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Abstract

We present an implementation of an efficient general simulated annealing 
schedule and demonstrate experimentally that the new schedule achieves 
speedups often exceeding an order of magnitude when compared with other 
general schedules currently available in the literature. To assess the performance 
of simulated annealing as a general method for solving combinatorial 
optimization problems, we also compare the method with efficient heuristics on 
well-studied problems: the traveling salesman problem and the graph partition 
problem. For high quality solutions and for problems with a small number of 
close to optimal solutions, our test results indicate that simulated annealing out-
performs the heuristics of Lin and Kernighan and of Karp for the traveling 
salesman problem, and multiple executions of the heuristic of Fiduccia and 
Mattheyses for the graph partition problem. 
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1. Introduction 

We assume the reader is familiar with the simulated annealing method [12]. The physical 
analogy on which the method is based suggests that,  to achieve good quality results, the system 
should be kept close to  thermal equilibrium as the temperature is lowered. Most of the practical 
simulated annealing schedules have been designed following this heuristic. While the first 
schedules were problem specific, constructed from experiments, schedules of much wider 
applicability have been derived recently [I], [8], [14]. The starting point in the derivation of these 
general schedules is an approximate equilibrium criterion that expresses formally when the system 
is sufficiently close to equilibrium so that the temperature can be lowered. 

Let s, 1 / T, be the inverse temperature a t  step n (after a proposed move is either 
accepted or rejected) and let z ( s , )  be the average energy of the system, or cost of the current 
solution, at step n . We consider the system in quasi-equilibrium at inverse temperature s, if it 
satisfies the relation 

where A is a user specified parameter, and ,u(s,) and a(s,) are, respectively, the equilibrium 
average and standard deviation of the energy at inverse temperature s, [14]. To get good quality 
results we seek a schedule, called a A-schedule, that lowers the temperature at every step (i.e. 
sntl 2 s,) while keeping the system in quasi-equilibrium a t  all times. Higher quality results can 
always be obtained by reducing A so that the new A-schedule ensures a closer approximation of 
equilibrium. However this improvement comes at the expense of increased computation time. 

For a given value of A and a given move generation strategy (or move selection process), the 
A-schedule 

where pz(s,) is the variance of the actual energy change in one step at inverse temperature s, , is 
shown in [14] to give at every step the minimum average energy among all A-schedules. Such a 
schedule is called an efficient A-schedule; there is one such schedule for each move generation 
strategy. Since the move generation strategy affects only the factor p2(s,) in the efficient A- 
schedule, if a move generation strategy maximizes pz(s,) for all inverse temperatures s,, the 
associated efficient A-schedule minimizes the temperature at every step while satisfying the quasi- 
equilibrium condition (1) and hence minimizes the average energy a t  every step. 

The factor p2(s,) cannot be made arbitrarily large. In fact its value is quite restricted and 
we show in [14], using models for the energy density function (or density of states) and the move 
generation strategy, that it is uniquely determined once the acceptance ratio po(s,) (the 
probability that a proposed move is accepted) is known. The substitution of p2(s,) by its 
expression in terms of po(s, ) gives the final formula for the efficient A-schedules 

1 4po(s,)(1 - po(sn 
s n + l = s n  + [a] [ s n z u z ( s n ~ ]  [ (2-po(sn))2 I -  

The increment in inverse temperature is the product of three factors. The first, which also 
appears in the schedules of Aarts and van Laarhoven [l] and Huang et al. [8], reflects what is 
common to the quasi-equilibrium criteria. The second is the inverse of the specific heat; its 



presence is in agreement with the physical intuition that the larger is the specific heat, the slower 
should be the cooling. The third shows how the temperature decrement is affected by the move 
generation strategy, through a function of the acceptance ratio only. Since this factor is 
maximized if the acceptance ratio is equal to 44%, the move generation strategy should be 
controlled to keep the acceptance ratio constant, equal to that value. The possibility of such a 
regulation of the acceptance ratio provides a basis for selection between move generation 
strategies; for instance, if a strategy manages to generate a higher proportion of downhill moves at 
low temperatures than another strategy, the associated acceptance ratio will not drop as far below 
the 44% target value and that strategy should be preferred in the low temperature range. The 
active control of the move generation to regulate the acceptance ratio is an integral part of our 
schedule, working in concert with the inverse temperature update formula (3). 

In the next section, a procedure for the estimation and control of the parameters in the 
schedule is described together with other practical issues. In Section 3, the performance of the 
schedule is assessed and the performance of simulated annealing as a general combinatorial 
optimization method is discussed. Finally, concluding remarks are given in Section 4. 

2. Est imation and control  of simulated annealing parameters  

Since the inverse temperature update formula (3) depends on the acceptance ratio, po(sn), 
and the variance of the energy, a2(sn),  successful application of the schedule requires proper 
estimation of these quantities. This section is devoted to these estimation problems and to the 
method of move generation control, which strongly influences the performance of the schedule. 

2.1. Est imation of the s tandard  deviation of the energy 

In general, the values of po(sn) and a(sn) ,  needed to update the inverse temperature, are 
not known a priori and must be estimated. Since the acceptance ratio varies slowly from one 
inverse temperature to another, the ratio of the number of accepted moves to the number of 
proposed moves in the last T steps, with T between 100 to 1,000, provides a good approximation 
for the current po. (We have also experimented with a more elaborate scheme for estimating pol 
as a weighted average of the last few measured ratios, and did not observe any significant 
difference between the final results of the two methods.) Unfortunately, such a simple procedure 
cannot be used for the variance of the energy, a2(s ). If the inverse temperature is fixed and the 
system is in equilibrium, the estimator 

where xi is the energy at step i and p(s ) is the average energy, gives an unbiased estimate of 
u2(s ) provided that p(s  ) is known. However p(s ) is not known and worse, the system is never 
in equilibrium since with the efficient A-schedule the inverse temperature is updated a t  every step. 
Therefore, the preceding formula cannot be used by itself to estimate a2(s) .  We need an 
estimator that gives the current value of a2(s ) using measurements made at previous values of 
the inverse temperature. Such an estimator can be. constructed using the energy density model 
introduced in [14]. 

If the energy density function, P (z ) ,  were known we could compute the mean and variance 
of the energy at different inverse temperatures with 



and 

where 

is known as the padition function. However P ( z )  is unknown and, moreover, it is very hard to 
estimate the parameters of a model of P (x ) on-line. The data gathered up to step n may give a 
fairly good description of P ( x )  for values of x above and around p(s,) but are too scanty to 
enable the accurate description of the lower tail of P ( x )  which, as can be seen from the 
expression of Z (s ), is most important to estimate u2(s ) for s > sn . A fixed model for P (x ), 
usable at all temperatures, would require a large number of parameters and that sheer number, 
combined with the scarcity of the data in the lower tail, would make the on-line estimation of 
these parameters exceedingly difficult. Thus we seek instead a model with a small number of 
parameters that represents well P(x)e-=  for s close to the current temperature s,. The price 
to pay for that smaller number of parameters is that the parameters vary with the temperature; 
in order to enable parameter estimation this variation should be slow, hence the quality of the 
model should be sufficiently high, and this imposes a lower bound on how few parameters one can 
use. The theory developed in [14] suggests a model for which that lower bound turns out to be 
quite low in practice. The idea is to model the density function Q, (x) ,  which is proportional to 
m e " = ,  as a weighted sum of gamma density functions 

where xo is the global minimum and 

For typical problems this model is shown experimentally to be quite satisfactory with M = 0 [14]. 
The induced model for P (x )e-= is of the same form, with M I  N (sn)  and b  (s, ) replaced by 
li? = 2 M ,  N(s,)  = 2N (s,) - 1 and T(s,) = 2b ( sn)  [13]. Note that M = 0 if M = 0. 

