address stability analysis of

where W; is row number; of the matrix Wi¢; = pneyralnetworks containing biasés B 0,5 = 1,...,n,in (1)].

tanh(W;z). Adding these inequalities with nonnegativery the pest of our knowledge, proper accounting for nonzero

weights (—v;; = —n;;) [due to (19)] to nonnegative pizses and its consequences for stability analysis have not been

2= &(Wja = §) (3251 vix) we obtain given adequate consideration in previously published studies in-
F=T(Wz—-¢)>0. (21)  cluding those discussed in Section IV. It has been observed that

Hence the criterion [2] is also a special case of the criterion mnoring biasest; = 0,5 = 1,..., =, in (1)] not only severely

the Theorem 1, with a particular form for the matfix limits the mapping capabilities of neural networks (to the point

Another approach to stability analysis of RNN is offered iof rendering them useless) but also almost always results in ex-
[3]- A neural network with recurrence should be written in &remely conservative stability criteria. As it turns out, incorpo-
form of linear differential inclusions [11]. The overall com-rating biases into our approach to stability analysis is easy and
plexity of the method is on the order @f*, wherem is the natural and allows us to analyze stability of neural networks with
number of nodes in the network. For illustration, we discusshiases the same way it is done for the networks without biases.
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Consider an RNN in the form (2) with nonzero biases forall ; = 1,...,n. The following lemma establishes new
_— . . . . . . lower bounds for the sectors, where plots of an effective part
" = A"+ BEY, 0" =0x"+0b, & =tanh(c”).  of nonlinear functionsy; reside.
(24) Lemma 1:If |s + ¢;| < 7;, then
Let » be its equilibrium point, where @i(s)/s > v; = (tanh(r;) — tanh(|¢;]))/(r; — |e;])  (28)
z = Az + Btanh(®z +b). (if |¢j| = r; theny,; = d(tanh(s))/ds ats = r;).
_ _ _ Proof of Lemma 1:If ¢; = 0, then the result follows from

Consider the affine transformation = = — ». Denotec =  the monotonic property of the odd functign(s)/s on the in-
Oz + b. Then terval (()7 OO)

4 4 4 4 4 Let ¢; >0 (the case; < 0 is similar) ande; < ;. Then
K+l _ 4.k K k _ k _ J 7 J J
v Ayk +Bn", " =tanh(s” + c) — tanh(c) @i(s)/s > v, for s € (0,r; — ¢;] because this function is de-
o =0y"~. (25)  creasing monotonically on this interval. The functipr(s)/s

i ingl i hei .D h -
System (25) has the same form as system (24), but an eqwﬁgs asingle maximum on the interyaloo, 0). Denote the argu

rium point of this system is at the origin. The components of theént ofthis maximum by; . On the intervals;, 0) the function
nonlinear vector function ¢;(s)/sisincreasing, thereforg;(s)/s > v; if s € [s;,0).On

the interval—oc, s;] the functiony; (s)/s is decreasing. There-
nj(o'j) = tanh(aj + Cj) — tanh(cj) fore,(pj(s)/s > 90]'(_77 _cj)/(_Tj - cj) ifse [_Tj — G SJ]
We havetanh(r;)/r; < tanh(c;)/c; because; > ¢;. Hence,
are different if coordinates; are different. Furthermore, all new

nonlinear functions); are still monotone and their plots lie in (rj + ¢j)[tanh(r;) — tanh(c;)]

the sectoif0, 1]. < (rj — ¢;)[tanh(r;) + tanh(c;)]

Hence we can apply the stability criterion of Theorem 1 tgnqg
(25) with quadratic form (21). It is remarkable that, for nonzero tanh(r;) — tanh(c;) < tanh(r;) + tanh(c;)
biasesb,, the widths of the sectors for each functign are ry— ¢ = ri+ ¢

often substantially reduced. Indeed, the upper bound of a sectar,

where the plot of a functiop;(s) = tanh(s + ¢;) — tanh(c;)

lies is equal to unity only ib; = 0. In all other cases, it is less < tanh(r;) + tanh(c;)

than unity. = T+ ¢ '
Let us introduce the notation

pj = max{p;(s)/s: s # 0}.

