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expected by further lowering the temperature. At this point, the current state of the 

system is the solution to the optimization problem. The simulated annealing method is 

summarized in Fig. 1.1. Note that when the temperature is lowered from infinity to 

zero, the exploration of the state space is changed gradually from random-all proposed 

moves are accepted-to greedy-only downhill moves are accepted. 

Since its introduction, simulated annealing has been applied to optimization 

problems in diverse areas from code design [Beenk85], computer-aided IC design 

[Seche85], image restoration [Sonta85] to seismology [Jakob87]. (Refer to ELaarhS7, 

Chapter 71 for an extensive list of applications.) The popularity of simulated annealing 

comes from its ability to find close to optimal solutions for NP-hard combinatorial 

optimization problems. Unfortunately, the method also has its drawbacks; one of the 

major obstacles towards successful application of simulated annealing to combinatorial 

optimization problems in general is its massive requirement of computation time, which 

arises from the probabilistic hill climbing nature of the method. In order to tackle this 

problem, current research in simulated annealing is concentrated in two areas: parallel 

implementation of simulated annealing [AartsS~], [Baner86], [CasotSG], [Kravi86], and 

optimization of the simulated annealing schedule [Aarts85], [MitraSS], [Huang86]. This 

dissertation belongs to the latter category. For a review of current research in parallel 

implementation of simulated annealing, the interested reader is referred to [Laarh87, 

Chapter 81. 

This dissertation is organized into six chapters. In the remainder of this chapter, 

we shall discuss some of the approaches used by researchers to obtain different annealing 

schedules. Representative annealing schedules from various approaches will be covered. 

In Chapter 2 we shall derive an intermediate form of our annealing schedule starting 

from an approximate thermal equilibrium criterion. Two models, one for the move 

generation strategy and one for the energy distribution of the states, will be introduced 

in Chapter 3. Using these models, we shall derive the final form of our annealing 

schedule. In Chapter 4 a procedure for the estimation and control of the parameters in 

our annealing schedule will be described together with other practical issues. The 

performance of our annealing schedule will be assessed in Chapter 5. Moreover, the 
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performance of simulated annealing as a general combinatorial optimization method will 

also be discussed. Finally, in Chapter 6 we shall give our concluding remarks. 

1.2. Simulated annealing schedules 

The simulated annealing method still raises many open questions: what is a 

sufficiently high initial temperature; how fast should the temperature be lowered; how is 

thermal equilibrium detected; what is the freezing temperature. Among these questions 

the most important and fundamental one is how to minimize the computation time while 

getting a good quality solution. In this section we discuss two approaches that lead to 

different annealing schedules. The first approach is the study of simulated annealing 

based on time-homogeneous and time-inhomogeneous Markov chains. The second 

approach is the study of simulated annealing based on an approximate equilibrium (or 

quasi-equilibrium) criterion. 

For ease of presentation, we define the inverse temperature s as 

Thus, a decrease in the temperature T corresponds to an increase in the inverse 

temperature s . We also assume time (or step) is discrete and is incremented whenever a 

proposed move is either accepted or rejected. Furthermore, we assume that the inverse 

temperature is a non-decreasing function of time, that is, 

where s, is the inverse temperature at step n . 

1.2.1. Markov chain approach 

The analysis of simulated annealing based on time-homogeneous and time- 

inhomogeneous Markov chains [Isaac761 has been carried out independently in [Aarts85], 

[Hajek85], [Mitra85], and [Romeo851 among others. In this section we summarize some 

of their main results. For proofs of these results and a list of contributing authors, the 

reader is referred to [Laarh87, Chapter 31. 
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Let xi be the energy of state i ,  wi (n ) be the probability that the system is at 

state i at  step n ,  and gi, j  be the probability of proposing a move from state i to 

state j. Since the probability that a move from state i to state j is accepted is 

determined by the Metropolis criterion, 

the one-step transition probability from state i to state j at step n is 

If a proposed move is rejected, the system remains in the same state. Therefore, the 

probability of staying at state i is 

In matrix notation the probability vector of the system at step n is 

where W (n ) is a column matrix with elements wi ( n  ) and P (n ) is a square matrix 

with elements p;,j (n  ). The preceding relation for a time-inhomogeneous Markov chain 

( P  (n  ) is a function of time) is a precise mathematical model for simulated annealing. 

However, it is also of interest to study simulated annealing based on a time-homogeneous 

Markov chain in which the inverse temperature s, is fixed at a particular value. The 

analysis of simulated annealing based on both Markov chains leads to a number of 

interesting theoretical results. 

Let P [k](n ) = P (n + k  - l )P  (n  f k -2) . . P (n  ) be the k -step transition 

probability matrix. The first result is that if the irreducibility condition 

Vi , j :  P[:!j (A) > 0, for some finite k ,  (1.6) 

and the reversibility condition 

v i , j :  gi,j = gj , i ,  (1.7) 

are satisfied, then it can be shown that the stationary (equilibrium) probability 
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distribution for a time-homogeneous Markov chain at  a fixed inverse temperature s ,  

II(s ), is given by 

-sz; 
where z ( s  ) = x e  is known as the partition function for the system. In other words, 

vi 

the preceding expression gives the probability that a system is at  state i with energy x; 

when the system is in thermal equilibrium at inverse temperature s .  Note that the 

stationary probability distribution is independent of g;,j and, hence, the move 

generation strategy. 

The partition function z ( s  ) is a very useful quantity. From the partition function 

we can compute the equilibrium average energy of the system, 

This expression can be generalized to obtain the nth order moment of the energy, 

Since the equilibrium variance of the energy, a2(s ), is given by 

it is easy to  verify that 

a relation which will be used frequently in the subsequent chapters. 

The second result, which is based on the time-inhomogeneous Markov chain, is that 

the system converges to the globally optimal solutions asymptotically if the inverse 

temperature is changed according to the following annealing schedule: 

sn = Xlog(n + I) ,  n = 1, 2 ,..., (1.11) 
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where X 5 X-, and A,, is a parameter that depends on the structure of the 

optimization problem. We shall call this annealing schedule the logarithmic schedule. 

Although the logarithmic schedule can be shown t o  converge asymptotically to the 

globally optimal solutions, its computation time is higher for comparable results than 

other annealing schedules proposed in the literature. This is because the logarithmic 

schedule has to guarantee convergence even in the worst case of stepping into a deep 

local minimum, no matter how unlikely such an event is to occur. In order for the 

system to break away from this local minimum, the schedule has to raise the inverse 

temperature slowly and, therefore, has to settle for a slower rate of convergence. In 

Section 1.2.2 we discuss annealing schedules based on approximate equilibrium criteria. 