Using this model we obtain the approximation for the partition function: 

There is a whole family of such approximations since, according to the value of the inverse 
temperature during the annealing process, one would use the model with the corresponding values 

(s, ) and T(s, ). Evaluation of the integral yields 

which can be substituted into the expression for p(s ) in (4) to obtain 



Multiplying both the numerator and the denominator of the above expression by (r(s , )+s )n+l, 
expanding powers of T(s,)+s into powers of s , and grouping terms according to their powers, we 
arrive at 

(Since there are 2ii? + 3 coefficients and only ii? + 3 independent variables, namely T ( s , ) ,  - 
b (s,), and pi (s,) for i = 0, 1, . . . , z, the coefficients are not independent of each other for 
ii? 2 1.) If these coefficients can be found, the variance of the energy, u2(s),  can be computed 
using (5) to  get 

Since p(s  ) and u2(s ) are obtained from successive derivatives of an approximation to  Z (s ), 
the relative approximation errors can be expected to grow larger as one goes from Z (s ) to p(s ) 
and then to u2(s ). Unfortunately it is the last element in that chain that  interests us. To  
appreciate the increase in relative error when going from p(s  ) to  u2(s ) observe that, if ai (s ) and 
bi (s ) were known functions, a better estimate of u2(s ) would be found by taking the derivative 
of the coefficients with respect to s when applying (5) a t  s = s n ;  hence one source of inaccuracy 
when employing (7) with the coefficients ai and bi equal to  those obtained for the approximation 
(6) to  p(s ) is that the variation of the coefficients is not taken into account. T o  circumvent this 
difficulty we shall merely use (6) and (7) to  provide the functional form of p(s ) - x o  and u2(s ), as 
rational functions of s of numerator degrees ii? and 2ii?,  respectively, and denominator degrees 
ii? + 1 and 2(ii? + I), respectively. The parameter ii? is selected sufficiently large such that the 
coefficients vary slowly with s, . To simplify the estimation task and also make it less sensitive to  
modeling assumptions, the coefficients of the two rational functions will be assumed independent 
within the functions as well as between the functions. By estimating u(s ) independently, without 
differentiating p(s  ), one can get good quality estimates without knowing how the coefficients of 
the approximation to  p(s ) vary with s . 

In order t o  estimate the coefficients in the rational model for a2(s ), we use the method of 
weighted least-squares. First we have to  measure u2(si). Given A, we select a r such that p(s ) 
changes very little for the last r steps. Then, we can use 

as the measured average energy of the system a t  step j. However, if we went on to  use 





A ( s n )  = c ( s n ) b  i ( s n ) [ l  - c ( s n ) x o ]  and B ( s n )  = c ( s n ) [ b  o ( % )  + C ( s n ) b  i(sn ) x ~ s n I  . 

(This approximation is valid if I c ( s ,  ) b  l ( sn  )xo(s  - s ,  ) I << 1.)  Because the expressions for 
A ( s , )  and B ( s , )  contain factors where s ,  appears as a multiplier, these parameters will tend to 
vary faster than b o ( s n )  and b  l ( s n ) .  This is a small price to pay since we avoid estimating xo  
and, furthermore, we can estimate the parameters by solving a linear least-squares problem: 
minimize the weighted squared error on 1  / p ( s  ) ,  

With j i?=O model (7) for u2(s ) reduces to the form 

yielding the model for a ( s  ) ,  applicable for the 7 steps after n = 17, 

where D ( s , )  and E ( s , )  vary slowly (more slowly than A ( s , )  and B ( s , ) ) .  Since this expression 
has the same form as the expression in (13 ) ,  the parameters D ( s , )  and E ( s , )  will be found by 
solving the linear least-squares problem: minimize 

Straightforward manipulations yield expressions for the estimates of p ( s  ) and u ( s  ) that 
minimize the weighted squared errors in (14)  and (16 ) ,  for n < i < n + T with n = 17, 

and 

with 

As is usually done in adaptive filtering [4] ,  we employ exponential weights wk = and 
w f k  = f ? ' - k l  where a and f? are positive constants smaller than 1 ,  determining the effective 



memory of the parameter estimation algorithm. The smaller the values of a and P, the faster the 
estimators adapt, but also the larger the variance of the estimates becomes. The computational 
formulas for the efficient A-schedule are summarized in Table 1 in Section 2.3. A description of 
how to use the formulas is also given in that section. The estimators have been tested by 
applying the efficient A-schedule in Table 1 to a highly correlated sequence of random numbers; 
with the proper choice of a and ,C? the relative estimation error on a ( s  ) does not exceed 10% [13]. 

2.2. Move generation control 

Now we turn to the problems of design and control of move generation strategies. The 
techniques we present work well in practice, especially when paired with the efficient Xschedule, 
but are by no means the only possible ones. 

To propose a move in simulated annealing is to perturb the current solution to the 
optimization problem to obtain a new one. This perturbation is highly problem specific; different 
optimization problems have different methods for obtaining new solutions. For example, in a 
traveling salesman problem one may modify sections of a tour to obtain a new tour, while in a 
graph partition problem one may move a vertex from one set to another. In order to apply the 
move generation control method described in this section, we classify the move generation 
strategies into controllable and non-controllable strategies. A controllable move generation 
strategy is one for which there exists a parameter 0 that increases with the average magnitude of 
the proposed energy change. For example, in our implementation of the N-city traveling 
salesman problem, each city maintains a list of the neighboring cities sorted in ascending order 
according to their distances from that city. A move is proposed by picking two cities A and B , 
and modifying the tour as shown in Fig. 1. City A is always picked randomly with equal 
probability from the N cities while city B is picked from the sorted list of neighbors of city A . 
Since in general the average magnitude of the proposed energy change increases with the distance 
between ci t ies  A and B , we choose the index value of the sorted list from which city B is picked 
as the parameter 8. Thus, the bigger is the index, the further apart is city B from city A ,  and, 
most likely, the larger is the average magnitude of the proposed energy change. By increasing (or 
decreasing) 0, we increase (or decrease) the average magnitude of the proposed energy change 
and, therefore, decrease (or increase) the acceptance ratio po. 

Figure 1: How a tour is modified in the traveling salesman problem. 



Controllable move generation strategies are in general preferable to  non-controllable move 
generation strategies, for po can be regulated t o  decrease the execution time of simulated 
annealing while maintaining result quality. However, for some optimization problems, i t  is very 
hard to  find a controllable move generation strategy. In those cases, we have t o  settle with no 
control on the average magnitude of the proposed energy change and, hence, the acceptance ratio. 