The derivative of the functionp;(s)/s has at least one root.
Hence, givery;, it is easy to findu;. )

DenoteM = diag{, }, then for the system (25) we have thé
following local quadratic constraint:

Thus,
@;i(s)/s >v; forallse[—r; —cjr — ¢l

The caser; = ¢; is obtained as a limit if we consides <
,¢j — rj. Lemma 1 is thus proven.

DenoteN = diag{w;}, then for all trajectories of the system
(25), allk > 1 and positive definite diagonal matrIx the fol-

" [(MOy—n) >0 (26) lowing inequality holds:

wherel is any positive definite diagonal matrix. Condition 2 of (n* — Noy*)* T(Mey* —n*) > 0. (29)
the Theorem 1 and (3) changes correspondingly.

. ; This local quadratic constraint leads to a better stability criterion
Itis easy to see that; — 0if |¢;| — oo. Therefore for large

than that for (26) due to positive definiteness of the maii
numbergc;| the quadratic form (26) becomes closetg*1'y, (26) du POSHV ! "

. . . o Fig. 1 illustrates what happens with a plot of the nonlinearity
and the inequality (3) has a solution. Therefore, it is always PO%ie to nonzero bias, and it also shows the sector bounds.

sible to stabilize the system (25) by choosing biases such tha et us now discuss what effecf # ¢; for j # i has on the
the valu_e_s1c_j| are s_ufﬂuently large. Of course, In such a CaSEiterion proposed in [2] (see Section 1V). The local quadratic
the eqwhbnumz will pe far from the origin of the coordinate constraint (21) with a nondiagonal (filled) matd satisfying
syiltem assomat%d W't:l | bounds of th e ?cé?ndition (19), in this case is not valid, because (20) is not sat-
ow we consider the lower bounds of the Sectors. For e jf . £ .. These inequalities, however, may be slightly

cases discussed thus far this bound was at zero. However & : e . .
- . . 'cfidnged to become valid. Specifically, a symmetric maiix
show that the slope of this line may be increased, which shofﬁj} replaces the matrik of (19), and

improve the stability criteria. Indeed, according to formulas (2 )gZ

and particular form of matrices, B, it follows that the absolute n*G(Oy —n) > 0. (30)
values of each coordinate of the vectdr are less or equal to o
o + ¢l <710l + b =7 (27) g9ij =~y fori#j, gi— Y Biai; >0 (31)

im1 J=1,57i
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Fig. 1. The nonlinear functiomanh(s) is shown in the original system of
coordinateq s, £) with the upper bound of the sector denoted as the angle 1.
Due to a nonzero bias;, the new coordinate syste(s, ¢) (its origin is at
(c;,tanh(c;))) features a smaller upper boupd denoted as the angle 2. In
addition, a graphical justification far; of (28) is provided.

wherew,;; = «;; 2 0, andj;; > 1 are some numbers de-
termined bye; andc; (see Appendix A). The nonequal biases
result in increasing diagonal elements of a matHxas com-
pared to the case of systems without biases, i.e., the nfatrix
becomes even more diagonally dominaniz;lf= const (and,
in particular, ifc; = 0) we haved;; = 1 and the quadratic form
(30) with conditions (31) coincides with the quadratic form (20)
with conditions (19) (fo® = W).

Thus, our approach for stability of RNN without biases is also
applicable to RNN with biases, but with modifications pointed
out in this section. O

VI. STEPS OFOUR APPROACH
In this Section, we summarize the steps of our approach for
stability analysis of RNN.

1) The dynamics of RNN should be described by the equa-
tions of the form (24). One can analyze the structure of

RNN and apply the state-space extension method as de-

scribed in Section Ill. The equations obtained after this
step has a form suitable for stability analysis based on the
absolute stability theory.