These annealing schedules no longer guarantee convergence to  the globally optimal 

solutions, but give a better performance in practice. 

1.2.2. Quasi-equilibrium approach . . 

We present three annealing schedules based on different quasi-equilibrium criteria 

in this section. The first schedule is by Aarts and van Laarhoven [Aarts85]. Their 

analysis is also based on Markov chain theory. But instead of performing an exact 

asymptotic analysis of the behavior of simulated annealing, they introduce an 

approximate equilibrium criterion. They propose that the inverse temperature be raised 

after every k steps with the new inverse temperature, s , + ~ ,  chosen such that the 

following quasi-equilibrium criterion is satisfied: 

where E is a small positive constant, II(s,) is the stationary probability vector for the 

time-homogeneous Markov chain at inverse temperature sn , and llIIll is the l-norm of 

vector TI. Based on this quasi-equilibrium criterion and under other assumptions, they 

derive an annealing schedule of the form 

where X is a user specified constant that is related to the E in (1.12). Furthermore, they 
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argue that k ,  the number of steps before the temperature is changed, should be set to 

the maximum number of states that may be reached from any state in one step. 

T o  determine the initial inverse temperature, so, they propose the following 

method. Assume that mo moves have been proposed and only porno of them are 

accepted. Of these mo moves, ml  moves result in a positive proposed energy change, 

i.e., Ax > 0. From the Metropolis criterion it is easy to determine the equality 

where the summation is over the ml moves with positive proposed energy changes. The 

first term on the right hand side of the equality accounts for the number of accepted 

downhill moves while the second term accounts for the number of accepted uphill moves. 

In order to simplify the second term, they assume that 

Z: e 
-3 Ax; 

M mle -3 <AX >+ 
9 

Vi : Ax; >O 

where <Ax >+ is the average value of those positive Ax; 's. With this assumption, an 

expression for the inverse temperature can be found: 

Instead of specifying the initial inverse temperature, they suggest that the initial 

acceptance ratio, po, be specified. Then, equation (1.14) can be used to compute the 

inverse temperature after every step until its value is stable. This value will be taken as 

the initial inverse temperature, so. 

To  determine whether the system is frozen, they propose to use the slope of the 

smoothed average energy at different inverse temperatures. The idea is that as the 

system approaches its frozen state, the decrement of the smoothed average energy from 

one inverse temperature to the other is small. If this decrement is less than a given 

small value, the system is considered frozen and annealing is stopped. In order to 

minimize the statistical fluctuation of the measured average energy, they use the running 

average of the energy over a number of inverse temperatures as the smoothed average 
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energy. 

Before proceeding to the next annealing schedule, we would like to comment on 

Aarts's quasi-equilibrium criterion and annealing schedule. We know from equation 

(1.5) that the probability vector of a system at step n ,  W ( n ) ,  depends on the 

transition probability matrix P ( r )  for r = 1,  2, . . . , n .  Therefore, the rate of 

convergence of a time-homogeneous Markov chain towards its stationary probability 

vector also depends on the transition probability matrix. Now if we examine equation 

(1.3), we observe that the transition probability matrix depends on the inverse 

temperature and g; , j .  Since giYj  depends on the move generation strategy, the rate of 

convergence has to depend on the move generation strategy also. However, the 

annealing schedule in (1.13) and that the inverse temperature is changed after a constant 

number of steps do not account for either the dependency on the inverse temperature or 

the dependency on the move generation strategy. 

Contrary to the two preceding annealing schedules which are based on Markov 

chain analysis on the state space, the next two annealing schedules are derived following 

White's approach [White84]. White has proposed to divide the energy values into small 

non-overlapping intervals of length 6 2  and to group states according to their energy 

values. Let P ( x  ) be the energy density function defined as 

number of states with energy in  the interval containing x 
P ( x )  - 

62 . total number of states 
7 

and let Ps ( x  ) be defined as 

P3 ( x )  " P ( x  )e-" 

Z ( s )  

with 

Using these definitions, it is a simple matter to verify that the equilibrium average 

energy is given by 
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and, hence, the equilibrium variance of the energy is given by 

White has also proposed to  model the energy density function as a normal density 

function: 

where p = p(0) and a2 = a2(0) are, respectively, the equilibrium average energy and the 

equilibrium variance of the energy at an inverse temperature of zero. With the normal 

density function, the probability that the energy of a system is in the interval 

[p - QO, p + a a )  is given by 

where e r f (a )  is the error function [Felle70]. 

Huang et al. [Huang86] propose to detect thermal equilibrium by keeping track of 

two counters for the number of accepted moves that result in energy values within and 

without the interval [x ( s  ) - a n ,  IjS (s ) + aa ) ,  where x (s  ) is the measured average 

energy at inverse temperature s .  If the number of accepted moves within the interval 

reaches its target first, the system is considered in thermal equilibrium; if the number of 

accepted moves without the interval reaches its target first, both counters are reset to  

zero and the counting is initiated again. The target values for the within and without 

interval counters are set to  3er f (0.5)N and 3(1 - erf (0.5))N7 respectively, where N is a 

parameter measuring the size of the optimization problem. In order to guarantee the 

validity of x ( s ) ,  Huang et al. invoke this detection mechanism only after a total of N 

moves has been accepted. It is possible that the system may never arrive at thermal 

equilibrium using this scheme. Therefore, the system is also considered in thermal 

equilibrium if the number of steps is greater than the maximum generation limit, &I, 

where &I is the number of states that may be reached in one move. This dynamic 
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equilibrium detection scheme is an improvement over Aarts's proposal of changing the 

inverse temperature after a constant number of steps, since it accounts for the 

dependency of the time to reach thermal equilibrium on the inverse temperature and on 

the move generation strategy. 