Once a controllable move generation strategy has been selected, the problem of move 
generation control becomes the problem of 8 control. Since the goal of move generation control is 
to  achieve a desired acceptance ratio of 0.44, we would like t o  control 9 in order to  achieve that 
goal. Let the parameter 8 be picked according to the formula 

where < is a random number uniformly distributed between 0 and 1. This function is chosen 
because of its simplicity and the fact that any positive 9 has a non-zero probability of getting 
picked. Using this formula, the probability that a given 8 will be picked is specified by the - 
exponential density function with an average value of 8, 

(In practice there is an upper limit Om, for 8. If the generated 8 exceeds Om,, a situation 
occurring mostly when 3 is large, 8 is set to  <*Om and thus is drawn according to a uniform 
distribution, consistent with the fact that p (8) is almost uniform.) 

Since the acceptance ratio should be kept close to  0.44, comparison of the acceptance ratio 
measured for the last r steps, 

number of accepted moues in the last r steps 
i)o(~n ) = 1 r (18) 

with the desired acceptance ratio indicates how 3 should be modified. If i o ( sn )  is less than .44, 
we decrease 3 and, hence, the average magnitude of the proposed energy change, which should 
lead to  an increase in the acceptance ratio. Likewise, if Qo(sn) is greater than .44, we increase 7. 
We use a simple proportional feedback controller for 7 in order t o  regulate the acceptance ratio 
about 0.44 

where the positive gain K ,  which is problem as well as implementation dependent, controls the 
rate at which 3 could be changed. Since 3 cannot be negative because of the exponential density 
function in (17), we refine that control law to 

- - 
en = max(B,, + K (ko(sn) - 0.44), T ~ , ) ,  

- 
where 9 ~ ,  is a positive constant. Care must be taken in choming the gain K .  Too large a gain 
makes the acceptance ratio oscillate around 0.44 while too small a gain makes its evolution 
sluggish. The proper gain is found experimentally for each optimization problem. 

2.3. Applicat ion procedure  a n d  practical issues 

We have discussed the parameter estimation and move generation control problems 
separately. Now, we give a complete picture of the interaction among the estimators, the 



controller and the rest of the system and cover the practical issues associated with the use of the 
efficient A-schedule. To  use the schedule in Table 1, we first initialize the inverse temperature, 
so, to 0 and 3 to  its maximum value, To = J,,. The system is allowed to  run at this inverse 
temperature until it is sufficiently randomized and initial measurements of the average and the 
standard deviation of the energy can be computed using the formulas 

and 

where m is the number of steps executed a t  so. These measurements are used to compute the 
initial values of the parameters A , B ,  D l  and E using the parameter initialization formulas in 
Table 1. (The formulas are also applicable if one desires to start a t  a lower temperature, s o  > 0. 
They are obtained under the assumption that the energy density function is a gamma density 
function and the global minimum is x = 0 [14]; if a better lower bound i were available, u 
should be replaced by uo- io in the formulas.) Then, after every step, the new inverse 
temperature is computed using the temperature updating formulas while after every T steps, the 
parameters A , B , D , and E are adjusted using the parameter updating formulas, $o is re- 
computed using the measurement formula, and 'Zj, is updated using the move generation control 
formula. This process is repeated until the measured average energy, u,, remains unchanged for 
the last f T steps, where f is a small integer. At this point, the system is considered frozen and 
annealing is stopped. (We have also experimented with the more elaborate frozen detection 
schemes proposed in [I] and [8]. Although these two schemes are logically sound, they do not 
lead to a significant difference in performance.) For an implementation of the efficient Xschedule 
in the C programming language, the reader is referred to [13]. 

The inverse temperature s = 1 / (240))  in Table 1 is chosen such that it is high enough to 
ensure a smooth transition from infinite temperature to finite temperature. Since the efficient X- 
schedule formula (3) is valid for s 2 7 / a(0) [14], the system undergoes sub-optimal cooling 
within the range 

This is tolerable since the system spends only a very small percentage of its time within this 
range. Also note that m is selected such that the total number of steps before reaching 
s = 7 / a(0) is close to what can be expected from application of (2) with typical values of 
p2(s ), hence the proper level of initial randomization is attained. 

The weight factors ct and /3 in the parameter updating formulas are computed as 
(Y = 1 - r/L,, and /3 = 1 - r /Lb ,  where La and Lb are the so-called "memory lengths" of the 
estimators for the average and the standard deviation of the energy, respectively [4, Chapter 31. 
Smaller memory lengths give smaller weight factors which, in turn, enable the estimators to track 
faster varying parameters. 

Occasionally, instead of starting a t  zero inverse temperature, we may want to start at a 
higher inverse temperature. This is accomplished easily by setting s o  to  any desired inverse 



P a r a m e t e r  initialization formulas  

yo2 vo 
A ( s o )  = - D ( s o )  = - 

u: u 0 

1 
B ( s 0 )  = - - 1 

A (so)so E ( s o )  = - - D ( s o ) s o  
0 ' J o  

Tempera tu re  upda t ing  formulas  n < i < n +T 

1 
s 1 =  - 4$0(sn )(I  - $o(sn ) I2  

2+(s 0)  I"' = Si + A Si 2(2 - j0(., ))2&3(., ) 
1 

&(Si)  = 1 
& ( s , )  = 

A (sn )si + 3 (sn ) D (sn )si + E (sn ) 
P a r a m e t e r  upda t ing  formulas  n = 1 T, 1 = 1 ,  2 ,  ... 

1 1 
f ( l ~ f ( ~ )  I - f ( s  I f ( ; )  s ( l ) d j )  - Id;) 

A (sn ) = 
f ( l ) f ( s 2 )  - f ( ~  ) f ( s  ) 

D ( ~ n )  = 
g(l)g(s 2, - g(s )9(s ) 

f(') u - A (sn  ) f ( s  ) d:) - D (sn 1 4 s  1 
B (sn ) = 

f ( 1 )  
E (sn = 

I I 
g ( l )  

f ( Z )  = x ~ ~ ~ d - ~  g ( z )  = C z k r ~ l - ~  
k =O k=O 

Measurement  formulas  n = 1 T, 1 = 1, 2,. . . 

1 112 
un = - fi x, vn = - 

i =n --r+l 
[ '  2 [x, - f i ( S i ) l 2 ]  

i=n-r+l 
number of accepted moves in the last T steps 

50(sn ) = r 

M o v e  generat ion control  formula n = 1 T ,  1 = 1, 2, ... 
- - 
en = max(On, + K (i?O(s,) - 0.44), 3 ~ n )  

Table I :  Computational formulas for the efficient A-schedule. 

temperature instead of 0. Alternatively, we may want to  specify the initial acceptance ratio 
rather than the initial inverse temperature and compute the inverse temperature for that ratio as 

described in [ I ,  p. 2121. Yet another way is t o  measure the effective inverse temperature of the 
current solution and use that as the initial inverse temperature, as described in [17]. 

As noted earlier, the user specified parameter X realizes the trade-off between the quality of 
the final solution and the computation time. Ideally, we would like to  have a procedure that 
computes the proper A for either a given quality of final solution or an allotted computation time. 
Unfortunately, such a procedure cannot be found analytically. Since X controls the quasi- 
stationarity criterion at different inverse temperatures, its effect on the quality of the final 
solution and the computation time is indirect. Nevertheless, we observe the following empirical 
relation: 



where N is the size of a problem, Nm is the total number of proposed moves, and a , b and c are 
problem dependent constants. We suggest the following method to find these constants. First, 
experiment with different values of A and N and measure the resulting total number of proposed 
moves in each case. Then, find the constants by solving the linear least-squares problem in log a , 
b and c 

log Nm = log a + b log N - clog A. 

