Table 1. Short-time Green’s functions. The Gxqo, Gx10, Gx20 and Gxszg cases are exact. The
other cases are not exact but are very accurate. Expressions for the y-direction are found by
replacing x by y, xN by yN and L by W. Similar results are obtained for the z-direction by using z, zN
and H.

Number Equation

1A.X00 Gxi0(x,xN,u) = K(x-xN)

1A.X10 Gx10(x,xN,ue) = K(x-xN) - K(x+xN)

1A.X11 Gxni(xxNu) - K(e-xN) - K(x+xN) - K(2L-x-xN) + K(2L-x+xN) + K(2L+x-xN)

1A.X12 Gx20e,xN,u) - K(x-xN) - K(x+xN) + K(2L-x-xN) - K(2L-x+xN) - K(2L+x-xN)

1A.X13 Gxi3(x,eN,u) - K(xe-xN) - K(x+xN) + K(2L-x-xN) - K(2L-x+xN) - K(2L+x-xN) -
(h/k)H(2L-x-xN) + (hy/k)Hp(2L-x+xN) + (hp/k)H(2L+x-xN)

1A.X20 Gxao(x,0N,u) = K(x-xN) + K(x+xN)

1A.X21 Gx21(xxNu) - K(x-xN) + K(x+xN) - K(2L-x-xN) - K(2L-x+xN) - K(2L-+x-xN)

1A.X22 Gxao(x,xN,u) - K(x-xN) + K(x+xN) + K(2L-x-xN) + K(2L-x+xN) + K(2L+x-xN)

1A.X23 Gx23(exNu) - K(x-xN) + K(x+xN) + K(2L-x-xN) - (hy/k)H(2L-x-x\) + K(2L-x+xN) +
KQLAx-xN) - (h/k)Hp(2L-x+xN) - (hy/k)H(2L+x-xN)

1A.X30 Gx30(x,0N,u) = K(x-xN) + K(x+xN) - (ho/k)Ho(x+xN)

1A.X31 Gx31(xe,xN,u) - K(x-xN) + K(x+xN) - (ho/k)Ho(x+xN) - K(2L-x-xN) - K(2L-x+xN) -

KQLAx-xN) + (ho/R)Hy2L-x+3N) + (ho/K)Hy(2L+x-xN)

1A.X32 Gxsa(xxN,u) - K(e-xN) + K(x+xN) - (ho/k)Ho(x+xN) + K(2L-x-xN) + K(2L-x+xN) +
KQLA+x-xN) - (ho/k)Hp(2L-x+xN) - (ho/k)Hy(2L+x-xN)

1A.X33a Gxaz(exN,u) - K(xe-xN) + K(x+xN) - (ho/k)Ho(x+xN) + K(2L-x-xN) - (hp/k)H(2L-x-xN)
+ KQ2L-x+xN) + K(2L+x-xN) - (ho/k)Hy(2L-x+xN) - (ho/k)Hy(2L+x-xN) -
(hy/k)Hp(2L-x+xN) - (hpy/k)Hp(2L+x-xN\) + JH(L,x,xN)

where for Ay ... h;

IA.X33b  JH(Lx,xN) = (hohy/(k(hy-ho) ) [Ho(2L-x+xN) + Hoy(2L+x-x\") - Hy(2L-x-+dN) -
Hy(2L+x-x)]

and for hy = h

1AX33¢  JH(Lx,xN) = k2[4 "u[KQL-x+xN) + KQL+x-xN)] - QL-x+x\ +



2(ho/k) "W Hy(2L-x+xN) - QLAx-xN + 2(ho/k) ") Ho(2L+x-x11)]

Some Limiting Relations

As h; goes to zero, H{(z) goes to E(z). As h; goes to infinity, H{(z) goes to 0.

As h; goes to zero, (hi/k) H(z) goes to 0. As h; goes to infinity, (h/k)H(z) goes to 2K(z).
As h; goes to infinity, (hi/k)[(hi/k)H(z) - 2K(z)] goes to -2zK(2)/A2 "u).

As hygoes to zero, JH(L,x,x”) goes to 0. As hygoes to infinity, JH(L,x,x’) goes to
2(hi/k)[H (2L-x+x") + H(2L+x-x")].

As hy goes to zero, JH(L,x,x’) goes to 0. As h; goes to infinity, JH(L,x,x’) goes to
2(ho/k)[Hy(2L-x+x") + Hy(2L+x-x")].

