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Abstract

There are two major criticisms about simulated annealing
as a general method for solving combinatorial optimization
problems: its effectiveness when compared with other well-
designed heuristics and its excessive computation time. In this
paper, we show that simulated annealing, with properly
designed annealing schedule and move generation strategy,
achieves significant speedups for high quality solutions when
compared with tailored heuristics on two well-studied
problems: the traveling salesman problem and the graph
partition problem. Efficient heuristics for the traveling
salesman problem can be applied to power and ground routing
and, for the graph partition problem, to min-cut placement
and logic partitioning.

1. Introduction

Most of the practical applications of simulated annealing
(5-A) have been in complicated problem domains, where
algonithms either did not exist or performed poorly. To assess
the performance of S-A as a general method for solving
combinatorial optimization problems, we have to compare the
method with efficient heuristics on well-studied problems. The
traveling salesman problem (TSP) and the graph partition
problem (GPP) are chosen as the “arena’” for our comparison
because of two reasons. First, quite a few problems in the
layout domain can be formulated as TSP and GPP. For
example, power and ground routing in PI, a placement and
interconnect system [11, p.429], is formulated as a TSP while
min-cut placement [2] and logic partitioning [4] are formulated
as GPP. Second, both the TSP and the GPP have been
studied extensively for two decades resulting in a number of
efficient heuristics, such as the ones by Lin and Kernighan
(L-K-H) [9], and Karp (Ka-H) [6] for the TSP, and the one
by Fiduccia and Mattheyses (F-M-H) [3] for the GPP. By
comparing S-A with these efficient heuristics, we can assess
how well S-A performs as a general method for solving
combinatorial optimization problems. If S-A can compete
favorably with these well-designed heuristics on both the
qualities of solutions and the computation time, imagine what
the method can do on problems in the layout domain where
few efficient heuristics are known. TimberWolfSC [10], a
standard cell placement and global routing package, is an
example of successful application of S—A in an area where few
good algorithms exist.

In the next two sections, we shall show that S-A, with
efficient annealing schedule and move generation strategy and
for high quality solutions, achieves a speedup of up to 47 when
compared with L-K-H for the TSP and a speedup of up to 5
when compared with multiple executions of F-M-H {or the
GPP.

The test results given in this paper were measured on a
Sun 3/280-s8 with MCG68881 floating point option. Unless
stated otherwise, they are average results of at least eight

executions. All programs were implemented in the C
programming language.

2. Traveling salesman problem

One of the classical combinatorial optimization problems
is the TSP. The goal of this problem is to minimize the length
of a tour starting from any city, visiting each of the N given
cities once and only once, and returning to the original place of
departure. We restrict our attention to problems where the
cities lie in the plane, and the distances between cities are
symmetric and FEuclidean. We first cover our S-A
implementation, followed by a discussion of the test results.
The simulated annealing schedule and the move generation
control method described in [7] and [8] are used in our
implementation.

2.1. Implementation details

The cost to be minimized in a TSP is the length of a
tour. In our S—A implementation, each city maintains a list of
up to M neighboring cities sorted in ascending order according
to their distances from that city. A move is proposed by first
picking two cities A and B, then modifying the tour as shown
in Fig. 1. City A is always picked randomly with equal
probability from the N given cities while city B is the &'}
entry on the neighbor list of city A with

k = -rxlog(f),

where 4 is a random number uniformly distributed between 0
and 1, and r is a control parameter between 2 and N.

Because ¢ is uniformly distributed, ¥ will be exponentially
distributed,

. 1 ke
p(k)=—€ ! H
T
f—_‘--‘\\ ”_-—_‘\
’ ~ -, ~
k4 A s ~
4 \ ’ AY
/ Y 4 1
B B
e
AY AY
A~ e A i
N ’ N ’
S 4 A -’

Figure 1: How a tour is modified in the TSP.



with an average value of r. Thus, the closer is a city to city
A, the higher is its probability of being picked. If the value of
k exceeds the value of M, a condition that happens less
frequently as r gets smaller, & will be set to 6§+#N. The
control parameter r is adjusted after every 100 moves
according to the formula

T r 4+ 100#(& - 0.44),

where & is the measured acceptance ratio for the last 100
moves. If & is less than 0.44, the value of r is lowered. If & is
greater than 0.44, the value of r is raised. This updating
procedure enables us to keep the acceptance ratio close to the
desiréd acceptance ratio of 44%. (Refer to [7] for an
explanation to why an acceptance ratio of 44% is desirable.)
The value of M is set to the minimum of N -1 and 250.