With the empirical relation in (19), we can compute the proper A for a given total number of 
proposed moves and, with a little extra effort, for an allotted computation time. 

We observe from Table 1 that the efficient A-schedule uses floating point computations 
heavily. To  reduce the number of floating point operations, we approximate the efficient A- 
schedule by computing the new inverse temperature after every ten steps instead of one, 

This speeds up the efficient Xschedule by a few percent without degrading the quality of the final 
solutions. 

We also pre-compute the values of the exponential function, which are needed in deciding 
whether a proposed move should be accepted or rejected, as in [9, pp. 39-40], and the values of 
the logarithm function, which are used to generate exponentially distributed random numbers. 
These values are stored in tables and looked up when needed. Since the evaluation of the 
exponential and the logarithm functions occurs quite often, a significant portion of computation 
time is typically saved. 

3. Per formance  of the efficient annealing schedule 

The goals of this section are to assess both the performance of the efficient A-schedule, when 
compared with annealing schedules available in the literature, and the performance of simulated 
annealing as a general method for solving combinatorial optimization problems. 

Among the general annealing schedules, Aarts's schedule [I] and Huang's schedule [a] stand 
out as schedules reported to give good average results, while the logarithmic schedule derived by 
Hajek [7] and others was shown to give solutions that converge to  the global optima; see [14] for a 
short survey. To assess how well the efficient A-schedule performs-where it stands among the 
competition, we compare it with the best of the three annealing schedules, selected on the basis of 
preliminary results on the traveling salesman problem. The test cases for the comparison cover 
two classical problems: the traveling salesman problem and the graph partition problem. 

Most of the practical applications of simulated annealing have been in complicated problem 
domains, where other algorithms either did not exist or performed poorly. To assess the 
performance of simulated annealing as a general method for solving combinatorial optimization 
problems, we have to compare the method with efficient heuristics on well-studied problems. The 
traveling salesman and the graph partition problems are chosen for this reason; they have been 
studied extensively for two decades resulting in a number of well-known heuristics. Among these 
heuristics, we selected to compete with simulated annealing the ones by Lin and Kernighan 1151, 



and by Karp [lo] for the traveling salesman problem, and the one by Fiduccia and Mattheyses [5] 
for the graph partition problem. 

The test results given in this section were measured on a Sun 31280-s8 with MC68881 
floating point option. Unless stated otherwise, they are average results of at least eight 
executions, with the number of executions chosen to bring the standard deviations of the 
measurements down to an acceptable level. All programs were implemented in the C 
programming language. 

3.1. Travel ing salesman problem 

The traveling salesman problem is a classical NP-complete combinatorial optimization 
problem [6]. The goal of this problem is to  minimize the length of a tour starting from any city, 
visiting each of the N  cities once and only once, and returning to the original place of departure. 
We restrict our attention to  problems where the cities lie in the plane, and the distance is the 
Euclidean distance. We first cover the implementation details and then discuss the test results. 

3.1.1. Implementa t ion  details 

The cost to  be minimized is the length of a tour. In this implementation, each city 
maintains a list of up to  M neighboring cities sorted in ascending order according to their 
distances from that city. A move is proposed by first picking two cities A and B ,  then 
modifying the tour as shown in Fig. 1. City A is always picked randomly with equal probability 
from the N cities while city B  is picked using one of the two following methods. In the first 
method called standard control, city B  is picked randomly with equal probability from the first 0 
cities on the neighbor list of city A . The parameter 0, which roughly controls the maximum 
allowable distance between A and B  , is lowered as a function of the inverse temperature, s , 
according to the empirical formula 

This method implements the widely held idea that the acceptance ratio should be allowed to  drop 
almost linearly as  a function of the total number of proposed moves [18] [8]. In the second 
method called feedback control, city B  is the eth entry on the neighbor list of city A with 

where [ is a random number uniformly distributed between 0 and 1, and? is a control parameter 
between 2 and N .  Because [ is uniformly distributed, 0 will be exponentially distributed on 
[0, oo) with an average value of 8. If 0 exceeds M ,  0 is set to [ N ,  to  result in a uniform 
distribution. The control parameter 8 is adjusted after every T moves according to the formula 

where iI0(s,) is the measured acceptance ratio for the last T moves. The value of 7 is lowered if 
jo(sn)  is less than 0.44 and raised if jo(s,) is greater than 0.44. This updating procedure enables 
us to  keep the acceptance ratio close to the desired acceptance ratio of 44% for most of the course 
of simulated annealing (one cannot completely avoid that po(s) be close to  1 for high 
temperatures and to 0 for low temperatures). 



Care must be taken in setting the lower limit for 3, z,,,i,. We are tempted to let 3 + 0 as 
s -+ ca so that the acceptance ratio can be kept a t  44% for a longer period of time. However, if 
the value of 3 is too close to 0, the value of 0 will be restricted to a small set. This restriction is 
undesirable since the number of possible moves is so small that simulated annealing may 
terminate prematurely. 

For the sake of efficiency, the distances between any two cities are pre-computed and stored 
in a table. Their values are looked up when needed. This 0 (N2) storage requirement is usually 
not a problem for a small number of cities, but is prohibitive for a large number of cities. For 
problems in which the cities amount to thousands, the table lookup scheme cannot be used; we 
have to compute the distance every time we need it. 

The settings of the A-schedule parameters for the traveling salesman problem are 
AL, = 600, ALb = 30,000, T =  100, and, for the frozen detection parameter, f = 5. Note the 
fast rate of adaptation required to track the mean parameters, A and B , and the slow rate for 
the standard deviation parameters, D and E .  Ideally, M ,  the number of cities in the neighbor 
list, should increase as N increases if we can afford the 0 (N2) storage requirement. But for 
N = 10,000, this 0 ( ~ 2 )  storage requirement is too high. We, therefore, set the value of M to 
the minimum of N - 1 and 250. 

Huang's annealing schedule was implemented as in [8]. Due to  the difference in move 
generation controls, a few values of Huang's maximum generation limit parameter have been 
tried. We settled on a value of N0/2, corresponding to the number of possible moves when 
standard control is used. 

3.1.2. T e s t  resul ts  

To  assess the performance of the efficient Xschedule, we need to compare it with the best 
general annealing schedule available in the literature. This best schedule is selected from the 

Table 2: Test results of the three annealing schedules on the traveling salesman problem with 100 
to 400 uniformly distributed cities. Feedback control is used with all three annealing schedules. 

Size 

100 
200 
300 
400 

Table 3: Comparison between the efficient Xschedule with feedback control and Huang's 
annealing schedule with standard control. The cities are uniformly distributed. 

Size 

100 
200 
300 
400 

Tour Length  (lo4) Tota l  Moves (lo5) - 

Speedup 

Log. 
8.28 

11.60 
13.40 
15.41 

Huang 
7.99 

11.45 
13.12 
15.24 

Log. 
2.02 
4.02 
8.02 

14.00 

Huang 
2.08 
4.07 
8.33 

14.20 

Aar t s  
8.51 

12.12 
14.20 
15.99 

6 = 1.5% 
8.35 

10.61 
24.20 

>21.00 

Aar t s  
2.29 
4.09 
7.92 

14.10 

6 = 2.2% 
6.00 
7.50 

10.86 
17.61 

6 = 3.6% 
2.09 
2.54 
2.90 
3.37 

6 = 2.9% 
3.39 
4.09 
4.38 
7.77 



logarithmic schedule, the schedules by Huang el al., and by Aarts and van Laarhoven, based on a 
preliminary experiment on the traveling salesman problem with 100 to  400 uniformly distributed 
cities-the coordinates of such a city are a pair of random numbers uniformly distributed in the 
interval of 0 to  10,000. T o  keep the competition fair, we picked one instance of the traveling 
salesman problem for each problem size and tested the different annealing schedules and heuristics 
on that same instance. From the test results shown in Table 2,  we observe that Huang's 
annealing schedule performs significantly better than the others; we, therefore, select Huang7s 
annealing schedule to  compete with the efficient A-schedule. 