° As u goes to 0 for x ... 0, E(z) goes to 0 and H,(z) goes to 0.



Table 2A. Short-time Green’s functions for boundary conditions of the 2" and 3" kinds and
negative of the derivative of the Green’s function (with respect to the outward pointing
normal) for the 1 kind of boundary condition. Evaluated at x\ = 0.

Number Equation

2A.X10 MGx10(x,0,u)MnN = ("u)™" xK(x)

2AX11 MGx110x,0,2)/MnN . (") [xK(x) - QL-x)K(Q2L-x) + 2L+x)K (2L+x)], x ... 0

2A.X12 MGx1206,0,)MiN . (%) [xK(x) + 2L-x)K(2L-x) - QL+x)K (2L+x)], x ... 0

2A.X13 MGx13(e,0,)MnN . ("u)" [xK(x) + (2L-x)K(2L-x) - QL+x)K (2L+x)] +
2(hy/k)*Hy(2L-x) - (4hy/k)K(2L-x) - (hy/k)*Hy(2LA+x) + (2hy/k)K(2L+x), x ... 0

2A.X20 Gxa0(x,0,u) = 2K(x)

2A.X21 Gx21(x,0,u) - 2[K(x) - K(2L-x) - K(2L+x)]

2A.X22 Gxaa(x,0,u) . 2[K(x) + KQ2L-x) + K(Q2L+x)]

2A.X23 Gxo3(x,0,u) . 2[K(xX) + K(Q2L-x) + K(2L+x)] - 2(hy/k)H,(2L-x) - (hi/k)H (2L+x)

2A.X30 Gxa0(x,0,1) = 2K(x) - (ho/k)Ho(x)

2A.X31 Gx31(x,0,u) - 2[K(x) - KQL-x) - KQL+x)] - (ho/k)Ho(x) + (ho/k)Ho(2L-x) +
(ho/k)Ho(2L+x)

2A.X32 Gxa2(x,0,u) . 2[K(x) + KQ2L-x) + K(2L+x)] - (ho/k)Ho(x) - (ho/k)Ho(2L-x) -
(ho/k)Ho(2L+x)

2AX33a  Gxss(x,0,) - 2[K(x) + K(2L-x) + KQL+x)] - (he/K)Ho(x) - (ho/k)H)(2L-x) -
2h/KHY(2L-x) - (ho/RHy(2L+x) - (hi/R)HL(2L+x) + JH(L,x,0)

where for Ay ... hy,
2A.X33b JH(L,x,0) = (2hohr/(k(hi-ho)))[Ho(2L-x) + Hy(2L+x) - H (2L-x) - H,(2L+x)]
and for iy = hy,

2A.X33b JH(L,x,0) = (2h*/Il*) {2( "u/B)"* (exp[-(2L-x)*/(4 "u) + exp[-(2L+x)*/(4 "u)]) -
[2L-x+2(hy/k) “u] H)2L-x) - [2L+x+2(ho/k) “ulHo(2L+x)}

If the surface temperature is given (x = 0 surface is nonhomogeneous), that is for X11, X12 and
X13, we need not calculate the surface temperature since it is known. Notice



I= [ 2K (x,u)du = erfc{
=0 u

u

_r
(4at)”?

as x goes to 0, / goes to unity, which clearly is not zero. Also note that as x goes to 0, contributions
to the integral only occurs for very small values of u. This means that

B=lim/ = [ K (x.u)Cu)du=C(0)
X u
u=0

Some limiting conditions:

° As h; goes to zero, Hi(z) goes to E(z). As h; goes to infinity, H{(z) goes to 0.
° As h; goes to zero, (hi/k) H(z) goes to 0. As h; goes to infinity, (h/k)H(z) goes to 2K(z).
o As h; goes to infinity, (h/k)[(hi/k)H(z) - 2K(z)] goes to -2zK(2)/A2 "u).



Table 2B. Derivative wrt x of Green’s functions for boundary conditions of the 2" and 3™
kinds and negative of mixed second partial derivative wrt x and »’ of the Green’s function for
the 1* kind of boundary condition. Small time forms. All evaluated at nll = 0.