It is necessary to find out a equilibrium pointof the
system obtained in Step 1. (Of course, we can twlye
that the equilibrium point found is stable, before the sta-
bility analysis has been completadd conclusively con-
firmed its stability.) If the stationary point of RNN is de-
termined during training, it becomes an equilibrium point
of the system (24) taking into account the extended state

2)

space. Otherwise, one can use a simple procedure of cal-

culating a few trajectories of the system until the state
vector converges to the equilibrium point.

The state vector should be shifted in such a way that
the equilibrium point moves to the origin. The nonlinear

3)

transfer functions of nodes should be altered correspond-
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ingly (see Section V). This shift results in a vectdsee

(25)].
4) For each transformed transfer function [which has a form
¢(s) = tanh(s + ¢) — tanh(c)] it is necessary to cal-
culate the upper bound of a sector in which the plot of
this function lies. It may be done using the MATLAB's
function fzero for calculating the (single) zero of a deriva-
tive of the slope of this function. Namely, for the func-
tion ¢, it is sufficient to find a root of the scalar function
g(s) = s-(1— (tanh(s+c))?) — tanh(s+ c) + tanh(c).
Then one can proceed with calculating the lower bounds.
For each transfer functioranh it is necessary to find the
maximum value of an argument utilizing the fact that the
output of tanh lies in the interval[—1,1]. We can use
Lemma 1 (Section V) to find out the lower bounds for
all functionse.
One can construct the sector quadratic form [like that in
(29)]. Then, using information about the independent pro-
cesses in the extended system (11) (see Section Ill), one
can construct (3) in a matrix form. It should be empha-
sized that the set of independent processes, counter-
parts the original system (1), subsumes all possible se-
quences in (11). Hence establishing global stability for
all the processes (by solving LMI) means that both (1)
and (11) are proven to be stable. We need to show sta-
bility for n processes, with their appropriate state vectors
constituting the (total) state vector of system (11). Inter-
actions between different processes are absent due to in-
dependence of the processes (as discussed in Sections Il
and VII-B). This allows us to zero out blocks in the ma-
trix H which correspond to the parts of the state vector of
(11) from different processes. Setting such blocks to zero
considerably reduces the number of unknown parameters
without adding any conservatism to our stability criteria.
In general, for a system with layers we replace one ma-
trix of n(n 4+ 1) x n(n + 1) blocks byn matrices of
(n+1)x(n+1) blocks. (An example of such replacement
is given in Section VI1I-B.) We obtain the linear matrix in-
equalities with respect to the components of matriles
andI. It is also useful to add the inequaliky> 1.
We can use the interior point method to solve linear ma-
trix inequalities. To analyze stability of a particular RNN,
one can use the MATLAB LMI Control Toolbox [10].
If there is a solution to the matrix inequalities, then the
system (24) (and therefore the corresponding RNN) is
stable. Moreover, we can obtain a Lyapunov function for
this system. It is sufficient to extract those blocks from the
matrix H which correspond to the parts of the state vector
of the same process. A quadratic form built using these
blocks becomes a Lyapunov function for this RNN. For
different processes we obtain different quadratic forms.
For global asymptotic stability, the equilibrium point of
RNN must be asymptotically stable in the small (and it
is easy to check in simulations); therefore all different
quadratic forms (Lyapunov functions) should be positive
definite. It should be noted that for an RMLP withayers
and global feedback afl Lyapunov functions can be ob-
tained simultaneously in a single run of the LMI solver.

5)

6)
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Stability of an RMLP without global feedback may beRNN. Next, we show how to deal with stability analysis of two-
analyzed layer by layer, and all Lyapunov functions (onleyer RNN with global feedback.

for each layer) can be obtained in independent runs of the

LMI solver. For example, for an RMLP with two fully re- A. One-Layer System

current hidden layers without global feedback one should |, ;s section, we analyze stability of a simple RMLP with

first determine whether the first (preceding) hidden layfe higden layer without global feedback. The network has two
is stable. This is done by running the LMI solver to SOIV?ecurrent nodes of bipolar sigmoids (nonlineariah(\z),

LMI for this layer alone. If a solution is feasible, then, o) — 1/2). The weight matri#’ and the bias vectdrare
we can analyze stability of the second (succeeding) layer.