We compare the efficient Xschedule and Huang's annealing schedule on the traveling 
salesman problem with 100 to 400 uniformly distributed cities. The discrepancy in quality of the 
solutions from both schedules is kept within 0.2% so that the speedup can be measured. The 
experimental results are displayed in Table 3 in which 6, representing the average quality of the 
final solution, is the percentage of the average cost above the estimated best cost. This best cost 
was found by carrying out a sequence of careful annealing executions with the run-time doubled 
after every few executions until the average cost was stabilized. 

The speedups associated with a particular 6 as the number of cities increases are shown 
along each column in Table 3 while the speedups associated with a particular problem size as the 
cost improves are shown along each row. The speedup is defined as the ratio of the CPU time 
used by Huang's annealing schedule with standard control t o  the CPU time used by the efficient 
A-schedule with feedback control. Although the efficient A-schedule is 10% slower per move than 
Huang7s, we still observe a speedup of up to  24 for the 300-city traveling salesman problem! 

T o  isolate the effect of feedback control from the efficient A-schedule, we experimented on 
both annealing schedules with both controls. The speedups, computed as the CPU time spent by 
the efficient A-schedule with standard control over the CPU time spent by the same schedule with 

Table 4: An experiment with move generation control. Comparison between the efficient A- 
schedule with feedback control and the same schedule with standard control. The cities are 
uniformly distributed. 

Size 

100 
200 
300 
400 

Table 5: Comparison between the efficient A-schedule and Huang's annealing schedule with 
feedback control used in both cases. The cities are uniformly distributed. 

Speedup 

Size 

100 
200 
300 
400 

6 = 1.5% 
3.87 
2.76 
5.00 
4.90 

Speedup 

6 = 2.2% 
3.43 
2.23 
3.00 
2.82 

6 = 3.6% 
1.74 
1.37 
1.94 
1.37 

6 = 2.9% 
3.27 
1.75 
1.76 
1.87 

6 = 1.5% 
2.21 
2.26 
2.70 
3.01 

6 = 2.2% 
2.04 
2.06 
2.36 
2.80 

6 = 3.6% 
1.95 
2.19 
2.55 
2.55 

6 = 2.9% 
1.99 
2.02 
2.26 
2.27 



feedback control, are displayed in Table 4, while the speedups, computed as the CPU time spent 
by Huang's annealing schedule over the CPU time spent by the efficient Xschedule when 
feedback control was employed in both cases, are displayed in Table 5. We observe that the use 
of feedback control speeds up the efficient A-schedule by a factor of up to 5. However, even when 
the same control method is used with both annealing schedules, the efficient A-schedule still out- 
performs Huang's by a factor of up to 3. 

Figure 2a Figure 2b 

Figure 2c 
1 . . . . . . . . . .  

. . . . . . . . . .  

. . . . . . . . . .  

. . . . . . . . . .  
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. . . . . . . . . .  

. . . . . . . . . .  

. . . . . . . . . .  

. . . . . . . . . .  

. . . . . . . . . .  

Figure 2d 

Figure 2: Examples of city distributions for the traveling salesman problem. Figure 2a: 400 
uniformly distributed cities. Figure 2b: 256 super-clustered cities (clusters of four). Figure 2c: 
100 cities on a lattice. Figure 2d: 100 cities on a lattice with perturbation (up to 50%). 

We also compare simulated annealing, using the efficient Xschedule and feedback control, 
with other heuristics for the traveling salesman problem. We chose the heuristics by Lin and 
Kernighan [15], and by Karp [lo] as the competitors. The comparison with Lin and Kernighan's 
heuristic covers four types of city distributions: uniformly distributed cities, super-clustered cities, 
cities on a lattice, and cities on a lattice with small perturbation. In the case of uniformly 
distributed cities, an instance for each problem size was selected randomly aa the test case. 
Examples of city distributions are shown in Fig. 2. All results tabulated are the average of at 

least eight executions. In the case of Lin and Kernighan's heuristic, each execution consists of 



three iterations and within each iteration, the local optima found in the preceding iterations are 
used to speed up the search at the current iteration. 

The speedups, defined as the ratio of the CPU time used by Lin and Kernighan's heuristic, 
t', t o  the CPU time used by simulated annealing, t , are shown in Table 6 to  Table 9. In Table 6 
and Table 9, where the optimal costs are not known, 6' and 6 are the percentages above the 
estimated best costs respectively for Lin and Kernighan's heuristic and for simulated annealing 
while in Table 7 and Table 8, where the optimal costs are known, 6' and 6 are the percentages 
above the optimal costs. 

From these tables, we observe that Lin and Kernighan's heuristic performs very poorly on 
super-clustered cities and does a very good job on cities on a lattice. This comes a s  no surprise 
since Lin and Kernighan's heuristic produces 3-optimal solutions-an n -optimal solution is a local 
optimum with respect to  moves that exchange n sections of a tour instead of only two sections as 
in Fig. 1. In the case of super-clustered cities, the number of locally optimal solutions that are 2- 
optimal is large. Therefore, Lin and Kernighan's heuristic spends lots of time going from one 2- 

optimal solution to  another until it reaches a boptima1 solution. In the case of cities on a lattice, 
the number of globally optimal solutions is large: any tour formed by connecting cities either 
vertically or horizontally is a globally optimal solution. Consequently, the probability of finding 
one of these optima1 solutions is high and the heuristic terminates quickly. 

Table 6: Comparison with Lin and Kernighan's heuristic on the traveling salesman problem for 
uniformly distributed cities. 

Size 

100 
200 
300 
400 

Table 7: Comparison with Lin and Kernighan's heuristic on the traveling salesman problem for 
super-clustered cities. 

Tour length  

6'(%) 
1.01 
1.25 
1.32 
1.46 

CPU t ime  (sec.) 

Size 

64 
128 
256 
512 

Table 8: Comparison with Lin and Kernighan's heuristic on the traveling salesman problem for 
cities on a lattice. 

6(%) 
1.01 
1.21 
1.32 
1.40 

1' 
69.8 

296.0 
686.1 

1492.7 

Tour length  

6'(%) 
0.58 
1.13 
2.52 
4.11 

CPU t ime  (sec.) 

Size 

100 
200 
300 
400 

t 
52.9 

101.6 
197.5 
330.8 

6(%) 
0.58 
1.06 
2.58 
4.03 

2' 
57.9 

428.2 
2113.6 

13883.1 

Tour length  

t ' / t 
1.32 
2.91 
3.47 
4.51 

at(%) 
0.20 
0.15 
0.10 
0.25 

CPU t ime  (sec.) 