Huang's annealing schedule is derived using the annealing curve-a curve of the 

equilibrium average energy, p ( s ) ,  versus the logarithm of the inverse temperature, 

log(s )-to guide the temperature change. The idea is to control the inverse temperature 

so that p(s  ) decreases in a uniform manner. From the slope of the annealing curve, 

which upon substitution of (1,18), leads to the relation 

The left hand side of this relation can be approximated by (p(s,+k)-p(sn)) / 
(log(sn +k )-log(sn )) to obtain 

(In this scheme the inverse temperature is changed after every k steps with the value of 

k dynamically determined by the equilibrium detection mechanism.) To maintain 

quasi-equilibrium, Huang et al. require that the new inverse temperature, s,+k, be 

chosen such that 

with X 2 1. This leads to  an annealing schedule of the form 

Note that for small values of 1 X / (s, o(s, )) 1 , the exponential function in the 

preceding expression can be approximated by 1 + X / (s, a(s, )). Huang's annealing 

schedule then becomes 
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which seems equivalent to Aarts's annealing schedule in (1.13). However, as mentioned 

earlier, there is a significant difference: the selection of k , the number of steps before the 

inverse temperature is changed, is static for Aarts's schedule and dynamic for Huang7s 

schedule. Another difference between the two schedules is that Huang et  a/. assume that 

a(s, )  = a ( 0 )  in their implementation, although in typical applications of simulated 

annealing the values of u(s, ) can differ by a couple orders of magnitude. In order to 

compensate for this discrepancy, we s h d  see, in Chapter 5, that the value of X for 

Huang's schedule has to be set a couple orders of magnitude larger than 1 to result in an 

acceptable amount of computation time. 

Huang's choice of initial inverse temperature is similar- to White's. The system is 

first randomized at s o  = 0 by accepting all proposed moves. Then, the next inverse 

temperature is chosen using the formula 

with k = 20. The rationale behind this formula is as follows. Assume that the energy 

density function can be approximated by a normal density function as in (1.19). The 

equilibrium average energy at inverse temperature s can be computed from (1.16) and 

(1.17) and is given by 

Substituting the inverse temperature s into the preceding expression, we obtain 

Thus, p ( s l )  is within a fraction of a standard deviation from p ,  and the transition from 

an inverse temperature of zero to the first inverse temperature, s l, is smooth. 

To determine whether the system is frozen, Huang et al. propose the following 

method. When the system is considered in thermal equilibrium, they compare the 

difference between the maximum and the minimum energy values at that inverse 
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temperature with the maximum change in energy in any accepted move at that inverse 

temperature. If the two are equal, they consider that all the states visited are of 

comparable energy values (all the states visited can be reached in one move) and, 

therefore, the system is frozen. 

Thus far, we have discussed two quasi-equilibrium criteria that depend only on the 

equilibrium properties of the system. Although Huang's equilibrium detection scheme 

accounts for the dynamics of the system (the dependency of the time to reach thermal 

equilibrium on the inverse temperature and the move generation strategy), it is better 

and cleaner to take care of the dynamics of the system in a quasi-equilibrium criterion. 

Let X(S, -~)  be the average energy of the system-not necessarily in thermal 

equilibrium-at step n-1. We consider the system is in quasi-equilibrium at inverse 

temperature s, [Lam861 if it satisfies the relation 

In contrast to Aarts's and Huang's criteria which depend only on the stationary 

statistics of the system, our quasi-equilibrium criterion also depends on the average 

energy of the system which, in turn, depends on the move generation strategy. Since a 

good move generation strategy lets the system reach quasi-equilibrium faster, we can 

change the inverse temperature faster or in larger increments. This dependency between 

the move generation strategy and the temperature change is accounted for by our quasi- 

equilibrium criterion. From this quasi-equilibrium criterion, we derive, in Chapter 2, an 

annealing schedule that raises the inverse temperature at every step and keeps the 

system in quasi-equilibrium at all times, thus avoiding the need of an equilibrium 

detection scheme. Furthermore, for a given move generation strategy, a given X and a 

given number of steps, this schedule is also shown to  give the minimum final average 

energy among all schedules that maintain the system in quasi-equilibrium at all times. 

The intermediate form of this annealing schedule is 
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where p2(sn) is the variance of the actual energy change in one step at inverse 

temperature s,. The reader is referred to [Salam87] for insights behind this annealing 

schedule from the thermodynamic point of view. 

In Chapter 3 we introduce two models: one for the energy density function and one 

for the move generation strategy. Based on these two models, we derive the final form 

of our annealing schedule: 

where po is the acceptance ratio (the probability that a proposed move is accepted). 

The increment in inverse temperature can be decomposed into three factors. The first 

factor, which depends on the quasi-equilibrium criterion, is the same as the factors in 

Aarts's and Huang's annealing schedules. The second factor relates the specific heat, 

which is the rate of change of the equilibrium average energy with respect to  the 

temperature, 

to  the temperature decrement. The presence of this factor is in agreement with the 

common belief that the larger is the specific heat, the slower should be the cooling. The 

third factor relates the acceptance ratio and, hence, the move generation strategy to the 

temperature decrement. As will be derived in Chapter 3, to maximize this factor, the 

move generation strategy should be controlled in order to arrive at a desired acceptance 

ratio of 44%. This is similar to the suggestion made by Binder [Binde86, p. 111 on 

Monte Carlo methods in statistical physics that the magnitude of the proposed energy 

change should be chosen such that the acceptance ratio is close to 50%. Thus, not only 

the dynamics of the system is accounted for by our annealing schedule, but also the 

move generation strategy is actively controlled. 
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Our choice of initial inverse temperature is similar to Huang7s with s o  = 0 and 

s l  = 1 / (2a), but our choice of frozen detection scheme is different. We have 

experimented with Aarts7s and Huang's frozen detection methods as well as the simpler 

scheme of stopping annealing when the energy remains unchanged for the last few 

hundred moves. We did not observe any significant difference among the final results of 

these schemes. We, therefore, consider that the system is frozen and stop annealing 

when the energy of the last few hundred'moves remains unchanged. 

Other annealing schedules have been developed using the Markov chain and the 

quasi-equilibrium approaches. The four schedules discussed were selected because they 

either represent a novel approach or perform well experimentally. For an extensive 

survey of different annealing schedules, the interested reader is referred to [Laarh87, 

Chapter 51. 

We shall begin the derivation of our annealing schedule in the next chapter. 
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CHAPTER 2 

Evolution of the Average Energy in Simulated Annealing 

The most important quantity in simulated annealing is the energy of the system 

after the annealing process terminates; this quantity, called the final energy, represents 

the quality of the final solution. Since simulated annealing is a probabilistic algorithm, 

the final energy varies among different executions on the same problem. Hence, the final 

average energy, representing the average quality of the final solution, is a more 

appropriate quantity to analyze and optimize. 