Due to (generally) nonzero connection matrix between <0_0333 _0_0355> ; <_1_0092>

the first and the second layers and nonzero outputs of T 111882 —2.9687 3.5970

the first layer at its equilibrium, one should adjust biases

of the second layer accordingly before invoking the LMThe candidate equilibrium point is located at =

solver for the second layer. If a solution for the first layecol(—0.4809,0.6501). We write the LMI similar with the

is not feasible, then nothing can be said about stability ekpression (23)

the second layer either. Generalization to cases with more

than two layers is straightforward. H-T-G ((M+N)W;*F+AW*G

The steps 1)-5) may be done for any RNN, and it is possible | DMANWAAGW W*N*FMW) <0 (32
to automate them. But final LMI [see step 6)] may still have no 2
solutions. It does not mean that RNN is Unstable, but it Clear\}M']ere]__‘ > 0’ Gis a Symmetric matrix Satisfying (SW is
demands application of a more sophisticated stability criteriof.diagonal matrix reflecting upper bounds of the sectors, and
In such a case, we first calculate the numiggysn the inequali- 7 is a diagonal matrix of lower bounds of the sectors (see
ties (A1) (see Appendix A). Then we can construct an additiongkction V). Such assignment for the matricks and NV is
quadratic form (30) with constraints (31). We use the sum gfjled assigning the full sector. The matricks and N are
forms (29) and (30) in (3) to get new LMI. New constraints bejiag {0.4688, 0.4383} anddiag{0.3816,0.0633}, respectively
come less restrictive than previous ones, and LMI may havgtge |argest possible upper bound corresponds to 0.5, and it is
feasible solution. equal to the slope of the bipolar sigmoid at zero).
The fundamental limitation of all methods based on theory The LMl is easily solved with positive definite matrik/

of absolute stability is in its lack of specificity on informationeven with(G = 0. Thus, we prove that the equilibrium point
about nonlinear functions which is used to derive stability crjs globally exponentially stable. It is interesting that solutions
teria. The criterion which uses only the sector quadratic Cogf the LMI are also feasible folN = 0, suggesting that sta-
straint (21), the criterion in [1], and the circle criterion remaifjjity holds with a wide margin. However, the two-node network
valid even if each nonlinear function is time-varying, with it§s not stable if its bias weights are set to zero (one of the two
plot lying in the sectof0, 1]. The criterion with a filled matrix ejgenvalues of the matri}’/2 is outside the unit circle), and
I', and the criterion in [2] utilize only the monotonic propertythe LMIs solution is clearly infeasible in this case. This con-

of the transfer functionanh. If any of these stability criteria firms the importance of taking into account nonzero biases for
is met, then the system (24) with arbitrary monotone functioRgability analysis.

¢ such thatde(s)/ds € [0,1] for all s is stable. In particular,
all (or some of) the nonlinear functions of nodes may be rg: Two-Layer System
placed by linear functions residing in the same sectors. There—In this section. we analvze stability of an equilibrium of the
fore if any of the criteria mentioned above holds, then a RN{\I | A ' trod Y din s t'y i Aq dina to (25
with linear functions for any number of nodes or a linearized ©- &Y€l System Intro ucg in Section Ill. According to (25),
RNN would also have to be stable. But sometimeseof the V¢ write the following LMI:
stability criteria may be satisfied. It happens when a linearized
system corresponding to (24) is not stable for some linear furcly + BE) " H(Ay + BE) —y"Hy
tions satisfying the quadratic inequalities. It mainly takes place + MOy - I'(€ - Ney) <0, I'>0 (33
for a set of linear functions corresponding to the upper bounds
of the sectors. In any case, the first (linear) approximation afherey = col(y11, Y12, Y21, Y22), and M = diag(M;), N =
the right-hand side of the system (24) at the origin (Jacobiafihg(V;),7 = 1,2, are positive definite diagonal matrices
should be stable, i.e., should have all its eigenvalues within t§gecifying the sector constraint®/; < M;). Given matrices
unit circle. (This may also be used to check if the system (24), B,©, M and N, we would like to solve it for positive
and the corresponding LMI are correctly constructed). definite matricesH and diagonal’ = diag{I';}. The system
(6) (and, consequently, the original system (5)) is considered
Lyapunov stable globally, if the LMI above have a solution.
VIl. EXAMPLES In order to determine if the LMI have a solution using the
MATLAB LMI Toolbox, one can write the first LMI as one large
In this section, we would like to illustrate applications of oumatrix L for the quadratic forneol(y, £)* L col(y, £) < 0. Here
approach. First, we analyze the stability of individual layers afe do not provide the expression fbr Instead, we illustrate a
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more appealing alternative. We begin by spelling out the tern '