1 
9.3 

17.4 
61.5 

296.3 

a(%) 
0.31 
0.67 
1.09 
1.09 

t ' 
13.0 
70.7 

190.3 
415.6 

2 ' / t 
6.23 

24.61 
34.37 
46.85 

t 
78.2 

492.0 
1338.4 
3125.5 

t t 
0.17 
0.14 
0.14 
0.13 



T o  check that the number of globally optimal solutions influences the speed of Lin and 
Kernighan's heuristic, we perturb the coordinates of the cities on a lattice by up t o  P percent of 
the normal inter-neighbor distance so that the number of globally optimal solutions is small. The 
new coordinates of a city (XI, y ' )  are computed from the old coordinates (x , y  ) according to 

( ~ ' 1  Y ?  = (x 1 Y )  + MP(~ , ,  t y )  

where Mp is P %  of the inter-neighbor distance and t, , ty are uniformly distributed random 
numbers between -1 and 1. The test results for a 200-city problem with different perturbation 
levels are shown in Table 9 .  We observe that the CPU time spent by Lin and Kernighan's 
heuristics increases from 71  seconds to  181 seconds with only a 5% perturbation, but does not 
increase further with larger perturbations. This observation confirms our conjecture that the 
abundance of globally optimal solutions speeds up Lin and Kernighan's heuristic. We also 
experimented with different numbers of cities on a lattice with up to  50% perturbation. As 
expected, the speedups shown in Table 10 fall in between those for the uniformly distributed cities 
and the cities on a lattice. 

In contrast to  Lin and Kernighan's heuristic, simulated annealing is relatively insensitive to  
the structure and regularity of an optimization problem; the CPU time spent by simulated 
annealing for different city distributions stays fairly constant for a given quality of solution. This 
combination of the insensitivity of simulated annealing towards the structure of a problem and 
the sensitivity of Lin and Kernighan's heuristic towards the number of global optima and the 
number of 2-optimal solutions explains the drastic speedup (up to  46) for problems with super- 
clustered cities as well as the superiority of Lin and Kernighan's heuristic over simulated 
annealing on problems with cities on a lattice. 

As mentioned earlier, only one instance for each problem size was chosen for uniformly 
distributed cities to obtain the test results shown in Table 6 .  In order t o  check that similar 

Table 9: Comparison with Lin and Kernighan's heuristic on a 200-city traveling salesman problem 
for cities on a lattice with up to  P percent perturbation. 

0% 
5% 

10% 
20% 
50% 

Table 10: Comparison with Lin and Kernighan's heuristic on the traveling salesman problem for 
cities on a lattice with up to 50% perturbation. 

Tour l ength  

6'(%) 
0.15 
0.21 
0.33 
0.67 
0.73 

C P U  t ime  (sec.) 

Size 

100 
200 
300 
400 

6(%) 
0.67 
1.79 
2.27 
0.72 
0.70 

t' 
70.7 

180.8 
179.2 
154.6 
182.3 

Tour l ength  C P U  t ime  (sec.) 
6'(%) 
0.70 
0.73 
1.42 
1.43 

1 
492.0 
491.1 
491.1 
297.2 
205.6 

t 
32.7 

182.3 
510.6 
978.8 

6(%) 
0.70 
0.70 
1.38 
1.42 

t / t 
0.14 
0.37 
0.36 
0.52 
0.89 

t 
104.9 
205.6 
270.8 
417.5 

t / t 
0.31 
0.89 
1.89 
2.34 



speedups can be expected for any random instance, we carried out the following experiment. We 
first randomly picked eight instances of a 200-city traveling salesman problem. Then, Lin and 
Kernighan's heuristic was used to solve each instance once, resulting in a total of eight executions. 
Let us refer to these eight executions as a group. Since the CPU time spent by Lin and 
Kernighan's heuristic is controlled by the number of iterations, we can vary the number of 
iterations to obtain different groups. Similarly, we can obtain different groups of executions for 
these eight instances using simulated annealing by controlling the value of A and, hence, the CPU 
time. The speedups obtained are similar to those shown in Table 6 [13]. 

Except for the case of cities on a lattice, simulated annealing offers a substantial speedup 
over Lin and Kernighan's heuristic for high quality solutions. This observation indicates that for 
problems where globally optimal solutions are sparse and high quality solutions are desired, 
simulated annealing coupled with a good move generation strategy is an efficient and highly 
competitive method. 

Lin and Kernighan's heuristic is only good for small problems since its computation time 
becomes unacceptable for large problems. Karp designed a heuristic that handles large problems. 
The comparison with Karp's heuristic was performed on a traveling salesman problem with 10,000 
cities whose coordinates are integers uniformly distributed in the interval of 0 to  1,000,000. 
Karp's heuristic consists of three stages: partition a problem into M smaller size sub-problem, 
solve the sub-problems using another heuristic, and patch the resulting solutions to form a tour. 
In this experiment, we used three iterations of Lin and Kernighan's heuristic to solve the 
partitioned sub-problems. 

Two modifications are needed in order for simulated annealing to run on a 10,000-city 
traveling salesman problem. Ideally, we would like to let M = 9,999 and perform table lookup 
for the distances between cities. This is, however, impossible due to the 0 (N')  storage 
requirement. As a result, we compute the distances as the need arises and store the distances of 
only 250 nearest neighbors. The result of the comparison between simulated annealing and 
Karp's heuristic is shown in Table 11 while the pictures of tours obtained via both methods are 
shown in Fig. 3. The estimated best cost for this problem is based on the formula [3] 

= 0.749, lim - ~ - ~ m  
where Cw is the optimal tour length and I = 1,000,000 is the interval from which the 

Table 11: Comparison with Karp's heuristic coupled with Lin and Kernighan's heuristic on the 
traveling salesman problem with 10,000 uniformly distributed cities. In this table, M is the 
number of sub-problems in the partition, t' and t represent the CPU time for Karp's heuristic 
and simulated annealing, respectively, while 6' and 6 represent the percentages above the best cost 
estimated from formula (20). These are the average results of four executions. 

128 
64 
32 

CPU t ime  (sec.) Tour l ength  
t l / t  
0.44 
0.64 
1.22 

t 1  
4850 

10330 
26460 

bl(%) 
6.98 
3.52 
2.03 

t 
11050 
16070 
21610 

6(%) 
6.66 
3.41 
1.97 



coordinates of the cities are picked. Table 11 is constructed by varying the number of partitions 
used in Karp's heuristic and comparing the resulting solutions with simulated annealing for 
different values of A. 

Figure 3a 

Figure 3b 

Figure 3: Tours of a 10,000-city traveling salesman problem. Figure 3a: Tour found using 
simulated annealing, with length 7.59~10'. Figure 3b: Tour found using Karp's heuristic, with 
length 7 . 6 4 ~  lo7; the edges of the 64 squares in the partition can be made out from the tour. 



From this table we observe that simulated annealing out-performs Karp's heuristic for high 
quality solutions. This evidence strongly supports our belief that an efficient annealing schedule 
coupled with a good move generation strategy makes simulated annealing an extremely effective 
method. 