2B.X10

2B.X11

2B.X12

2B.X13

2B.X20

2B.X21

2B.X22

2B.X23

2B.X30

2B.X31

2B.X32

2B.X33a

2B.X33b

2B.X33c¢c

M Gx10(x,0,00)/MocMl = ( “%) ' K(x)[1- ¥*(2 “u) ]

MW Gx11(x,0,0)/MeMaN . (%) ' [KG)(1-x*(2 "u) ") + KQL-x)(1-2L-x)*2 "u) ") +
KQL+x)(1-2L+x)*(2 ") ]

W Gx120x,0,2)MeMaN - ("u) [KG)(1-x*Q2 ")) - KQL-x)(1-2L-x)*2 "u)") -
KQL+x)(1-2L+x)*(2 ") ]

MW Gx13(x,0,)/MeMaN . (%) ' [KG)(1-x*(2 "u) ") - KQL-x)(1-2Lx)*2 "u) ") ) -
KQL+x)(1-2L+x)*(2 "y ] + 4(hi/k)KQL-x)[(hi/k) - QL-x)(2 "u)"] +
2(h/K)KQL+xX)[(hi/k) - QLA+x)2 "u)"] - 2(hi/k)’ Hy(2L~x) - (hi/k)’ H (2L+x)

MGx20(x,0,u)Mx = -( ") xK(x); see integral at bottom of Table 3.2A.
MGx21(x,0,)/Mx - -(*"u) ' [xK(x) + (2L-x)K(2L-x) - (2L+x)K(2L+x)]
MGx22(x,0,u)/Mx - -(""u)'[xK(x) - 2L-x)K(2L-x) + 2L+x)K(2L+x)]

MGx23(x,0,u)/Mx - -(""u) '[XK(x) - (2L-x)K(2L-x) + (2L+x)K(2L+x)] - 4(h/k)K(2L-x)
+2 (hy/ky*Hi(2L-x) + 2(hi/k)KQ2L+x) - (hy/k)*H(2L+x)

MGixao0(x,0,u)Mx = -( ") xK(x) + 2(ho/k)K(x) - (ho/k)*Ho(x)

MGixs1(x,0,u)/Mx - ~( ") '[XK(x) + 2L-x)K(2L-x) - 2L+x)K(2L+x)] + 2(ho/K)[K(x) +
KQL-x) - KQL+x)] - (ho/k) [Ho(x) + Ho(2L-x) - Ho(2L+x)]

MGix32(x,0,u)Mx .« (") '[XK(x) - QL-X)K(2L-x) + 2L+x)K(2L+x)] + 2(ho/K)[K(x) -
KQL-x) + KQL+x)] - (ho/k) [Ho(x) - Ho(2L-x) + Ho(2L+x)]

MGxa3(x,0,u)/Mx - -( ") ' [xK(x) - (2L-x)K(2L~x) + (2L+x)K(2L+x)] + 2(ho/k)[K(x) -
KQL-x) + KQL+x)] - (ho/k) [Ho(x) - Ho(2L-x) + Ho(2L+x)] - 4(h/k)K(2L-x) +
2(hy/K)KQQL+x) + (h/k)[2 Hy(2L-x) - H,(2L+x)] + DJH(L,x,0)

where for Ay ... hy,

DIJH(L,x,0) = 2hohr/(k(hi-ho)[-(ho/k)(Hy(2L-x)-Hy(2L+x)) +

(/) (Hy(2L-x)-Hy (2L +)]

and for iy = hy,

JH(L,x,0) = (2h02/k2) {4(hy/k) "u[-K(2L-x) + K(2L+x)] + [1+(hy/k)(2L-x) +

2(ho/k)? "ulHy(2L-x) - [1+(ho/k)2L+x) + 2(ho/k)’ "ulHy(2L+x)}



Table 3A. Boundary Green’s functions for boundary conditions of the 2" and 3" kinds and
negative of the derivative of the Green’s function with respect to nN for the 1* kind of
boundary condition. Small time forms and evaluated at nN =xN= L.