The final average energy depends on the evolution of the average energy during the 

execution of simulated annealing; the evolution of the average energy, in turn, depends 

on the annealing schedule as well as the move generation strategy. Therefore, to 

minimize the final average energy with respect to both the annealing schedule and the 

move generation strategy, we carry out a two step process in two chapters. In this 

chapter we minimize the final average energy with respect to the annealing schedule- 

assuming that the move generation strategy is fixed-to obtain a class of annealing 

schedules called the efficient A-schedules. Ln the next chapter we minimize the final 

average energy with respect to the move generation strategy for this class of schedules. 

We first define a class of annealing schedules called A-schedules that keep a system 

in an approximate equilibrium condition called quasi-equilibrium. Then, we develop a 

formula characterizing the evolution of the average energy for a system in quasi- 

equilibrium. Using this formula, we prove that there exists, among all A-schedules, a A- 

schedule that leads to a minimum final average energy, and we give a formula for this 

efficient A-schedule. We assume, throughout this chapter, that the move generation 

strategy is fixed. Furthermore, we also assume that the irreducibility condition in (1.6) 



and the reversibility condition in (1.7) are satisfied so that the equilibrium average 

energy of the system is given by (1.9). 

2.1. Quasi-stationary process 

The simulated annealing method is based on the observation that annealing is 

successful if the system is kept close to thermal equilibrium as the temperature is 

lowered. However, to keep the system in equilibrium at all times requires that the 

temperature decrements be infinitesimal; a long time would have passed before the 

system is frozen and annealing is stopped. From a practical standpoint, a good 

annealing schedule must, therefore, achieve a compromise between the final average 

energy and the computation time. To determine when the system is in equilibrium so 

that the temperature could be lowered, we need an equilibrium criterion. 

Before introducing this criterion, we have to understand the relationship between 

equilibrium and stationary process. In simulated annealing time (or step) is discrete and, 

is incremented whenever a proposed move is either accepted or rejected. The energy, 

X (s,), of a system is a stochastic process whose statistics depend on step n as well as 

the inverse temperature s,, s, - l / T n .  Thus, given a system, there exists a stochastic 

process corresponding to each annealing schedule. Let us consider a special class of 

annealing schedules where the inverse temperature, s,, is constant. As n -t oa, the 

system approaches equilibrium, and the process X (s, ) becomes stationary. (Keeping 

the inverse temperature constant results in a time-homogeneous Markov chain discussed 

in Chapter 1. But since we are dealing with continuous energy values rather than 

discrete states, we adopt a different notation here.) We denote this kind of stationary 

process by _X (s,) and its mean and variance by p(sn ) and a2(sn ), respectively. The 

stationary process _X (s, ) is of interest because comparison with its statistics provides 

information on how far the system is away from equilibrium at any inverse temperature. 

Since one cannot afford to wait for the system to reach equilibrium at a given inverse 

temperature, the need for an approximate equilibrium criterion that controls how far the 

system is allowed to deviate from equilibrium is evident. 
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We know that if the inverse temperature, s , is fixed, the average energy, X (s ), 

converges monotonically towards p(s ) .  Thus, we would like to have an approximate 

equilibrium (or quasi-equilibrium) criterion of the form 

With this criterion once the system reaches quasi-equilibrium, it stays in quasi- 

equilibrium until the inverse temperature is changed. However, we observe that the 

criterion is invariant with respect to translation, but not to scaling of the energy. In 

order to have an approximate equilibrium criterion which is invariant with respect to 

both transformations, we replace E by Aa(s). We say a process, X (s,-~), is quasi- 

stationary at inverse temperature s, if it satisfies the quasi-stationarity (or quasi- 

equilibrium) criterion: 

where X (sndl) is the average energy of the system at step n -1 (after a proposed move is 

either accepted or rejected), and A is a user specified parameter. (Note that F (s,-J 

depends on s,-~, not s, .) A quasi-stationary process is a process that satisfies the 

quasi-stationarity criterion at all inverse temperatures in an annealing schedule; a 

schedule that gives rise to such a process is called a A-schedule . The A-schedules are 

important, for they result in carefully controlled executions of simulated annealing. Note 

that a unique quasi-stationary process is associated with each A-schedule (assuming the 

move generation strategy is fixed). A A-schedule is n-step efficient if among all A- 

schedules, it minimizes the final average energy at step n . If a A-schedule is n -step 

efficient for all n > 0, we call it the efficient A-schedule . Our goal in this chapter is to 

show that the efficient A-schedule exists and to construct it by studying the behavior of 

the associated quasi-stationary process. 

Since it is not clear a priori that a constant A is the best choice, we tested 

temperature varying A(s,) functions for a 100-city traveling salesman problem. These 

functions come from the following observation. If the energy density function, P ( x  ), 

can be approximated by a normal density function, 
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Table 2.1: Test results of X(s ) = Xo(l+ks ) / (A+ ks ) for different values of k for a 
100-city traveling salesman problem. These are average results of eight executions, 
where 6 is the percentage above the best solution ever found. The difference in the total 
number of proposed moves between any two cases in the same group is less than 10%. 

Group 
A 
B 
C 
A 
B 
C 
A 
B 
C 
A 
B 
C 

I e P ( x )  = Nx ( p ,  a )  E - 202 

&a 
7 

where p = p(0) and a2 = a2(0) are, respectively, the stationary mean and variance of 

the energy at an inverse temperature of zero, then it can be shown that the stationary 

probability density function of the energy at inverse temperature s , P, ( x  ), is given by 

the normal density function N, ( p ( s  ), a ) ,  where p(s ) = p - s a2.  Thus, P, ( x  ) can be 

viewed as P ( x  ) with a translation of -s a2. Since the shape of P, ( x  ) does not change 

with respect to the inverse temperature, the quasi-stationarity criterion that depends on 

the shape of P, ( x )  should not change with respect to the inverse temperature. The 

choice of a constant X makes the quasi-stationarity criterion invariant with respect not 

only to translation and scaling of the energy but also to  the inverse temperature. 

k 

CO 

0.014 

0.0014 

0.00014 

But instead of approximating P ( x )  by a normal density function, we find in, 

Chapter 3, that it is preferable to approximate P ( x  ) by a gamma density function, 

00 

where r ( N )  = ]x N-le-x dx is the gamma function. With this approximation, P, ( x  ) is 
0 