3.2. Graph partition problem 

The graph partition problem (or graph partitioning) is NP-complete 161. The goal of this 
problem is to  partition the vertices of a graph into two equal size vertex sets, VA and VB, so as 
to  minimize the number of edges with end-points in both sets. We first describe the 
implementation details of the move generation strategy for simulated annealing, followed by a 
discussion of the test results. Our results are similar to  those obtained by Johnson et al. [9] with 
one essential difference: by using the efficient A-schedule and a good move generation strategy, we 
are able to  speed up simulated annealing significantly. Thus, for the same high quality solution, 
the CPU time spent by simulated annealing compares favorably with the CPU time spent by 
multiple executions of Fiduccia and Mattheyses's heuristic [5]. The first part of the discussion 
covers the comparison between the efficient A-schedule and Huang's annealing schedule while the 
second part covers the comparison between simulated annealing and Fiduccia and Mattheyses's 
heuristic. 

3.2.1. Implementation details 

The cost t o  be minimized in a graph partition problem is the size of the cutset-the number 
of edges with end-points in both vertex sets. In  order to  increase flexibility in move generation, 
we follow the suggestion of Johnson et al. and introduce an additional imbalance factor into the 
cost function: 

Cost = cutsize + <( I VA I - I VB 1 )', 
where cutsize is the size of the cutset, < is the imbalance factor, and I VA I and I VB I are, 
respectively, the number of vertices in sets VA and VB . Ideally, we would allow I VA I to differ 
from ( VB I in order t o  get more potential moves and, thus, increase the chance of climbing out 
from a local optimum. However, if this size difference is not controlled, we may end up with a 
cutsize of zero but with all vertices in one set. The introduction of the imbalance factor serves 
two purposes. The first one is to  control the difference in size (the number of vertices) between 
VA and VB. A big difference in size is unlikely to  occur at low temperature because moves that 
reduce this difference are likely to be accepted while moves that increase this difference are likely 
to  be rejected. The second one is to  increase flexibility in move generation by allowing moves 
that result in a difference between I VA I and I VB I . This increase in flexibility increases the 
number of available moves and, hence, the chance of climbing out from a local optimum. Since 
these two purposes are conflicting, we must choose the imbalance factor carefully: too small a 
value will unduly favor the first purpose while too large a value will unduly favor the second 
purpose. In our experiments, < = 0.005 is used for problems in which the average edge degree is 
low while = 0.02 is used for problems in which the average edge degree is high. 

A move is proposed in two steps involving two vertices. First, a vertex is picked from an 
array of double link lists and moved to the other vertex set. Then, a second vertex is picked 
independently from the array and moved to the other vertex set. Since the two vertices are 



picked independently, we may end up moving two vertices from the same set to  the other, a 
perfectly acceptable operation. The reason for moving two vertices instead of one is as follows. 
The desired acceptance ratio of 44% is difficult to achieve a t  high temperature because almost all 
proposed moves are accepted a t  this temperature. Thus, we would like to move a larger number 
of vertices a t  high temperature since moving a larger number of vertices is likely to  result in a 
larger proposed energy change and, hence, a smaller acceptance ratio. As the temperature is 
lowered, the acceptance ratio decreases. When it is below 44%, we would like to  move a smaller 
number of vertices to obtain a smaller proposed energy change and, hence, a larger acceptance 
ratio. However, moving a constant number of vertices instead of a variable number has the 
advantage of reducing the program complexity. Furthermore, although moving a large number of 
vertices is desirable at high temperature, the computation time per move is unacceptable. We, 
therefore, achieve a compromise by moving two vertices per move. 

In order to  understand how move generation is controlled, we must first know how the 
double link lists are organized. Associated with each vertex, there is a variable called gain that 
keeps track of the change in cutsize if this vertex is moved from its current vertex set to the 
other. All vertices with the same absolute gain are grouped to form a double link list. These lists 
can then be indexed by an array in which the nth element of the array points to the double link 
list of vertices with absolute gain n . We shall call head vertex of the list the vertex to which the 
array points. 

Move generation is controlled using either of the two following methods. In the first 
method, standard control, the two vertices are picked randomly and independently with equal 
probability from the head vertices of the first 19 double link lists. After the head vertex of a list is 
picked, it loses its head position to  the next vertex in the list even if the proposed move is 
rejected. The parameter 0 is lowered as a function of the inverse temperature, s , according to the 
empirical formula 

where M  is the maximum absolute gain possible and Ci is the initial cutsize. The objective of 
this method is to  control the proposed energy change in such a way that the acceptance ratio 
drops almost linearly as a function of the total number of proposed moves. In the second method, 
feedback control, the two vertices are picked independently from the head vertices of two double 
link lists selected using the formula 

where < is a random number uniformly distributed between 0 and 1,J is a control parameter and 
0 denotes the eth list in the array. If 0 exceeds M ,  0 is set instead to [ M .  The control parameter - 
0 is adjusted after every r moves according to the formula 

where ko(sn) is the measured acceptance ratio for the last r moves. This procedure enables us to  
keep the acceptance ratio in the neighborhood of 44% for most of the course of the annealing. 

The settings of the A-schedule parameters for the graph partition problem are XL, = 400, 
ALb = 20,000, r = 100, and f = 5. 



Huang's annealing schedule was implemented as in 181. Due to  the difference in move 
generation controls, a few maximum generation limits have been tried. We settled on a value of 
0 . 0 4 ~ ' ,  where N = I VA I + I VB I is the number of vertices in the graph. 

In the implementation of Fiduccia and Mattheyses's heuristic, we considered two procedures 
in which the size of the two vertex sets was allowed to differ either by at most 1 or by at most 
0.1N. This size difference is eliminated at the end of an execution by moving vertices that lead 
to  the smallest increase in cutsize from the larger vertex set to the smaller one. Preliminary 
experimentation did not indicate any significant difference between the final results of the two 
procedures. We, therefore, restrict the maximum size difference of the two vertex sets to 1. 

3.2.2. T e s t  results 

To assess the performance of the efficient Xschedule, we compare it with Huang's annealing 
schedule on the graph partition problem. The experiment was conducted on random graphs with 
N = 500 or N = 1,000 vertices and an average edge degree, d ,  of 5 or 20. These graphs are 
random in the sense that the probability that any pair of vertices constitutes an edge is given by 
d / ( N  - 1). Since for any vertex, there are N - 1 such pairs, the average edge degree is d . 
Four instances of random graphs are chosen in the test, with the following N and d values: 
N = 500, d = 5; N = 500, d = 20; N = 1,000, d = 5; N = 1,000, d = 20. The experimental 
results are shown in Table 12 in which 7 is the excess of the found cutsize, C ,  over the estimated 
best cutsize, Co, i.e., y = C - Co. This best cutsize was found by carrying out a sequence of 
careful annealing executions as described for the traveling salesman problem. 

The speedups associated with a particular y as the number of vertices or the average edge 
degree increases are shown along each column in Table 12 while the speedups associated with a 

Table 12: Comparison between the efficient A-schedule with feedback control and Huang's 
annealing schedule with standard control on random graphs. The excess of the cutsize, C ,  over 
the estimated best cutsize, Co, is denoted by 7, i.e., y = C - Co. 