2.2. Test results

We compare S—A with L-K-H, and Ka-H for the TSP.
The comparison with L-K-H covers four types of city
distributions: uniformly distributed cities, super-clustered
cities, cities on a lattice, and cities on a lattice with
perturbations. In the last case, the maximum distance by
which a city can be perturbed is 50% of the normal inter-
neighbor distance. All results tabulated are the average of at
least eight executions. In the case of I-K-H, each execution
consists of ‘3 iterations and within each iteration, the local
optima found in the preceding iterations are used to speed up
the search at the current iteration.

The speedups, defined as the ratio of the CPU time used
by L-K-H, t/, to the CPU time used by S-A, t, are shown in
Table 1 to Table 4. In Table 1 and Table 4, where the
optimal costs are not known, & and 6 are, respectively, the
percentages above the estimated best costs for L-K-H and for

Size CPU time (sec.) Tour length

i1 i i/t | % | (%)
100 69.8 52.9 1.32 1.01 1.01
200 296.0 101.6 2.91 1.25 1.21
300 686.1 197.5 3.47 1.32 1.32
400 1492.7 | 330.8 4.51 1.46 1.40

Table 1: Comparison with L-K-H on the TSP with uniformly
distributed cities.

Size CPU time (sec.) Tour length

i1 t tr /| 8% | 6(%)
64 57.9 9.3 6.23 0.58 0.58
128 428.2 17.4 24.61 1.13 1.06
256 2113.6 61.5 34.37 2.52 2.58
512 13883.1 296.3 46.85 4.11 4.03

Table 2: Comparison with L-K-H on the TSP with super-
clustered cities.

s CPU time (sec.) Tour length

il DY) i tr /1 | 6% | 6(%)
100 13.0 78.2 0.17 0.20 0.31
200 70.7 492.0 0.14 0.15 0.67
300 190.3 13384 0.14 0.10 1.09
400 415.6 3125.5 0.13 0.25 1.09

Table 3: Comparison with L-K-H on the TSP with cities on a
lattice.

Size CPU time (sec.) Tour length

s t TNERRIVARMNIEA
100 32.7 104.9 0.31 0.70 0.70
200 182.3 205.6 0.89 0.73 0.70
300 510.6 270.8 1.89 1.42 1.38
400 978.8 | 417.5 2.34 1.43 1.42

Table 4: Comparison with L-K-H on the TSP with cities on a
lattice with up to 50% perturbations.

St

S—A while in Table 2 and Table 3, where the optimal costs are
known, & and & are the percentages above the optimal costs.
The number of cities (size) ranges from 64 to 512.

From these tables, we observe that L-K—H performs very
poorly on super-clustered cities and does a very good job on
cities on a lattice. This comes as no surprise since L-K-H
produces 3-optimal solutions—an n -optimal solution is a local
optimum with respect to moves that exchange n sections of a
tour instead of only two sections as in Fig. 1. In the case of
super-clustered cities, the number of locally optimal solutions
that are 2-optimal is large. Therefore, L-K-H spent lots of
time going from one 2-optimal solution to another until it
reached a 3-optimal solution. Tn the case of cities on a lattice,
the number of globally optimal solutions is large: any tour
formed by connecting cities either vertically or horizontally is a
globally optimal solution. Consequently, the probability of
finding one of these optimal solutions is high and the heuristic
terminates quickly. To check that the number of globally
optimal solutions influences the speed of L-K-H, we perturbed
the positions of the cities on a lattice so that the number of
globally optimal solutions is small. The CPU times for the
perturbed problems shown in Table 4 fall in between those for
the uniformly distributed cities and the cities on a lattice.
This observation confirms our conjecture that the abundance
of globally optimal solutions speeds up L-K-H.