with I' in the first inequality of (33) 08

0.6H

(Mey - &I - Noy)
= (Mi(Wry12 + Varyor) — &) T1(& — V)
X (Wiyie + Varyo1)) + (Ma(Wayea + Vieyir) — &) L2 ozpihi, S W o - R
X (&2 — No(Waya + Vigyi1)). (34) ol

0.4r

-0.25

We can see that vector paiig 2, y21) and(y; 1, y22) do not have
cross terms, which reflects independence of the two systems (-0-4'W
and (9), as discussed in Section IlI. This suggests that the Stru-oe~/\/\/v /Vv\, _ W,
ture of matrix 4 can be simplified. The symmetric matr&{ ' I
has a block formH = {Hi;}},_,, and we can make half of 08 = ﬂim -
its blocks equal to zero matrices to remove all the cross terms

that do not appear in (34). Instead of a single 6-block ma- Fig. 2. Three typical trajectories for the two-layer RNN of Section VII-B. All
trix L, we end up with two 3 3-block matriced.; andLL, for state variables are randomly initializedtat 0,¢ = 50 and¢ = 100. They
the quadratic f0rm$:01(y12, Yo, 51)*L1c01(y12, Yot 51) < 0 exhibit oscillations followed by convergence to the equilibrium point.
andcol(y11,y22, £2)* Lacol(y11, y20, £2) < 0, respectively, as )

shown (in (35) ang (36) a(t the bottoZn of the page. Here both Ve <_:hoose the two-layer_ system _(5) with twenh(x/2)
matrices are symmetric, so we chose to denote all approprid@§/€s in €ach layer. The weight matrices are shown below

blocks located in the upper triangles by the symp9l _1.3482 _1.8825 0.4904 —0.7599
Decomposing the original LMI in two sets of LMI coupled Wi= <—0.7464 —0.5695) , Wa= <—1.4697 —1,4608)

through blocks of the matrix{ is a promising implementa- v _ (20000 0.2000 Vo _ (15000 0.5000

tion alternative. [In fact, existence of a solution for the cou¥12 =\ _5 5000 14000 /° 227\ 1.2000 —0.1000 /"

pled LMI (35) and (36) is the necessary condition for solv-

ability of (33).] Based on our experience with the MATLABThe bias vectors for the first and the second layers are
LMI Toolbox, such decomposition appears to be the only wayl(0.3000, —0.5000) and col(—1.0000,1.0000), respec-
one can implement and solve the appropriate LMI for RNN wittively. This system is suspected to be stable, with the
many nodes using this Toolbox. How many nodes depends @andidate equilibrium point at; = col(0.1493, —0.4851)

the RNN architecture in each particular case, but a three-layer the first layer andz, = col(—0.5775,0.3103) for the
RNN with five nodes in each layer is a good ballpark to begisecond layer. Fig. 2 illustrates a few typical transient pro-
using the decomposition. cesses all converging to the same equilibrium point. We

Before invoking the LMI solver for (35) and (36), we needalculate _the L_Jpper_and lower bo_unds for the sectors of all
to specify the matriced/ and V. Recall thatM is a diagonal four nonlinearities, i.e., the matrice®/;, M, N, and NV.

matrix reflecting upper bounds of the sectors, where all nonli{/e determine that, = diag{0.4972,0.4682}, M, =
earities reside, wheredé is a diagonal matrix of lower boundsdiag{0.4532,0.4876}, N1 =  diag{0.1612,0.2091}, and
of the sectors (see Section V). N, = diag{0.1275,0.1318}. As in the previous example, the