N 

500 
1000 
500 

1000 

Table 13: Comparison between Kernighan and Lin's heuristic and the best of 10 executions of 
Fiduccia and Mattheyses's heuristic. The results from Kernighan and Lin's heuristic are denoted 
by t' and while the results from Fiduccia and Mattheyses's heuristic are denoted by 1: and 7. 

d 

5 
5 

20 
20 

N 

500 
1000 
500 

1000 

Speedup 

Cutsize 
d 

5 
5 

20 
20 

7' 
26 
61 
43 
83 

7 = 5  
4.2 
4.8 

>100.0 

7 = 1 2  
3.2 
2.5 
9.8 

13.1 

7 
17 
41 
29 
65 

7 = 8  
4.6 
2.7 

13.7 

CPU t ime  (sec.) 
1' 

65.7 
371.4 
87.3 

424.2 

t 
8.3 

24.4 
22.6 
57.0 



particular problem size as the cutsize improves are shown along each row. The speedup is defined 
as the ratio of the CPU time used by Huang's annealing schedule with standard control to  the 
CPU time used by the efficient A-schedule with feedback control. We observe a speedup of up to 
100 on a random graph with N = 500 and d = 20. 

We also compare simulated annealing using the efficient Xschedule and feedback control 
with another heuristic for the graph partition problem. Our choice of heuristics consists of 
Kernighan and Lin's heuristic [ll], and multiple executions of Fiduccia and Mattheyses's heuristic 
(a  sped up version of the Kernighan and Lin's heuristic). Since Fiduccia and Mattheyses's 
heuristic is very fast (linear time), and Kernighan and Lin's heuristic gives slightly better results 
than Fiduccia and Mattheyses's heuristic, we first explored whether the best of multiple 
executions of Fiduccia and Mattheyses's heuristic gives better results than Kernighan and Lin's 
heuristic. Based on the preliminary results in Table 13, we chose multiple executions of Fiduccia 
and Mattheyses's heuristic as the competitor. Three types of graphs were used in the comparison 
between simulated annealing and Fiduccia and Mattheyses's heuristic: random graph, geometric 
random graph, and hierarchical graph. The construction of random graphs has already been 
described. T o  construct a geometric random graph with N vertices and an average edge degree 
d as  described in [9], we first independently pick N pairs of random numbers uniformly 
distributed in the interval of 0 to  1. These N pairs of numbers are the coordinates of the N 
vertices. Then, we add an edge between any two vertices whose distance apart is less than r 
with r = m. This formula for r is obtained by noting that all N vertices are contained 
in an area of 1. Hence, the average area per vertex is 1 / N .  To find an average of d vertices 
whose distances are less than r apart from a given vertex (i.e., in an area of ?rr2), we let 
r = d m .  See Fig. 4a for the picture of a geometric random graph with N = 500 and 
d = 5. T o  construct a hierarchical graph with 4k vertices where k = 1, 2, ..., we apply the 
following algorithm. 

1. let i = k .  

2. partition the 4' vertices into 4'-I groups with four vertices in each group. 

3. add four edges to  each group to make a cycle. 

4. select one vertex from each of these groups to  obtain a total of 4'-I vertices. 

5. let i = i - 1 and repeat step 2 to step 5 on these 4' vertices until the graph is 
connected. 

A hierarchical graph with 64 vertices is depicted in Fig. 4b. It is easy to  see that the minimum 
cutsize for these graphs is always 2. 

The test results for the three types of graphs are displayed in Table 14 to Table 16 in which 
Co is the best cutsize found and y' and 7 are the cutsizes in excess of Co for Fiduccia and 
Mattheyses's heuristic, respectively. The speedup, t '  / 2 ,  is defined as the ratio of the CPU time 
used by Fiduccia and Mattheyses's heuristic, t', to  the CPU time used by simulated annealing, t . 
All results tabulated for Fiduccia and Mattheyses's heuristic are the average results of at least 
eight groups, where the CPU time of a group is the cumulative CPU time for 100 executions and 
the cutsize of a group is the best cutsize found in those 100 executions. All results tabulated for 
simulated annealing are the average results of at least eight executions. 



Figure 4a Figure 4b 

Figure 4a: A geometric random graph with 500 vertices and an average edge degree of 5. Figure 
4b: A hierarchical graph with 64 vertices. 

From Table 14 we observe a speedup of up to 5 for a random graph with 1,000 vertices and 
an average degree of 20. To better understand the relationship between the speedup and the 
quality of the h a 1  solution, we picked a random graph with N = 500 and d = 5 and varied the 

Table 14: Comparison with Fiduccia and Mattheyses's heuristic on random graphs. 

Table 15: Comparison with Fiduccia and Mattheyses's heuristic on geometric random graphs. 

Table 16: Comparison with Fiduccia and Mattheyses's heuristic on hierarchical graphs. The 
minimum cutsize Co for hierarchical graphs is always 2. 



execution time. The test results on such a graph with the number of executions within a group 
ranging from 10 to 2,000 are shown in Table 17. We observe a speedup of up to 15 for high 
quality solutions. 

In contrast, simulated annealing performs relatively poorly on geometric random graphs. 
We observe from Table 15 that simulated annealing runs up to 17 times more slowly and gives 
worse results than Fiduccia and Mattheyses's heuristic. The superiority of Fiduccia and 
Mattheyses's heuristic over simulated annealing on geometric graphs may be related to the special 
structure of these graphs. As shown in Fig. 4a, all edges of a geometric random graph are 
between pairs of vertices that are close by. Simulated annealing, being fairly insensitive to 
structure, performs poorly on this type of graph when compared with Fiduccia and Mattheyses's 
heuristic, which takes advantage of this structure. 

Another kind of graph for which simulated annealing does not perform well is hierarchical 
graphs. The test results for hierarchical graphs are displayed in Table 16. Although simulated 
annealing performs poorly on this kind of graph, Fiduccia and Mattheyses's heuristic does even 
worse. We observe a speedup of up to 3 on a hierarchical graph with 4,096 vertices. 
Furthermore, by comparing Table 16 with Table 18, we notice that the quality of the solutions 
obtainable by simulated annealing is much higher than that obtainable by Fiduccia and 
Mattheyses's heuristic if we increase the allotted CPU time. Both methods find the optimal 
cutsize for N = 256. However, as the number of vertices increases, the problem becomes 
increasingly difficult. Except for specially designed heuristics that exploit this kind of structure, 
finding high quality solutions for hierarchical graphs is a very difficult problem because of the 
small optimal cutsize. 

Table 17: Detailed comparison with Fiduccia and Mattheyses's heuristic on a random graph with 
500 vertices and an average edge degree of 5. The best cutsize found, Co, for this problem is 247. 

Table 18: The best average results obtained (with reasonable amount of CPU time) by simulated 
annealing and Fiduccia and Mattheyses's heuristic on hierarchical graphs with 256 to  4,096 
vertices. The CPU time tabulated for Fiduccia and Mattheyses's heuristic is the cumulative CPU 
time of all the executions in a group. By varying the number of executions in a group, we vary 
the total CPU time. The minimum cutsize is always 2. 

Exec. 

10 
100 
500 

2000 

Cut size CPU t ime  (sec.) 

7' 
13 
10 
7 
5 

7 
13 
10 
6 
5 

t ' / t  
0.36 
1.56 
4.04 

14.96 

i t  
8.6 

64.7 
308.4 

1226.4 

t 
24.0 
41.5 
76.4 
82.0 



4. Conclusion 

We have presented an implementation for the efficient Xschedule and we have shown that 
the schedule coupled with a good move generation strategy achieves substantial speedups when 
compared with schedules available in the literature. Since the efficient A-schedule uses statistical 
quantities only, i t  is applicable to  general combinatorial optimization problems. In addition, for 
problems that have little structure, simulated annealing has been shown to uncover high quality 
solutions faster than tailored heuristics for the traveling salesman and the graph partition 
problems. 
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