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Rayleigh—Taylor Instability With a
Sheared Flow Boundary Layer

Edward L. RudenMember, IEEE

Abstract—S. Chandrasekhar, in his book,Hydrodynamic and z V=+V,
Hydromagnetic Stability(New York: Dover, 1961), derives the | P =p(1+8)
stability criteria for a semi-infinite uniform density incompressible z=+d
inviscid fluid with uniform horizontal velocity supported in a g i V=Vzd
gravitational field by one of higher density and opposite velocity. ¢ x[v] p=p,

A transitional layer of inviscid fluid with a density equal to the / 0
average of the upper and lower fluids, and a horizontal velocity z =—d"

that varies linearly with depth from that of the upper fluid at the v = V@)X V==V
top to that of the lower fluid at the bottom is assumed. This anal- P =p(1-8)

ysis of theKevin—Helmholtz(K—H) instability may be transformed

into a model of the effect of such a velocity sheared boundary Fig.1. Equilibrium configuration for the presented R-T instability model of a
layer on the Rayleigh—Taylor (R-T) instability of modes with wave horizontally translating inviscid incompressible fluid supported by a lighter one
numbers in the direction of the sheared velocity by reversing the ofopp_osite velocity via_ an inte_rmediate boundary layer of intermediate density
sign of the top—bottom density differential. Orthogonal modes are and with a sheared fluid velocity.

unaffected by the shear in the linear limit and are, therefore, R-T

unstable unless an independent mechanism for their stabilization .. d | h o i . fCh
is present, such as a magnetic field orthogonal to the sheared 10N @dequately represents the gravitational inversion of Chan-

velocity. The combined R-T/K-H stability analysis is, therefore, drasekhar’s treatment of the Kevin—Helmholtz (K-H) instability
expected to be most applicable for magnetically accelerated media [2], so no effort was made to publish the Workshop calculations
such as aZ pinch with an axial velocity sheared outer layer yntil now. Nonetheless, the originally treated case better rep-
orthogonal to the outer azimuthal magnetic field which drives the - yasents an axial velocity sheared layer localized to a relatively
implosion. thin boundary layer on the outside ofZapinch, where mag-
Index Terms—Hydrodynamic instability, Kevin—Helmholtz, netic diffusion causes a continuous transition in plasma density

Rayleigh-Taylor, sheared flow,Z pinch. from vacuum to bulk. This is significant because it is foundlin
cases studied that only modes within a range of wave numbers
|. INTRODUCTION are stabilized by velocity shear, below and above which modes

) ] o are stillunstable. Modes with larger wave numbers, though, gen-
T HE GEOMETRY of interest is shown in Fig. 1. We havegg|ly grow more rapidly if unstable and are, therefore, of greater
in equilibrium concern. Such modes are localized to the outer layers of the
pinch column in their linear phase. Shearing the flow primarily
in this layer may stabilize modes up to a high wave number more
P=po and V=Voz/d for +d>z>-d efficiently. Such efficiency is important since the kinetic en-
p=p_=po(l—e) and V=-V, for 2 < —d ergy density associated with the sheared flow must be the same
(1) order of magnitude as the implosion itself to be effective. These
wherep is the piece-wise uniform density, = V is the equi- considerations, current investigations at University of Nevada,
librium fluid velocity in the horizontal £) direction, and the Reno, on creating such a sheared flow boundary layer, and re-
gravitational field is— gz. The dispersion relation for linear per-quests for a citable reference for the Workshop calculations lead
turbations of this geometry, and stability diagrams for the castesa reassessment of the need to publish the calculations. An ad-
of ¢ « 1 ande = 1 were presented by the author at Sandia Nditional consideration is that the cases solved and methodology
tional Laboratory’s 1996 Rayleigh—Taylor Workshop (unpubiised here are more closely analogous to Chandrasekar's original
lished). The dispersion relation was later generalized by an tteatment, but with the direction of gravity reversed. Therefore,
tendee of the Workshop (N. F. Roderick) for arbitrary constaat educational comparison to Chandrasekar’s seminal textbook
values of (in our notation). , po, andp_. This general formwas problem may be made.
published with stability and unstable growth rate diagrams for It is anticipated that velocity shear stabilization will find
the case op_ = 0 andp; = po, and for the case gf— = p, = its greatest use where other mechanisms help stabilize modes
0 [1]. The present author concluded at the time that this publicarthogonal to the sheared flow and/or with wave numbers
outside the shear stabilized zone. For example, a magnetic
" _ _ . field orthogonal to the sheared flow stabilizes the former [3].
ot o s st oy Do Errgy (A6, magnetic ifusion at shorter wavelengths [4] (at leas
or highly compressible media [5]) and/or magnetic shear at