On the contrary, S—A is relatively insensitive to the
structure and regularity of an optimization problem; the CPU
times used by S-A for different city distributions stay fairly
constant for similar qualities of solutions. This combination of
the sensitivity of L-K-H towards the number of global
optimums and the insensitivity of S-A towards the structure
of a problem explains the drastic speedup (up to 47) for
problems with super-clustered cities as well as the superiority
of L-K-H over S~-A on problems with cities on a lattice.

Except for the case of cities on a lattice, S—A provides a
substantial speedup over L-K-H for high quality solutioms.
This observation indicates that for problems where globally
optimal solutions are sparse and high quality solutions are
desired, 5-A coupled with a good move generation strategy is
an efficient and highly competitive heuristic.

The comparison with Ka-H coupled with L-K-H was
performed on a TSP with 10,000 cities whose coordinates are
uniformly distributed in the interval of 0 to 1,000,000. Ka-H
consists of three stages: partition a problem into smaller size
sub-problems, solve the sub-problems using another heuristic,
and patch the resulting solutions to form a tour. In this
experiment, we used L-K-H as the heuristic that solves the
partitioned sub-problems.

The result of the comparison between S~A and Ka-H is
shown in Table 5. The estimated best cost for this problem is
based on the formula [1]

C
lim —Z = 0.749,
N —+ oo N*12

where C,, is the optimal tour length and I = 1,000,000 is the
interval from which the coordinates of the cities are picked.
Table 5 is consiructed by varying the number of partitions
used in Ka-H and comparing the resulting solutions with
simulated annealing. We observe that S-A out-performs
Ka~H for high quality soclutions. This evidence strongly
supports our belief that an efficient annealing schedule coupled
with a good move generation strategy makes S~A an extremely
effective heuristic.

3. Graph partition problem

The goal of the GPP is to partition the vertices of a
graph into two equal size vertex sets, V4 and Vj, so as to
minimize the number of edges with end-points in both sets.
Our experimental results in this problem are similar to those
obtained by Johnson et al. {5] with one essential difference. By



using an efficient annealing schedule [7] and a good move
generation strategy, we are able to speed up S-A significantly.
Thus, for the same high quality solutions, the CPU time spent
by S—-A compares favorably with the CPU time spent by
F-M-H. We first describe our S—-A implementation, followed
by a discussion of the test results.

s CPU time (sec.) Tour length
Partition 5 T ER N ANNA
128 4850 11050 0.44 6.98 6.66

64 10330 16070 0.64 3.52 3.41

32 26460 21610 1.22 2.03 1.97

Table 5: Comparison with Ka~H on the TSP with 10,000 uni-
formly distributed cities.

3.1. Implementation details

The cost to be minimized in a GPP is the size of the
cutset—the number of edges with end-points in both vertex
sets. In order to increase flexibility in move generation, we,
following the work of Johmson et al, introduce an additional
imbalance factor into the cost function:

Cost = cutsize + E+{| V4 | = | Vs | )%

where cuisize is the size of the cutset, £ is the imbalance

factor, and | V4 | and | Vg | are, respectively, the number .

of vertices in sets V4 and Vp. The imbalance factor serves
two purposes. The first one is to increase flexibility in move
generation by allowing moves that result in a difference
between |V, | and | Vg |. This increase in flexibility
increases the number of available moves and, hence, the
chance of climbing out from a local optimum. The second one
is to control the difference in size (the number of vertices)
between V,; and Vg. A big difference in size is unlikely to
occur at low temperature because moves that reduce this
difference would likely be accepted. Since these two purposes
are contradictory, we must choose the imbalance factor
carefully: too small a value will unduly favor the first purpose
while too large a value will unduly favor the second purpose.
The value of the imbalance factor used in our experiments is
either 0.005 or 0.02. The former value is used for problems in
which the average edge degree is low while the latter value is
used for problems in which the average edge degree is high.

A move is proposed in two steps involving two vertices.
First, a vertex is picked from an array of double link lists and
moved to the other vertex set. Then, a second vertex is picked
independently from the array and moved to the other vertex
set. Since the two vertices are picked independently, we may
end up moving two vertices from the same set to the other, a
perfectly acceptable operation.