When the LMI solver finishes up returning a feasible solnatricesV: and.V; are obtained using Lemma 1 wiéh, and
tion, we obtain two Lyapunov function®, andP,, each of ©2 fro.m (@).
which corresponds to one of the two systems (8) and (9). The'Ve invoke the LMI solver of MATLAB LMI Toolbox to solve

— 4
functions areP; = col(y12, yo1)* Picol(yi2,y01) and Py = (35) and (36) ford = {H,; f1,j=1 a”O! Iy >,I andl'y >
col(y11, y22)* Pacol(y11, yo2), where 1. The solver returns a feasible solution which proves global

exponential stability of this RNN.
We wish to examine whether a feasible solution of (35) and
P <H22 H23> P, <H11 HM) (36) also exists for expanded sectors. First, we consider the case
Y=\ Hsy, Hss)' "2 \Hy Hul® whenN; = diag{0.0,0.0} andN, = diag{0.0, 0.0} (the lower

(—HQQ —WfoFllel) (*) (*)

(=VA NI MWy — Hzp) Hyq— Hzz — Vi NI MV (%) <0 (35)
(' (M1 4+ N1)W1/2) Hiy+ D (My+ NV /2 Hii— T4

(Hoo — Hi1 — V5M3ToNoVio) (%) (*)
(CWiMiTaNoVis — Hu)  —Hu — WiMiToNaWo  (+) | <. (36)

(Haz 4+ I'2(Ma 4+ N2)Via/2) Fa(Mz + N2)Ws /2 H3s — T
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bounds of the sectors are at their minimum). It turns out thRNN, i.e., to permit them to distinguish between nonlinearities
no feasible solution exists in this case, although a feasible sd-different kinds, thereby mitigating their conservatism.
lution can be found when onlyV; is a zero matrix. Next, we  We showed that stability analysis of trained recurrent neural
consider what happens when bath and N, remain as before networks is done via solving a set of LMI. A solution for the
(determined from Lemma 1), but the upper bounds of the sdall sector is frequently infeasible, but feasibility of solution for
tors are raised to their maximum leveld; = diag{0.5,0.5} a very narrow sector is almost always guaranteed for all locally
and M, = diag{0.5,0.5}. We find that, as in the first case, nostable RNN (e.g., for those discussed in [6]). This follows
feasible solution exists when ball; andM; are at their max- directly from the necessary condition for asymptotic stability
imum. We are able to obtain a solution fof; = diag{0.5,0.5} (local stability of an RNN linearized around its equilibrium
keepingM> = diag{0.4532,0.4876} as before. This example point). This also suggests that one possible way of achieving
illustrates importance of having proper bounds of the sectorsfeasibility of the LMI is to keep the sector as narrow as pos-
and M for stability analysis. sible, which translates into the requirement to increase biases
Concluding this section, we wish to point out what changesd decrease other weights. It is clear that straightforward
one would have to make to (35) and (36) in order to apply thmplementations of this requirement can be harmful to perfor-
combined criterion utilizing both (29) and (30) to stability analmance of RNN, and one should develop other implementations
ysis. The last row of (35) should be replaced with(A/; + to achieve a reasonable compromise between stability and
NOW, /24 G Wy /4, Hia+ 1 (M +N1)Vay /24+G1 Vo, /4and - performance. While we are aware of original experiments to
Hy;—I'1 -G (fromleft to right), and the last row of (36) is to betradeoff performance of RNN with stability carried out in [1],
replaced withHsy +T'2 (M2 + N2 )Vi2 /24 GoVia/4,T2(Mo+  details on how to incorporate stability encouragement into the
Ny)W,/2 4+ GaW, /4 andHss — 'y — G5 (from left to right).  EKF-based training process taking into account the approach
Additional constraints (31) on elements of symmetric nondiagroposed in this paper are to be clarified in future work.
onal matrices7; andG» must be respected as well.

