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So F  satisfies the functional, non-differential relation  
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Observe that one may permute the functions and corresponding powers. Note also 
that if 1 1( ( ),..., ( ), ,..., )K Kz F g x g x m m=  satisfies this nonlinear functional equation, then 
any power of it, 1 1 1 1( ( ),..., ( ), ,..., ) ( ( ( ),..., ( ), ,..., ))K K K KH g x g x m m F g x g x m m β≡ , satisfies 
the same nonlinear functional equation, because  
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 The Bernoulli Equation 
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The Abel Equation 
 

Set 1n = , 2K = , 1( )g x u= , 2 ( )g x v= , 1m m= , 2m n=  in 
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the variables , , ,u v m n  in turn. We get 4 equations. 
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Differentiate as many times with respect to α  as we need to, then set α  to 1. 
Question: will subsequent differentiations with respect to α  yield independent PDEs? 
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Set set α  to 1 to get 
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Before we do a lot of work finding the most general solution for ( , , , )G u v m n , 
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We know the solutions ( , ,1, )F u v n  and ( , , ,1)F u v m . These are the Bernoulli 
equations. Similarly, (0, , , )F v m n  and ( ,0, , )F u m n  “collapse” to solutions of easy cases 
of the Abel equation. The definitions of G , H , I , and J  relate them in the following 6 
ways: v uG H= , m uG I= , n uG J= , m vH I= , n vH J= , n mI J= . 
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So , 1, , 1, , ,G i j k l H i j k lc c+ += . Similarly , , 1, 1, , ,G i j k l I i j k lc c+ += , , , , 1 1, , ,G i j k l J i j k lc c+ += , 
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 We must somehow associate u  with m  and v  with n . It might be possible to 
make this association by the formula above via the solutions (0, , , )F v m n  and 

( ,0, , )F u m n and the Bernoulli solutions ( , ,1, )F u v n  and ( , , ,1)F u v m . We have 

(0, , , )F v m n  is the solution of ndz v z
dx

= ⋅ . So 
1

(1 )
1
0

0

(0, , , ) (1 ) ( )
t x n

n

t

F v m n n v t dt z
= −

−

=

 
= − ⋅ + 
 

∫  

for 1n ≠  and 0
0

(0, , ,1) exp ( )
t x

t

F v m z v t dt
=

=

 
= ⋅  

 
∫ . 
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The solution to the general Abel equation satisfies 
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b k K K m k K K

K K K K

F a a b b F g g m mn n
n F a a b b n F g g m mα α
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  where the pair of 

subscripts ,g k  means “partial differentiation with respect to the variable kg ”, and ,m k  
means “partial differentiation with respect to variable km ”, and ,a k  means “partial 
differentiation with respect to the variable ka ”, and ,b k  means “partial differentiation 
with respect to the variable kb ” .  Define 

, 1 1
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( ,..., , ,..., )

( ,..., , ,..., )
g k K K
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 We seek solutions ,g k J  and ,m k J  of these two linear partial differential equations 
(LPDEs) which satisfy the additional conditions , , , ,g k m l m l g kJ J=  and , , , ,g k g l g l g kJ J=  and 

, , , ,m k m l m l m kJ J=  for all , [ ]k l K∈ . 
 
First-order polynomial ordinary differential equations 
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Chemical Kinetics 
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