rectorate, Kirtland AFB, NM 87117-5776 USA (e-mail: ruden@plk.af.mil). -
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p=py+=po(l+e) and V=+V, for z> +d
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Il. DYNAMIC EQUATIONS AND BOUNDARY CONDITIONS 9%V /9~* = 0 within each of the three regions of interest in (1),
; - - inQ (10) reduces to
We assume the equation of motion of an incompressib
inviscid fluid with isotropic pressure, velocity vectorv, and d? w— k2w =0 (11)
densityp in a uniform gravitational field of magnitudgacting 972 o
in the —z direction & andz are thex and z directional unit The solution which approaches zerozass +co is
vectors, respectively) wy = Ape*?, for 2> +d
o _ —kz +k=z _
P = V4 p(v-V)v = —Vp — gpz. @) wg = Age + Boet**, for +d>z>—d (12)
t w_ = A_ethz, for z < —d.

Incompressibility implies
V.v=o0. ) V. IMPOSING BOUNDARY CONDITIONS
. o _ _ The perturbed value of a propery(, z, t) just inside the
Discontinuities in density across surfaces are allowed in ogbundary of a given density region is, to first order
problem. The boundary conditions at such surfaces are that the

surface normal component of the fluid velocity and the pressufé = Qeq(@, Fd + b6z, 1) + 6Q(x, +d, )

are continuous across the surface 9Q.
=Qeqglx,+d, t) + [—q} b2y + 6Q(x, £d,t) (13)
vi'n=van (4) Z z==xd
_ where ., is the equilibrium distribution valid within the re-
P =p2. () I d : ;
gion andé~4 are the axial perturbations of the upper or lower
Subscripts “1” and “2” refer to values immediately above anoundaries as functions efandt. Subscripts %" and “—" in
below the boundary, respectively, ands the surface normal this section refer to the upper and lower boundaries or regions
unit vector. (depending on context), respectively. may be expressed in
terms of the value ofv at the boundaries by equating the later
I1l. GENERAL SOLUTION to the convective time derivative of the former
We may rewrite (2) and (3) in a form valid exclusiveijthin w(z, +d, t) = % bzy(z, t)

each of the three density regions in terms of equilibrium terms

plus first order two dimensional correctionss v, w = 6v., _ |9 bzy +(v-V)bz

andép due to upper and lower boundary perturbatighs—= 0 T o E = J—

within each region by assumption. Harmonic dependences of .

the formexp i(kz + wt) are assumed, wheke> 0 by conven- =ilw £ kVo)ozs. (14)
tion, and second order terms are dropped. Flaed> compo- We first take@@ = v - n in (13) and satisfy (4). The resultant
nents of (2) within each of the three regions are then, respg@ve.,/dz)éz - ny| term is second order and, therefore, not

tively needed sinc&iveq/dz)bz+ only has anc component, and the
9 unit normal vectorsiL only have a first order: correction. We,
ipwu 4+ pw — V + pViku = —ikSp (6) therefore, need only ensure the continuitybef- n, to satisfy

9z (4). Furthermore, sincév is only a first order term, only the

@ zeroth order contribution taL. (i.e., z) is needed to satisfy (4)

&p.
P to first order. This meansy = wg atz = +d. From (12), then

7]
ipww + pVikw =—
dz

Equation (3) becomes, Ape = Age e 4 Byethd
9 oo ®) A_e M = Agetr 4 Bpe . (15)

5, W=
o i _ We now take@ = p in (13) and satisfy (5). Using

u may be eliminated between (6) and (8) by solving the Iatt%eq/az = —pg (wherep is the regionally constant density)

for » and substituting into the former andép as solved from (9) at the boundaries of all three regions,

iku +

. a . K} ) (5), (13), and (14) imply
Zp(erkV)azw_Zpkwazvz_k op- © (1+¢) [ gwo +w+kVo 8w+}
[3)
6p may be eliminated between (7) and (9) by multiplying the w + kVo k? 9% | .ya
forme_r by k2, differentia_ting the later with respect tg and guwo w+ kVy dwo  woVe
equating the left-hand sides = o+ kv 2 97 kd .
A k{?—zz v W w—kVy Ow wo V¢
w02 2 —0. 10 gwo 0 0 WoVo
922" | (w+EV) b (19 Lu — kVo K29z kd |y,
Equation (10) is valid for a constant density region with arbi- —(1—¢) gwo W~ kVo dw— (16)
trary V(2). It is derived in a more general form elsewhere [7]. o w—kVy k? 9z | _ 4
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Substituting in the general solutions from (12), expressing cfmr a given.J andx be stable are that all the following criteria
efficients A interms of4, andByj using (15), and rearrangingare met:

