Solution to Problem E 3231
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A Concurrence in the Eternal Triangle

E 3231. Proposed by Herbert Guelicher, Muenster, West Germany.

In a triangle P, P, P3, let p; be the side opposite vertex F;, and let s; be a line parallel
to p; (but different from p;). Suppose that s; divides P; P, in the (signed) ratio \;, so that
if s; meets p;_1 in Q;, then \; = P,QQ;/Q;P;11. (Subscripts are taken modulo 3.) Prove that
the lines s1, s9, S3 are concurrent if and only if

AMA2Az — (A1 4+ A+ A3) = 2.

SOLUTION:

Let R; be the intersection of s;,,; and P;P;;,. From the parallelograms in the corners
of the triangle, we see that sq, s9, $3 are concurrent if

s; = PR + Qi1 Pigo (1)



SO

By similar triangles we get the following relationships:

PQ;/QiPi1 = N = PQi/PPii1 = XN/(1+ \;) = i/ Piy1Piy2 s0

s; = pidi/ (1 + N\g) (2)

Pii1Rit1/Riv1Piro = PQiv2/QivaPiyo = 1/Nivo = PiyiRiv1/PiyiPia = 1/(1 4 \iyo

PRy = pi/<1 + )\i+2) (3)

Qit1Piy2/Pis1Qiv1 = 1/ Niy1 = Qix1 Pira/ P Pro = 1/(1 4 A\igq) s0

Qi+1pi+2 = pi/(l + )\i+1) (4)

Substitute (2), (3), and (4) into (1) and reduce. This yields

XNi/(L+X)=1/(1+ Ny2) + 1/(1+ Nija).

On eliminating fractions and collecting terms we get

AAods — (A + Ag + Ag) = 2.