Xo 
0.4 
0.2 
0.1 
0.4 
0.2 
0.1 
0.4 
0.2 
0.1 
0.4 
0.2 
0.1 

6 (%I 
2.8 
2.1 
1.5 
3.6 
2.0 
1.6 
3.1 
2.3 
1.2 
3.1 
2.8 
1.6 
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given by G,(N,b+s) .  Unlike the shape of a normal density function which is 

symmetric about the mean, the shape of a gamma density function is skewed. As the 

inverse temperature is raised from zero to infinity, the shape of P, ( x )  changes from 

almost symmetric about the mean p(s ) to almost one sided. Let a: (s  ) and a; ( s  ) be 

the contributions to 02(s ) from the left side and the right side of P, (x) ,  respectively, 

with a2(s ) = a: (s  ) f a; (s  ). As the inverse temperature is raised from zero to infinity, 

the value of a2(s ) changes from 20; (s ) (symmetric with a2 (s  ) = u; (s )) to a; (s ) (one 

sided with a: (s ) = 0). Since the inverse temperature is chosen such that ( s  ) is 

always greater than p(s  ), we would Like to use CTR ( s  ) in place of u(s ) in the criterion. 

Let 

be the skew-compensated quasi-stationarity criterion. Expressed in terms of a ( s  ), the 

criterion can be written as 

with X(s ) changing from 1 / f i  at s = 0 to 1 at s = oo. Because of the difficulty in 

finding the exact form of X(s ), we use the function 

with different values of k in our test. The case of a constant X corresponds to k = oo. 

The average results of eight executions using the efficient A-schedule from Chapter 3 are 

tabulated in Table 2.1. (Theoretically, this annealing schedule may not be the efficient 

A-schedule for temperature varying X(s ), for the derivation of this schedule depends 

upon that X(s ) is constant. However, because X(s) is a slowly varying function of s , 
dX(s) / as  is small. Hence, this annealing schedule is a good approximation to the 

efficient one.) According to this table, a constant X gives at least as good results as the 

temperature varying X(s, ) functions that we experimented with. Since we could not 

find a X(s,) function that improves on the constant function, we impose that X be 

constant to  get 



24 Evolution of the Average Energy in Simulated Annealing Ch 2 

as the quasi-stationarity criterion a t  inverse temperature s, . 

The parameter A, invariant with respect to translation and scaling of the energy, 

can be viewed as the maximum allowable "distance" between a quasi-stationary process 

X (s,,) and the stationary process _X (s, ) at inverse temperature s, . This parameter, 

which can be made as small as desired to ensure a good approximation of equilibrium, 

realizes the compromise between the quality of the final average energy and the 

computation time: the smaller the A; the better the final average energy; the longer the 

computation time. 

2.2. Autoregressive process 

Before deriving the efficient X-schedule, we need to know how the average energy of 

a system evolves. We model the stationary process L_X ( s  ) as a first order autoregressive 

process [Marp187, Chapter 61: 

where r ( s  ), which depends on the move generation strategy, is the first autocorrelation 

coefficient of the stationary process .X(s) ,  and the random fluctuation n/, is 

uncorrelated (white noise). The value of the first autocorrelation coefficient is close to 1 

because the energy difference between moves is usually small when compared with the 

standard deviation, a ( s  ), of the energy, as the proposed solution is obtained by slightly 

perturbing the current solution. 

There are two reasons behind the model in (2.3). First, given the current state 

(not energy) of a system, the next state of the system does not depend on its previous 

states; it only depends on the current state, the move generation strategy, and the 

inverse temperature. This Markov property follows directly from the simulated 

annealing method. The grouping of states according to the values of their energy, 

however, may not preserve this property: given the current value of the energy of a 

system, the next value may depend on the previous values. (As noted in Chapter 1, the 
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term energy values in this context refers to non-overlapping intervals of the energy.) 

Yet the dependency must be slight: since the states with a given energy are numerous, 

the probability is small that 

1. a sequence of previous energy values favors a particular group of states, 

and 

2. the next energy for this particular group of states is different from the 

expected next energy of the system given the current energy. 

Consequently, the previous values of the energy provide little extra information, and we 

assume that the next value of the energy does not depend on the previous values given 

the current value, that is, 2, (s ) is a function of &-l(s ), but not A e 2 ( s  ), _Xn-3(~ ), .... 
This Markov property a t  two different levels is often used in the physical sciences. For 

instance, Van Kampen [Kampe81, p. 791 models the dissociation of a gas of binary 

molecules, AB + A + B , as follows: 

. . 
On a coarse scale one argues that each molecule AB has a certain probability per unit 
time to be broken up by some collision. Hence the change in the concentration between 
t and t + At has a certain probability distribution, which depends on the 
concentration at t , but not on its previous values. Thus on this level the concentration 
is a Markov process. In  a more detailed description of the mechanism of breaking up, 
one distinguishes the vibrational states of the molecule, and studies the way by which 
successive collisions kick it back and forth between these states, until it happens to  go 
over the top of the potential barrier. This random walk over the vibrational levels is 
another Markov process ... 

Second, we assume that the next energy depends linearly on the current energy 

This assumption, leading to the model in (2.3), is imposed for simplicity. It would be 

extremely difficult if not impossible to derive an efficient A-schedule with a nonlinear 

dependency. Furthermore, as the following experiments illustrate, a nonlinear 

dependency is unlikely to  improve the accuracy of our model significantly. 

To assess the quality of the model, we manipulate (2.3) to  get an expression for the 

random fluctuation: 

The average value of & is zero by construction. We can test the quality of this model 
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Figure 2.1: Autocorrelation coefficients of the random fluctuations for a 100-city 
traveling salesman problem. The inverse temperatures at which the tests were 
performed are indicated on the annealing curve in Figure 2.la while the autocorrelation 
coefficients are shown in Figure 2.lb to Figure 2.lf. 
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by measuring the autocorrelation coefficients of the random fluctuation. If the 

autocorrelation coefficient, r, between Af,, and Nn+, is close to zero for r # 0, the 

model is good. Otherwise, the random fluctuation is not a white process and the model 

is poor. We performed the tests on a 100-city traveling salesman problem and a graph 

partition problem with N = 500 (number of vertices) and d = 5 (average degree). (See 

Chapter 5 for details of the test cases.) The tests were conducted by first running 

simulated annealing for a long time at a fixed inverse temperature to obtain a close to 

stationary process. Then, the energy of the system, .X(s ), was measured for the next 