(16) yield | A>0
Ao . 1 r(v + 1)2 N vi+v2>0 (23)
20 kg
By (l/—l—l) — %Eli(l/-i-l)Q —J I 1/+1/ > 0.
_Bo eF = ﬁ(l/ —1)2 17) To see why, consider the following. Criterion I implies from (21)
Ag T —(w-D+ien(v-12-J that both:? solutions are real. Given this, Criterion Il implies
) ) . ) that at least one of the real solutions is positive. Gitlegse
where we define dimensionless variables Criterion 11l implies that both must be positive. Furthermore, if
w egd any one of the criteria is not met, then at least one solution must
YW T 2kd, and J= Ve (18)  pe nonreal or negative.

To determine specifid—« relationships required for stability,
J is the negative of the Richardson number used in Chae following representation ah is useful. Manipulations of
drasekhar’s Kevin—Helmholtz instability analysis. Equation@2) yield
(17) may also be derived as a special case of Shumlak and 9 9
Roderick's [1] (18) and (16), respectively, by replacipg, 2 = [2r(1 = J)e™ +¢"f] = f[(26 — D" +e7"]" (24)
pu, and p., in the latter withpo(1 — ), po, and po(1 + €),  \where
respectively, as defined here. To avoid confusion, note that this

reference uses a different definition ferin their subsequent f=2r—1)72—ec 2" (25)
anaIyS|s Multiplying (17) together, one obtains the dispersion
~ . K(v+1)2 [2%(1 —Ne ™"+ e”’f] > |f|1/2 |(2I€J —1)e™ + e_”’|
{ - l/+1)——€h(l/+1) J} or
_ -k K _ 1/2 _ K —K
é /{(1/ 1y ) [26(1 = J)e™™ + " f] <—|f]*?|(2r — 1)e" + 7| (26)
(v—1)+3ier(v—12-J]" where {|” means absolute value. Solving fdr this becomes
ThIS expressmn_ is identical to_Chan(_JI_rasekhar’s dispersionrelay . | _ |f|l/29j e f or J>14 ik 29 —c"f 27)
tion for the Kevin—Helmholtz instability [2, Ch. XI, eq. (53)], 2re " 2ke~
except that the sign of and J have been reversed. This sigwhere
nificantly changes the stability analysis and criteria, as demon- B
strated in the two cases presented below. g=|2r—1e"+e7"|. (28)

Criterion Il, meanwhile, is seen from (21) to be equivalent to
V. CASEIl: SMALL € LIMIT

—2rK 2
Equation (19) is a quartic in? when expanded. We obtain 1= +26" - 2:(J +1) > 0. (29)
a more tractable quadratic iff, though, if we assume thatis Solving for J, Criterion Il becomes
small, but that/ is still significant (due to a smallj or largeg,

for example) J< 1— ™ 4 257 — 2r (30)
2k
0=r" — (1—c 24208 = 25(J + 1)) 1/ Noting from the quadratic formula that the product of the two
. 2 :
H[O =N - = k] [A=D)A+e") —k]. (20) trﬁ;):s of quadratic G= az® + bz + cis ¢/a, we see from (20)
This expression is useful for cases where the relative change i |n2 2 [(1-D)(1—e")—r][(1-T)(1+e")—K] 31
density is small. Pil- = w2 - (31)

The solutions for.? are, from the quadratic formula Criterion I11, then, is equivalent to

V2 = (1— e 4247 ;Ij'i('] +1) £VA 21) [(1-J)(1—c)—r] >0 and [(1-J)(1+e™")—x] >0
or
where [(1-J)1—e")—r]<0and [(1-J)(1+c ") —r] <0. (32)
A= (1—e 428" —2r(J + 1))2 This may be rewritten as
—4r? [1=I) (1 —e ™) = &] [A-D(1+ec ") —x]. (22) 1—J>7———= and 1-J> g

. : r
2 must be a positive real number for a given mode to be stab?e.

