Solution to Problem 611
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A Mean of Roots

558. Proposed by Frank J. Flanigan, San Jose State University, San Jose, CA.

Let f(z) =>"  ai(z—x;) P with z; < 29 < -+ < x,,n > 2, and each a; > 0. This function
has n — 1 real zeros, one between each consecutive pair of z;’s. Express the arithmetic mean
of the zeros as a linear combination of the z;’s.

SOLUTION: The zeros of f are the roots of the equation f(z) = 0. Clearing fractions we see

that the roots of this equation are the same as the roots of g(x) = 0 where

n n

g(x) = ai [ [J(x—2))

i=1 j=1
i#£]

This is a polynomial of degree n—1 which we can write as g(z) = C,_12" 1 4+C,,_92" 2+
-+ 4+ Ciz + Cp. The arithmetic mean of the roots of g(z) = 0 equals

o1/(n—1)

where o is the first elementary symmetric function of the roots (the sum of the roots). It is

well known that oy = —C,,_5/C,,_1. An examination of g yields
Cn—l = a;
=1



So the arithmetic mean of the zeros of f equals
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