In order to understand how move generation is
controlled, we must first know how the double link lists are
organized. Associated with each vertex, there is a variable
called gain that keeps track of the change in cutsize if this
vertex is moved from its current vertex set to the other. All
vertices with the same absolute gain are grouped to form a
double link list. These lists can then be indexed by an array
in which the n** element of the array points to the double
link list of vertices with absolute gain n. We shall call the
vertices to which the array points the head vertices of the lists.

Move generation is controlled by picking two vertices
independently from the head vertices of two double link lists
selected using the formula

k = -r¥log(f).

In this formula, # is a random number uniformly distributed
between 0 and 1, r is a control parameter between 1.5 and M
(the maximum absolute gain possible) and & denotes the &'®
list in the array. If the value of k exceeds the value of M, a
condition that happens less frequently as r gets smaller, £ will

512

be set to §*M . After the head vertex of a list is picked, it
loses its head position to the next vertex in the list even if the
proposed move is rejected. The control parameter r is
adjusted after every 100 moves according to the formula

r — 1 + 5¥(& - 0.44),

where & is the measured acceptance ratio for the last 100
moves. If & is less than 0.44, the value of r is lowered. If & is
greater than 0.44, the value of r is raised. Thus, the
acceptance ratio is regulated so that it stays close to the
desired acceptance ratio of 44%.

In the implementation of F-M-H, we considered two
procedures in which the size of the two vertex sets was allowed
to differ either by at most 1 or by at most 0.1*N, where N is
the total number of vertices. The resulting size difference is
eliminated at the end of an execution by moving vertices that
lead to the smallest increase in cutsize from the larger vertex
set to the smaller one. Preliminary experimentation did not
indicate any significant difference between the final results of
the two procedures. We, therefore, restrict the maximum size
difference of the two vertex sets to 1.

3.2. Test results

We compare S—A with the best of multiple executions of
F-M-H (a linear time heuristic) for the GPP. Three types of
graphs were used in the comparison: random graph, geometric
random graph, and hierarchical graph. To construct a random
graph with N vertices and an average edge degree d, we add
an edge between any pair of vertices with a probability of
d /(N —1). Since for any given vertex, there are N - 1 such
pairs, the average edge degree is d. To construct a geometric
random graph with N vertices and an average edge degree d
as described in [5], we first pick N pairs of random numbers
uniformly and independently distributed in the interval of 0 to
1. These N pairs of numbers are the coordinates of the NV
vertices, Then, we add an edge between any two vertices
whose distance apart is less than r with r = vid / Nx. This
formula for r is obtained by noting that all N vertices are
contained in an area of 1. Hence, the average area per vertex
is 1 / N. To find an average of d vertéces whose distances are
less than r apart from a given vertex (i.e., in an area of nr

part fro )

we let r = / Nx. To construct a hierarchical graph with
4%  vertices where k =1, 2,..,, we apply the {following
algorithm:

1. letdi =k.

2. partition the 4' vertices into 412 ‘groups with
four vertices in each group.

3.  add four edges to each group to make a cycle.

select one vertex from each of these groups to
obtain a total of 4°~1 vertices.

5. let i =i — 1 and repeat step 2 to 4 on these 4°
vertices until the graph is connected.

It is easy to verify that the minimum cutsize for these graphs
is always 2.

The test results for the three types of graphs are
displayed in Table 6 to Table 8 in which C is the best cutsize
found and 4/ and ~ are the cutsizes in excess of C for F-M-H
and S-A, respectively. The speedups, ¢t/ / ¢, are defined as
the ratio of the CPU time spent by F-M-H, i/, to the CPU
time spent by S-A, ¢. Al results tabulated for F-M-H are
the average results of at least eight groups, where the CPU
time of a group is the cumulative CPU time for 100 executions
and the cutsize of a group is the best cutsize found in those
100 executions. All results tabulated for S—A are the average
results of at least eight executions.