Therefore, a necessary and sufficient condition that all modes 1~/ <7 and 1-J<

K
—e R 1+e

(33)
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Since all the numerators and denominators in (33) are positive 0.4 L L L L
and, of the denominator$+ ¢~ > 1 — ¢~ for all positives, ~_
the second inequality of the first line and the first inequality of (0.9,0.36)
the second line are superfluous. Criterion Il may, therefore, be 0.3 .
written (after solving forJ) as

J<1- 1 _Iicfn or J>1- 1 —|—Iic*"“' (34) J0.2 N Small ¢ stable

The stability criteria may be summarized from (27), (30), and
(34) as

0.1
(J<JyorJ>Jy)and(J < J3)and(J < JyorJ > J;5)
(35)
0.0 1
where ” ” 01 2 3 456 7 8 9 10
e e
R LA e A A S Ul s BV X
2re "k 2re™"
-2 2
Jy= 1= ™+ 267 = 2 Fig. 2. Stability boundaries i, J) space, where/ = cgd/V{ is the
2K (36) negative Richardson number, arnd= 2kd is the normalized wave number
3 3 of the perturbation. The geometry of Fig. 1 is R-T stable for modes in the
Jy=1- 1 s Js=1— 1 _p direction of sheared flow between the solid curvBsand J; for a small
—-¢ te relative density differentials( < 1), and between the dashed curves marked
f=02r—1)2—c2" 9=|2xk — D)e® + 7. by “x” and "+" for ¢ = 1.
Upon inspection of the plots of the above, some redundancy is
present and the stability criteria may be shortened to where theA terms are the changes in the corresponding values
over the sheared flow layet/ is seen in this form to be
J<Jyor(J<.JyandJ > J;ands > 0.9).  (37) y

proportional to the ratio of the mean density gradient over
J4 is always negative, sd < J, only applies for negativg. the region to the square of the velocity shear. Equation (39)
This corresponds to the Kevin—Helmholtz instability analysis a useful representation for estimating an effective value
of a light fluid supported by a heavy fluid covered by Chanef J when applying the simplified model presented here to
drasekhar [2]. The stability boundaries for positivare illus- more realistic configurations.
trated in Fig. 2, along with those for Casedl£ 1), discussed  The smalle curve of Fig. 2 is at least of academic interest
next. as it provides a direct extension of Chandrasekhar’s solution [2,
Fig. 119] for negativeJ (g), as he defines it (the negative of
VI. Casell, e =1 our J). This case may also find use in the study of flow shear

One case of interest for magnetically accelerated mediaSEECts at the boundary of atmospheric and/or ocean layers of

¢ = 1. This corresponds to a zero density (magnetic) fluid agifferent temperature. The= 1 curve is of greater interest for
celerating a fluid of density 2 with a transitional region of Z pinches and other magnetically accelerated media in cases

densityp,. Expanding (19) in this case gives where the magnetic skin depth is smaller than the imploding
plasma shell thickness. If the magnetic skin depth coincides with
0= (=3 — ¢ ™) ' + (de ¥k — 4r) 1 the sheared layer thicknegd, for example, R-T wavelengths
+ (_8,€ 4 — 8Tk + 6K + 2622 46—2n) 2 smaller than this (i.es > 2x) do not grow significantly due
to magnetic diffusion dissipation [4]. We see from Fig. 2 that
+ (—8Jr+ 8¢ Jr + 4Kk — de” P R) v for J < 0.025, only modes with: < 1.5 should then be a

problem. This corresponds to wavelengths over four times the
skin depth. Such modes are generally of lesser concern due to
+4e 27 g% — 3k% — %K% — 8Tk, (38) their relatively slow growth rates and small initial amplitudes
n, for example, wire array implosions, where axial uniformity
¥ good on this scale. An axial magnetic field frozen into the

L L i~ . lasma bulk, and the resulting magnetic shear, can also have a
pointin(x, J) space implies instability. Sampling select value e e
: tabilizing effect on wavelengths much longer than the diffusion
of x over a range of, the upper and lower bounds for which al

modes are stable are designated BY and “x,” respectively, depth.

—448J+8kx—4J% — 8¢ J 4+ 472

The four roots of this quartic may be determined numerical'
for any give numerical values efand.J. Any nonreal root for a

in Fig. 2.
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