Number
3A.X11

3A.X12

3A.X13

3A.X21

3A.X22

3A.X23

3A.X31

3A.X32

3A.X33a

3A.X33b

Equation
MGx1106,Lau)MaN - (") [(L-x)K(L-x) - (L+x)K(L+x) ], x ... L

Gxia(xLou) - 2[K(L-x) - K(L+x) |
Gxi3(x,Lout) - 2[K(L-x) - K(L+x) 1 - (h/k)Hy(L-x) + (hy/k)Hy(L+x)
MGixa1 Ge,La)MaN . (") [(L-x)K(L-x) + (L+x)K(L+x)], x ... L
Gxoa(x.Lout) - 2[K(L-x) + K(L+x) |

Gxo3(x,Lout) - 2[K(L-x) + K(L+x) | - (he/k)[Hy(L-x) + Hy(L+x) ]

MGxa1(e,La)MaN - ("u) ' [(L-x)K(L-x) + (L+x)K(L+x) ] - 4(ho/k)Ko(L+x) +
2(ho/k)*Ho(L+x) ,x .. L

Gxa2(x,L,u) - 2[K(L-x) + K(L+x) + K(3L-x)] - 2(ho/k)Ho(L+x)

Gx33(x,Lu) - 2[K(L-x) + K(L+x) + K(3L-x)] - 2(ho/k)Ho(L+x) - (hy/k)Hy(L-x) -
(hy/k)H(L+x) + JH(L,x,L)

where for Ay ... h;

JH(L,x,L) - Qhohr/(k(h-ho)))[ Ho(L+x) - H(L+x)]

and for hy = 1

3A.X33c JH(Lx,x") - (2heI*)[4 "u K(L+x) - (L+x + 2(ho/k) "u)Hy(L+x)]



Table 3B. Derivative wrt x of Green’s functions for boundary conditions of the 2" and 3"
kinds and negative of Mixed Second Partial Derivative wrt x and »n’ of the Green’s function
for the 1* Kind of Boundary Condition. Small Time Forms and Evaluated at n\ = L.

Number
3B.X11

3B.X12

3B.X13

3B.X21

3B.X22

3B.X23

3B.X31

3B.X32

3B.X33a

3B.X33a

3B.X33b

Equation
MW Gx1106,L, ) MxMaN - -( ") [K(L-x)(1-(L-)*2 "u)™") + K(L+x)(1-(L+x)*(2 "u) )]

MGx12(x,L,u)/Mx . ("u)'l[(L-x)K(L-x) + (L+x)K(L+x) |

MGx13(e,L,u)Mx . (") [(L-x)K(L-x) + (L+x)K(L+x) | - 2(ho/k)[K(L-x) + K(L+x) ] +
(ho/k) [Ho(L-x) + Ho(L+x) ]

M Gxa1 (e, L, i) MxMaN _ -( ") [K(L-x)(1-(L-x)*2 "u)™") - K(L+x)(1-(L+x)*2 "u)™") ]
MGxoa(x,Lu)Mx . (""u) ' [(L-x)K(L-x) - (L+x)K(L+x)]

MGxo3(x,Lu)Mx . ("u) ' [(L-x)K(L-x) - (L+x)K(L+x)] - 2(hy/k)[K(L-x) - K(L+x) +
(hi/k)* [Hi(L-x) - H(L+x)]

MW Gx31(6,L, ) MxMa . -( ") ' [K(L-x)(1-(L-x)*(2 "u)™") - K(L+x)(1-(L+x)*Q2 "u)™")] -
A(ho/k)K(LA+x)[(h/k) - (L+x)(2 "u) '] + 2(hy/k)* Hi(L+x)

MGxaa(x,Lu)Mx . (""u) ' [(L-x)K(L-x) - (L+x)K(L+x)]+ 4(ho/k)K(L+x) -
2(ho/k)*Ho(L+x)

MGx33(x,L,u)/Mx . ("u)'l[(L—x)K(L—x) - (L+x)K(L+x)] + 4(hy/k)K(L+x) -
2(ho/k)* Ho(L+x) - 2(h/k)[K(L-x) - K(L+x)] + (hy/k)’[Hi(L-x) - H/(L+x)] +
DJH(L,x,L)

where for Ay ... hy,

DJH(L,x,L) = 2hohi/(k(hi-ho))[(ho/k)(Ho(L+x) - (hi/k)(Hi(L+x)]

and for h() = ]’lL,

DJH(L,x,L) = Qha*/l*) {4(hy/k) "uK(L+x) - [1+(ho/k)(L+x) + 2(ho/k)’ "u]Hy(L+x)



Table 4A. Integrals of small time form of Green’s functions, from xN =0 to L for the finite cases and
from xN = 0 to 4 for the XIO cases. The X10, X20, X22 and X30 results are exact. Note that
erfc(2/(4:0.05)"") . 2.54E-10 and erfc(3/(4:0.05)""%) . 2.38E-21 so for dimensionless times less
than 0.05 the E(2L+x) and E(3L-x) terms can be
E(z)'/ {func erfc} left [ {z} over sqrt{4 alpha u}dropped. Note that we define
right ]
Also we observe that H,(z) # E(z) forz>0. Asu 6
0 and x is nonzero, E(x) 6 0 and H(x) 6 0. For every boundary condition except the first, the
integrated Green’s function goes to unity as u 6 0 for all x.