10,000 steps. The Ph autocovariance, R, between _Xn and _X,+, was estimated for 

r = 0 and 1 according to  the formula [Marp187, p. 1471 

M--7-1 
R ,=  - (Xi - b)(Xi+T- b)7 

M i = O  

M-1 
where _Xi is the ith piece of data, M is the number of data points, and ji = E X j  / M 

is the estimated average energy. From the autocovariance of _X ( s  ) we computed the 

first autocorrelation coefficient, 

Then, using (2.4), we obtained a sequence of values, n/, , from the sequence of data, _X, . 
Finally, the autocorrelation coefficients, r ,  were computed as the ratio of the rth 

autocovariance to the oth autocovariance of the random fluctuation, with the 

autocovariance being estimated using the same formula as for 3,. The results for the 

traveling salesman problem are shown in Fig. 2.1 while the results for the graph 

partition problem are shown in Fig. 2.2. The inverse temperatures at which the tests 

were performed are indicated on the annealing curves in Fig. 2.la and Fig. 2.2a while the 

autocorrelation coefficients are shown in Fig. 2.lb to  Fig. 2.lf and Fig. 2.2b to Fig. 2.2f. 

Since r, for r > 1 are close to zero, we conclude that the model is good. 

The properties of the quasi-stationary process X(S,-~) will be close to that of the 

stationary process _X (s, ) if X is made small enough. Consequently, we can use (2.3), 
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Figure 2.2: Autocorrelation coefficients of the random fluctuations for a graph partition 
problem with N = 500, d = 5. The inverse temperatures at which the tests were 
performed are indicated on the annealing curve in Figure 2.2a while the autocorrelation 
coefficients are shown in Figure 2.2b to Figure 2.2f. 
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x (sn = r (sn >(X (sn-1) - ~ ( s n  1) f ~ ( s n  ) + hl;, 7 

with N, a zero-mean white noise, to  model the evolution of the quasi-stationary process 

X ( s 1 )  From the preceding expression we obtain, after taking expectations, an 

expression for the evolution of the average energy: 

(sn ) = r (sn )(X(sn-l) - ~ ( s n  1) + ~ ( s n  1 7  (2.7) 

where x (s,-~) is the average energy of the quasi-stationary process X (s,-~), which may 

differ from p(s, ), the average energy of the stationary process x ( s ,  ). Equation (2.7) 

specifies the evolution of the average energy not only at a fixed inverse temperature but 

also at all inverse temperatures in a X-schedule. This claim is best illustrated by 

describing the execution of simulated annealing. We start by proposing a move after the 

inverse temperature is raised from to s, . If the process X (s,-~) satisfies the quasi- 

stationarity criterion at inverse temperature s, , 

the average energy at step n is given by (2.7): 

Since a quasi-stationary process satisfies the quasi-stationarity criterion at all inverse 

temperatures encountered, the preceding expression, after replacing s, with s , + ~  and 

s,-I with s,, also applies to the process at  inverse temperature snS1. This procedure 

can be carried on for inverse temperatures s,+,, s,+,, .... Therefore, equation (2.9) 

completely specifies the evolution of the average energy for any X-schedule. 

Furthermore, we can replace the quasi-stationarity criterion in (2.8) with the simpler 

expression 

x(sn-1) - ~ ( s n  ) 5 Xb(sn ) a  
(2.10) 

To prove this claim, we observe that the inverse temperature in an annealing schedule 

does not decrease with respect to time, and that dp(s )  / ds = -a2(s ) 5 0 in (1.18). 

These two conditions imply p(s, ) is a non-increasing function of s, , p(s, ) 5 p(s, If 

( s )  ( s n 1 )  we deduce from (2.9) that ( s n l )  ( s n 1 )  and, hence, 
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I? (s,-~) 2 p(sn ). If the system is in equilibrium to start with, I? (so ) = p(so ), ( ~ ~ - 1 )  

will always be greater than or equal to p(s, ) for any n . Consequently, we can replace 

(2.8) with (2.10). 

2.3. Efficient annealing schedule 

Now exploiting our formula for the evolution of the average energy, we can claim 

that the n -step efficient X-schedule consists of the (n -1)-step efficient X-schedule 

followed by the inverse temperature s, that maximizes the decrement in average energy 

at step n subject to the quasi-stationarity constraint, 

37 (.,-I) - p(sn ) i 1 7  

that is, the n -step efficient X-schedule is also k -step efficient for k = 1, 2, . . . , n -1. 

This property, which can be viewed as an instance of Bellman's principle of optimality 

[Coope81], is essential, for it enables us to compute the efficient X-schedule iteratively. 

To derive this property, we note that the Markov property and the separability of 

the objective function [Coope81, p. 381 are necessary and sufficient conditions for the 

application of the principle of optimality. A system possesses the Markov property if 

after decision Sk is made at step k , the state nk that results from that decision depends 

only on state 7rk-1 and decision Sk . This condition is satisfied if we identify the average 

energy F ( s ~ - ~ )  as the state r k V 1  and the inverse temperature sk as the decision Sk to be 

made at step k . The objective function is separable if for all k , the effect of the final k 

steps on the objective function of an n -step process depends only on state r n - k  and 

upon the final k decisions. In our case the objective function is the average energy after 

n steps, (s, ), and it is indeed separable. Consequently, the principle of optimality 

applies. 

An alternate proof, by induction, is given next. First, for k = 1 the l-step efficient 

X-schedule consists of a single inverse temperature s l  that maximizes the decrement in 

average energy at step 1 subject to the quasi-stationarity constraint. This follows 

directly from the definition of the n -step efficient X-schedule. 
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Second, we show that the k -step X-schedule consisting of the (k -1)-step efficient 

X-schedule followed by the inverse temperature sk that maximizes the decrement in 

average energy at step k subject to the quasi-stationarity constraint is k-step efficient. 

Let the fore-mentioned k -step X-schedule be schedule A and s f  denote the inverse 

temperature of schedule A at step k .  In order for schedule A not be the k-step 

efficient X-schedule, there must exist a X-schedule B that leads to a lower average 

energy at step k : 

X ( s f )  > X ( s f ) .  (2.11) 

Since schedule A consists of the (k-1)-step efficient X-schedule, the average energy 

using schedule A at step k-1 must be less than or equal to  the average energy using 

schedule B at step k -1: 

X ( S < - ~ )  < F ( S ~ - ~ ) .  