APPENDIX A

VIII. CONCLUSION AND FUTURE DIRECTIONS For each paif, j) let 3;; be the minimum number such that

In this paper we proposed a new approach for stability theofr?/r all numberss;, s; the following inequality holds:

of RNN based on classical results of the theory of absolute sta-
bility. This approach features a state space extension meth6@ (si) — @i(s;))(si — s; — (i(si) — @i (s;))) + (Bi; — 1)
and the use of LMI. Our approach accounts for nonzero biases x [¢;(s:)(s; — @i(s:)) + ¢;(s;)(s; — ¢;(s;))] = 0.
usually present in RNN for improved approximation properties. (A1)
Accounting for nonzero biases is done naturally, and it aids to
satisfy the stablhty CI’.IteI’Ia. This is another |mportqnt featurﬁOte thatp; (s;)(s; — @s(s;)) > 0 for all i ands;. The numbers
of our approach missing from pertinent results published elsg- ; ;
X {ﬁm are determined by the biases c¢; and may be calculated
where. We showed that those results are special cases wi . o7 L
i . sing a simple optimization procedure. [For each paif) one

our approach. Though all our examples deal with stability aneﬂ— ' : . ) .

sis of RMLP, the approach developed can be readily applie ;to find suchy;; that to satisfy (A1) in the two—dlmen§|onal
y ' rﬁglon|si + ¢l < mylsy + 5] < v (see (27)]. In practice, a

to other forms of time-lagged recurrent neural networks. [Sugearch on a coarse enough grid often suffices.)iFsr j the

a network dlﬁers from RMLP. by allowing a more general pa.ltﬁrst term in (Al) disappears and we hawg = 1 for all <. If
tern of connections between its nodes (see [6]).] Indeed, aglve‘n?é e thenBy = By > 1
time-lagged recurrent neural network may be analyzed for Sﬁé_Th 7! I'th _Alﬂ .b it follows:
bility within our approach as long as its equations can be trans- € inequality (A1) may be rewritten as follows:
formed into the form (2).

We emphasize the fundamental difficulty with all modern staiilpi(si)(si — wilsi)) + @i (s)(s; — ¢(s;)]
bility criteria. All of these are based on a reduction of a given — ¢;(s;)(s; — ¢;(s;)) — @;(s;)(s;i —@i(s:)) 2 0. (A2)
nonlinear system to a linear system and judging stability of that
linear system instead. Frequently, a full reduction of such kingyjging these inequalities with nonnegative weights = a;
is not possible due to severe performance degradation of fB%onnegativi,’?Ll 01 (0,5 — )0y — Chey agy Bincuin)
closed-loop system. After all, we resort to nonlinear systems Rga arrive at (30)’__ o
cause only they deliver the required performance sought in theye jllustrate how to obtain (30) based on (31) for a recurrent

first place! To achieve a proper performance, a neural netwqgger with two nodes. We assume # c», S0 thatdis = o1 >
usually needs to use as many of its nonlinearities as possibleas in (A2), we write

Furthermore, it uses as much information about nonlinearities
as available, e.g., a bipolar sigmoid as a very specific kind of

nonlinearity. In gontrasFI), curregt stability metr?/odrs) can not dig—m[m(@ly =)+ 72(O2y = 12)] = m(O2y — )

tinguish between any two types of nonlinearities as long as these —12(O1y —m) 2 0.

nonlinearities belong to the same sector, monotone and time-in-

variant. One avenue for future research is to develop methdadle multiply this equation by nonnegative;., then add
enhancing discriminatory capabilities of the stability criteriafalo it nonnegative («1; — fSr2c12)m(©1y — ) and
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(cvaz — Par o1 )1e(O2y — 12). Keeping in mind thatv; s = awoy, [10] LMI Control Toolbox User's GuideMathworks, Inc., Natick, MA, 1995.

the result is easily reduced to the quadratic form (30). [11] S. Boyd, L. Ghaoui, E. Feron, and V. Balakrishnaimear Matrix
Inequalities in System and Control TheoryPhiladelphia, PA: SIAM,
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