Number Equation

4A.X10 14Gx1o(e,u)dxl = 1 - E(x) = erflx/(4"u) "]

4A.X11 12Gx11 (e u)dxN . 1 - E(x) - E(L-x) + E(L+x) + EQL-x)

4A.X12 1-Gx1o(e,Nu)dxN - 1 - E(x) - EQL-x)

4A.X13 1-Gxia(edu)dxN . 1- E(x) - E(L-x) + E(L+x) + EQ2L-x) + H;(L-x) - H(L+x) -
2H(2L-x)

4A.X20 14 Gxa0(x,N,u)doxl = 1

4A.X21 1-Gxo1 (e, xN,u)dxN - 1 - E(L-x) - E(L+x)

4A.X22 - Gxan (e xNou)dxN . 1

4A.X23 1-Gxo3(x,N,u)dxN - 1- E(L-x) - E(L+x) + Hy(L-x) + H,(L+x)

4A.X30 14 Gx30(x,xN,u)dxN = 1-E(x)+Ho(x)

4A.X31 12Gxa1 (epu)dxl . 1- E(x) - E(L-x) + E(L+x) + E(Q2L-x) + Hy(x) - 2Ho(L+x)
-Hy(2L-x)

4A.X32 1 Gy (e u)dxN - 1- E(x) - EQ2L-x) + Ho(x) + Ho(2L-x)

4A.X33a 1-Gxa3(exNu)dxeN - 1 - E(x) - E(L-x) - E(L+x) - EQL-x) + Ho(x) + Hy(2L-x)+
H;(L+x) + Hy(L-x) +1JH(L,x)

where for Ag ... b1

4A.X33b  IJH(Lx)=2E(L+x) + 2EQ2L-x) - (2hy/(h-he))[Ho(2L-x) + Ho(L+x)] +
(2ho/(hi-ho)[HL(2L-x) + Hi(L+x)]

and where for ho=h; = h
4AX33c  IJH(Lx)=2E(L+x)+2EQ2L-x) +

DHQL-x)[-142 "u(h/k)? + h(Q2L-x)/K] + 2Hy(L+x))[-1+2 “u(h/ky+ h(L+x)/k] -
(8h "w/k)[K(2L-x) + K(L+x)]



Table 4B. Derivative wrt x of integrals of small time form of Green’s functions, from
xN=0to L.

Number Equation

4B.X11 d[ V-G (e u)dxN)/dx . 2[K(x) - K(L-x) - K(L+x) + K(2L-x)]

4B.X12 d[1*Gx (el u)dxN)/dx - 2[K(x) - K(2L-x)]

4B.X13 d[V-Gxp3(exu)dxN)/dx . 2[K(x) - K(2L-x)] - hi/k[HL(L-x) + Hy(L+x) - 2 Hy(2L-x)]
4B.X21 d[1*Gxa1 (e xN,u)dxN)/dx . -2K(L-x) + 2K(L+x)

4B.X22 d[ V- Gxan (e eN,u0)dxN)/dlx = 0

4B.X23 d[V-Gxas(xxNu)dxN)/elx - - hy/k{H(L-x) - Hi(L+x)]

4B.X31 d[1-Gxs1(edlu)doxN)/dx . -2[K(L-x) - K(L+x)] + ho/k[Hy(x) - 2Ho(L+x) + Hy(2L-x)]
4B.X32 d[V-Gxza(x N u)dxN)/dx . ho/k[Hy(x) - Hy(2L-x)]

4B.X33a d[1FGxs30e ) dxN)dx - ho/k[Ho(x) - Hy(2L-x)] - hy/k[H(L-x) - H;(L+x)] + DIJH
where for Ay ... it
4B.X33b DIJH = 2hohy/k(hp-ho)[-Ho(L+x) + Hy(2L-x) + Hy(L+x) - H(2L-x)]

and for hy=h;,=h

4B.X33c DIJH = 21%/k* {4 "u [-K(L+x) + K(QL-x)] - (L+x + 2 "ulk)H(L+x) - 2L-x +
2h "ulk)H(2L-x)]}
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