Yet the two inequalities cannot both be true. 

To  show the contradiction, we Lonstruct a X-schedule C  such that 

X ( s  = X ( S ~ - ~ )  and s f  = s f .  (2.13) 

The existence of this X-schedule is guaranteed by the existence of X-schedule B since 

that schedule B satisfies the quasi-stationarity constraint 

x(s;-l) - 5 Xu(sf) 

B implies, after substituting s f for s f  and noting that x (s = X (s  < X (s  k-l) 

from (2.12) and (2.13), that schedule C  satisfies the quasi-stationarity constraint 

X (s - p(s f )  5 Au(s f). 

Since the decrement in average energy for.schedule A is maximized, it must be greater 

than or equal to the decrement in average energy for schedule C :  

X ( S $ - ~ )  - X ( s f )  2 X(S:-~) - ??(sf) 

and, hence, 
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The evolution of the average energy is given by 

X ( S ? )  = ~ ( s f ) ( X ( s f - l )  - P(s?))  + P(s?)  (2.15) 

for schedule B and 

for schedule C . Since s f = s f  , r ( s f  ) and ~ ( s  f ) must be equal to r (s f ) and ~ ( s  f ) 
because they are statistics of a stationary process. Thus, we obtain, after subtracting 

(2.15) from (2.16), 

Replacing 3 (s f-,) with X ( s  $-,) in the preceding expression and noting that 

( s  $-,) I X (s?-,) in (2.12), we get 

X ( s f )  - F ( s ? )  5 0 

which, combined with (2.14), implies 

I ( , $ )  5 T ( s ? ) .  

This inequality contradicts the inequality in (2.11). Therefore, schedule B cannot exist 

and schedule A is the k -step efficient A-schedule. 

Based on the principle of induction, we conclude that schedule A is the n -step 

efficient A-schedule. Since the n -step efficient A-schedule is also k -step efficient for 

k = 1, 2, . . . , n -1, schedule A is the efficient A-schedule. 

2.4. Derivation of the efficient annealing schedule 

To compute the n-step efficient A-schedule, we start with the (n-1)-step efficient 

A-schedule and find the inverse temperature sn that maximizes the decrement in average 

energy at step n subject to the quasi-stationarity constraint 
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For ease of presentation, we denote s,-l by s , s, by s+, x (snd l )  by 1 ( s  ), and 

X ( s , )  by X ( s + ) .  The decrement in average energy at step n can be obtained by 

subtracting 1 ( s  +) from ( s  ) using (2.9): 

X ( s )  - Z ( S + )  = ( 1  - f ( ~ + ) ) ( X ( S )  - P ( s + ) ) .  (2.17) 

If the two constraints (to be checked in Chapter 3) 

and 

are satisfied, then it can be shown that the decrement in average energy is a non- 

decreasing function of s +, 

Consequently, maximizing the decrement in average energy subject to  the quasi- 

stationarity constraint is equivalent to maximizing the inverse temperature, s+, subject 

to  the same constraint. Furthermore, this maximum occurs when 

x ( 3  ) - p(s+) = A++). (2.21) 

To show that the condition in (2.20) holds, we carry out the differentiation using 

(2.17) and substitute -a2(s +) for d p ( s  +) / 8 s  + to obtain 

and, hence, 

If dr  ( s + )  / ds+ is negative, the preceding inequality holds; if it is positive, we need to 

show that 
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which is obtained by noting that x ( s  ) - p(s+)  I Xa(s+) and canceling common terms. 

This inequality clearly holds if the constraint in (2.18) is satisfied. 

T o  show that the maximum occurs when (2.21) is satisfied, we rewrite .the quasi- 

stationarity constraint as 

The right hand side of the preceding expression decreases monotonicdy with respect to  

s + since its first derivative with respect to s+ is given by 

which, upon substitution of -a2(s+) for ap(s  +) / 0s + and noting the inequality in 

(2.19), is a negative quantity. Therefore, the minimum value of p(s+ )  + Xa(s +) and, 

hence, the maximum value of s+  that satisfies the quasi-stationarity constraint occurs 

when 

( s  ) = p(s  +) + Xu(s +). 

Equation (2.17) can be manipulated using (2.21) to get 

( s  ) - ( s  +) = X ( l  - r ( s  +))u(s +) 

which, upon replacement of y ( s  ) by p ( s  +) + Xa(s +), leads to 

( S  +) = 4 s  +) + Xr ( s  +)+ +) 

and, therefore, 

X ( S )  = p ( s )  + X r ( s ) a ( s )  

for any inverse temperature s in the schedule except the initial inverse temperature so. 

Substituting the above expressions of x ( s  ) and z ( s + )  into (2.23) and re-grouping 

terms, we get 
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(Note the difference between this result and Huang7s criterion in (1.20).) The Taylor 

expansion of p ( s  +) around s is 

which, upon replacement of ap (s  ) / as with -a2(s ), results in 

a a ( i  ) 
p (s+ )  = p ( s  ) - ( s  + - S )02(s ) - ( s  + - S ) 2 u ( i  )-- 

8s 

Identifying (2.24) with the above expression, we obtain 

An expression for a ( s + )  / a (s  ) can be computed from the Taylor expansion of a ( s + )  

around s and is given by 

where s 5 B 5 s+. Substitution of this expression into (2.25) leads to 

Although s+ can theoretically be computed from (2.26)-an implicit expression for 

s+-if analytical expressions for u ( i )  and a ( S )  are known, such a computation is 

difficult to carry out. Thus, we would like to omit the last term in (2.26) to obtain an 

explicit expression for s +: 

This approximation is good if we can show that the resulting error in s+  - s is small, 
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tha t  is, 

or, equivalently, after making use of (2.27), 

Now if we assume either a ( s  ) > a@) ,  a property usually satisfied over most of if not all 

the temperatures, or a ( s  ) M a(T), it follows from (2.19) that 

Similarly, if a ( s  ) > a(; ) or a ( s  ) N a(; ), inequality (2.19) implies 

and, since 11 - r ( s )  I < 1, also 

X 
U(S ) a;. 

Because both contributions to (2.28) are much smaller than 1, the approximation in 

(2.27) used for the proof was legitimate and the last term in (2.26) may be neglected. 

Formula (2.27) can, therefore, be used to approximate formula (2.26). 