From Table 6 we observe a speedup of up to 5 for a
random graph with 1,000 vertices and an average degree of 20.
To better understand the relationship between the speedup
and the quality of the final solution, we picked a random



N d CPU time (sec.) Cutsize
i/ t t0 /1 |y} oy Cy
500 5 64.7 | 415 1.56 10 | 10 247
1000 5 154.0 | 42.1 3.66 31 | 32 463
500 | 20 | 209.7 | 494 4.24 11 | 12 | 1706
1000 | 20 | 4874 | 91.7 5.32 45 | 47 | 3374
Table 6: Comparison with F-M-H on random graphs.
N d CPU time (sec.) Cutsize
i/ 3 i1/t | v y Cq
500 5 66.4 | 1050.1 0.06 6 11 5
1000 5 | 204.2 905.7 0.23 14 14 20
500 | 20 | 1745 | 28235 0.06 0 49 | 100
1000 | 20 | 388.5 | 1315.3 0.30 2 1369 | 181
Table 7: Comparison with P-M-H on geometric random
graphs.
N CPU time (sec.) Cutsize
il t 1/t | v vy
256 20.1 | 248.3 0.08 0 0
1024 | 128.6 | 126.3 1.02 7 7
4096 | 488.7 | 1614 3.03 43 | 43

Table 8: Comparison with F~-M~H on hierarchical graphs.

CPU time (sec.) Cutsize

Exec. Ll t 1 tr /i 1w |
10 8.6 | 24.0 0.36 13 13
100 64.7 | 41.5 1.56 10 10
500 308.4 | 76.4 4.04 7 6
2000 1226.4 | 82.0 14.96 5 5

Table 9: Detailed comparison with F-M-H on a random graph
with N =500 and d =5 (Cy=247).

N CPU time (sec.) | Cutsize
i! i !

256 20.1 248.3 0 0

1024 2574.2 1745.7 5 1

4096 9890.5 2755.5 42 18

Table 10: The best average results obtained (with reasonable
amount of CPU time) by S—A and F-M-H on hierarchical
graphs.

graph with ¥ = 500 and d = 5 and vary the execution time.
The test result on such a graph is shown in Table 9 in which
the number of executions within a group is varied from 10 to
2,000. We observe a speedup of up to 15 for high quality
solutions. In addition, the result indicates that using 100
executions per group seems to be a reasonable compromise
between the computation time and the quality of the final
solution.

In contrast to the good result for random graph, S—A
performs relatively poorly on geometric random graph. We
observe from Table 7 that S—A tuns up to 17 times slower and
gives worse results than F-M-H. The superiority of F-M-H
over S-A on geometric graphs may be related to the special
structure of these graphs. All edges of a geometric random
graph are between pairs of vertices that are close by. S-A,
being insensitive to any structure, performs poorly on this type
of graph when compared to F-M-H which takes advantage of
this structure.

Another kind of graph for which S-A does not perform
well is hierarchical graphs. The optimal cutsize for these
graphs is always 2. The test result for hierarchical graphs is
displayed in Table 8. Although S-A performs poorly on this
kind of graph, F-M-H does even worse. We observe a
speedup of up to 3 on a hierarchical graph with 4,096 vertices.
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Furthermore, by comparing Table 8 with Table 10, we notice
that the gquality of the solutions obtainable by 5-A is much
higher than that obtainable by ¥-M-H if we increase the
allotted CPU time. Both algorithms find the optimal cutsize
for N = 256. However, as the number of vertices increases,
the problem becomes increasingly difficult. Except for
specially designed heuristics that exploit this kind of structure,
we believe finding high quality solutions for hierarchical graphs
is a very difficult problem because of the small optimal cutsize.

4. Conclusions and acknowledgements

We have shown that for problems that have little
structure and for high quality solutions, S—A achieves
significant speedups over specially designed heuristics for the
TSP and the GPP. Although these two problems are not your
typical day-to-day layout problems, quite a few problems in
the layout area can be formulated as TSP and GPP. Since
S—A -competes favorably with well-designed heuristics on these
well-studied problems, we believe the method can be extremely
competitive in the layout domain where few good algorithms
exist.

This research was supported by the Army Research
Office under contract DAAL03-86-K-0158 and by the Office of
Naval Research under contract N00014-85-K-0461.
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