An alternate form for (2.27), which is used in Chapter 3, is 

where p2(s ) is the variance of the energy increment, p2(s ) = E ( ( 3  (s, ) - 3 (s,-~))~) .  

(E {.) is the expectation operator. Since X (s,) is a stationary process, s, = = s .) 

T o  arrive at this form, we make use of the expression 
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which we obtain by substituting the equality 

1 E {_X (s,_,)_X ( s ,  )) = E {J ( 8 ,  )x ( s n  1) - ? p d s  ) 

into the definition of the first autocorrelation coefficient: 

The alternate form in (2 .29)  follows upon substitution of (2 .30)  into (2 .27) .  

To summarize, we have an explicit update formula, 

for the efficient X-schedule if the two constraints 

and 

are satisfied. These constraints are satisfied in most cases for the entire temperature 

range. In the unlikely event that the constraints are not satisfied, formula (2 .31)  can 

still be used and may give a good annealing schedule. We shall return to investigate 

these constraints in Chapter 3 .  

Thus far, we have derived the efficient X-schedule that minimizes the final average 

energy with respect to a sequence of inverse temperatures assuming that the move 

generation strategy is fixed. Note that associated with each move generation strategy, 

there is an efficient X-schedule. In Chapter 3 ,  we shall minimize the final average energy 

with respect to the move generation strategy for the class of efficient X-schedules. Before 

proceeding, we show that minimizing the final average energy is equivalent to 
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maximizing pz(s +) for all inverse temperatures s +, and, hence, we shall maximize p2(s +) 

with respect to the move generation strategy in order to minimize the final average 

energy. 

To show the equivalence, we observe from Section 2.3 that minimizing the final 

average energy for the class of efficient X-schedules is equivalent to maximizing the 

decrement in average energy at every step. Furthermore, from the expression for the 

decrement in average energy 

obtained after substituting (2.30) into (2.23), we observe that maximizing the decrement 

in average energy is equivalent to maximizing p2(s +) since a ( s  +) does not depend on the 

move generation strategy (see Chapter 1). Therefore, we conclude that minimizing the 

final average energy is indeed equivalent to maximizing p2(s+) for the class of efficient 

X-schedules. Consequently, we shall inaximize p2(s+) with respect to  the move 

generation strategy in Chapter 3. 
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CHAPTER 3 

Models for Simulated Annealing 

The performance of simulated annealing depends on the annealing schedule as well 

as  the move generation strategy. Although a good annealing schedule gives a good 

performance, a good annealing schedule with a cooperating move generation strategy 

gives a better performance. In Chapter 2 we have derived the efficient A-schedule, 

tha t  minimizes the final average energy for a given move generation strategy. We have 

also shown that the final average energy can further be minimized by maximizing the 

variance of the energy increment, p2, at every step. Since p2 depends on the move 

generation strategy, the preceding expression represents the class of efficient A-schedules 

corresponding to different move generation strategies. In this chapter we derive the 

conditions that a move generation strategy should satisfy in order to maximize p2 at 

every step and, hence, to  minimize the final average energy. We assume, throughout 

this chapter, that the annealing schedule in use belongs to the class of efficient A- 

schedules shown in the preceding expression. 

Since move generation strategies are digcult to analyze as they vary widely among 

problems, we need to model these strategies in order to carry out the analysis. The 

models that we propose in this chapter fall into two categories: move generation models, 

which model the move generation strategies, and energy density models, which model the 

energy density functions. The energy density models are needed because the move 

generation models depend on them. 



To obtain the best performance with the efficient A-schedule, we have to find an 

expression for p2 and the conditions under which p2 is maximized at every step. In order 

to accomplish this goal, we first derive an intermediate expression for p2 from the move 

generation models. Then using the energy density models, we simplify this expression 

and find the conditions that maximize p2. Lastly, we arrive at the final form of the 

efficient A-schedule using the closed form expression for pa. 

3 .l. Move generation models 

The choice of move generation strategies strongly influences the performance of 

simulated annealing; a move generation strategy that is matched to  an annealing 

schedule improves the performance of simulated annealing. In order to analyze these 

move generation strategies, we need a model that is simple, yet able to capture their 

essential properties. Since the goal of simulated annealing is to minimize the energy of 

the system, only those aspects of move generation strategies that affect the energy need 

to be modeled. The conditional probability density function of the proposed energy 

given the current energy, modeled in this section, completely specifies the evolution of 

the energy and is adequate for that purpose. 

For ease of presentation, we let the random variable [(s ) be the energy increment, 

and the random variable tP be the proposed energy increment. We also use X ,  Xp and 

X +  to symbolize _X (s,J, _X (s,-~) + tp and _X (s, ), respectively; thus, Xp represents 

the proposed-but not necessarily accepted-energy which is different from X+, the 

energy at the next time step. Moreover, we use lower case for the values of these 

random variables. 

3.1 .l. Class of separable models 

What does the proposed energy depend on assuming the current energy is known? 

It is reasonable to assume that the frequency with which an energy is proposed depends 

on the number of states possessing that energy (specified by the energy density 

function): the more states with a given energy, the more likely that energy is to be 
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proposed. Also, it is expected that the distance between the proposed energy and the 

current energy affects the frequency: energy values at about the same distance from the 

current energy are proposed with nearly equal frequencies. Formulating both ideas into 

a separable function leads to the class of s e p a r a b l e  m o d e l s :  

where f , ( x p  1 x ) is the conditional probability density function of the proposed energy, 

x ,  , given the current energy, x .  The function Q ( x ,  ) models the effect of the energy 

density function, P ( x ,  ), on f ,  ( x ,  1 x ) while the function G ( I x p  - x I ) models the 

effect of distance between x p  and x on f ,  ( 2 ,  / x ) .  Rewritting this class of models to 

include the normalization factor, A' ( x  ), we have 

Since f ( x ,  I x ) is a conditional probability density function, it must satisfy 

Carrying out the integration results in the expression for the normalization factor: 

where i denotes convolution. 

Based on f, ( x p  1 x ) ,  the conditional probability density function of the proposed 

energy, we compute f ( x +  1 x ) ,  the conditional probability density function of t h e  

e n e r g y  a t  t h e  n e x t  t i m e  step, needed for the computation of p2. 

The probability that a move with proposed energy x, is accepted given the current 

energy x is determined by the Metropolis criterion: 

Since the probability that such a move is proposed is f , ( x p  I x ) ,  the probability that 

the move is proposed and accepted is 






















































































































































