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The linear dispersion relation is derived for modes of an isothermal finite Larmor radius

incompressible plasma with an equilibrium density and horizontal fluid velocity varying with depth

in a uniform gravitational field. The velocity and magnetic field are assumed parallel and transverse

to the wave number, respectively. Stability criteria are derived and unstable growth rate diagrams

plotted for the combined Rayleigh–Taylor/Kelvin–Helmholtz modes for two and three region

piecewise uniform cases representing an accelerated plasma layer with sheared flow. The effect of

gyroviscosity on wave numbers larger than a critical value is shown to differ if the direction of the

magnetic field is reversed, all else being equal, being either stabilizing or destabilizing depending on

direction. This implies an electrode polarity dependence for a magnetically accelerated plasma with

sheared flow consistent with the observation that plasma foci generally have superior performance

if the center conductor is the anode. Characteristic properties of the shocked plasma layer of a

plasma focus during the accretion phase are inferred for use with the model. Given a plasma focus

with a central anode, a maximum B0t product is derived for high wave number stability for a given

current waveform, where B0 is the driving magnetic field magnitude and t is the current risetime.

When combined with a recognized empirical scaling law for neutron yield optimized D2 plasma

foci, a maximum current for high wave number stability is implied independent of t . For a linearly

rising current, for example, this is 2 MA. Strategies for mitigating the constraints are discussed, such

as applying an exponentially increasing current waveform. This and other parametric relationships

of the model may lead to designs with higher performance than would otherwise be possible for

plasma foci and other devices such as flow shear stabilized Z-pinches. @DOI: 10.1063/1.1637608#

I. INTRODUCTION

Having a sheared fluid velocity has long been recognized

as a potential mitigating factor for the Rayleigh–Taylor

~R–T! instability. Kuo1 determined that all wave numbers

parallel to the direction of a vertically sheared horizontal

fluid velocity are stabilized for an incompressible fluid of

infinite depth with density exponentially increasing with

height provided g/ls2
,2. Here, gravitational acceleration

g , e-fold density scale height l, and the derivative of hori-

zontal fluid velocity with reference to height s are assumed

constant. This is a particularly interesting result in magneto-

hydrodynamics ~MHD! since, if the fluid is a plasma sup-

ported by a magnetic field orthogonal to the sheared flow,

modes in the magnetic field direction are stable too.2

To represent a magnetically accelerated ideal MHD

plasma with a rapid transition from the driving magnetic

field to a plasma layer of finite thickness, such as in a Z

pinch or plasma focus ~PF!, stability diagrams based on

Goldstein’s dispersion relation for an incompressible fluid in

a gravitational field with height dependent density and uni-

directional horizontal velocity3 are already published for

various piecewise uniform cases. These cases are for density

increasing with height in two equal steps,4 and for density

increasing from zero to a constant value at a given height,

and then either staying constant or dropping back to zero at a

greater height.5 The flow shear in these cases is confined to

the intermediate layer, thereby generalizing Taylor’s treat-

ment of a piecewise uniform case of the Kelvin–Helmholtz

~K–H! instability which assumes density decreases with

height.6,7 In all cases where the density increases with height,

only R–T modes within a range of wave numbers are stabi-

lized by flow shear, below and above which modes are un-

stable. Various mechanisms are proposed in the above ar-

ticles to improve the stability of the more problematic higher

wave numbers ~which generally have a higher growth rate!.

Of these, the effect of finite Larmor radius5 ~FLR! is the

subject of this paper.

Thompson8 derives an equation of motion for a plasma

that couples ion orbital motion to plasma velocity component

gradients. Roberts and Taylor9 identify the coupling coeffi-

cient n as a type of viscosity. Despite the suggestive termi-

nology, the mathematical form of this coupling is signifi-

cantly different from that of kinematic ~collisional! viscosity.

Roberts and Taylor’s subsequent example shows for example

that, unlike kinematic viscosity, gyroviscosity stabilizes suf-

ficiently high wave numbers by coupling to velocity compo-

nent gradients resulting from the linear ~first order! R–T per-

turbation itself. This suggests that a stronger effect may

result from gyroviscous coupling to a much larger ~zeroth

order! pre-existing flow shear factor s , as defined most gen-

erally by Eqs. ~74!. Another significant difference is that the

force density vector resulting from gyroviscosity is asym-
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metric under the transform x→2x , where x is the direction

of acceleration.

We generalize Goldstein’s dispersion relation in this pa-

per by adding an isothermal FLR correction to the MHD

stress tensor,10 which generalizes Roberts and Taylor’s ex-

pression to allow for spatial variation in gyroviscosity, and

revisit the aforementioned piecewise uniform cases. Two

simplified general cases are presented to investigate the

coupled effects of gyroviscosity and sheared flow on the sta-

bility of an accelerated plasma layer. Both are motivated by

interest in the stability of a flow sheared plasma layer of

thickness 2d accelerated by a magnetic field. In case I, only

high wave number modes with k@(2d)21 are considered, so

the slab may be assumed to be semi-inifinite. This most sim-

plified ~two region! case is presented since the effects of

gyroviscosity are greatest in this regime. We show that the

proper combination of sheared flow and gyroviscosity stabi-

lizes this case for all wave numbers provided s,0. Gyrovis-

cosity actually negates most of the stabilizing effect of the

flow shear in a broad range of wave numbers if s.0. This is

a direct consequence of the aforementioned x→2x asym-

metry. The effect of the thickness of the plasma layer and/or

flow sheared region is considered in case II by introducing a

second boundary distance 2d from the first. This generalizes

the published stability diagrams where gyroviscosity is

neglected.4,5 We see that the high wave number behavior of

case I is retained but, as without gyroviscosity, wave num-

bers below a critical value are unstable. While case II pro-

vides a more complete representation of the combined R–T/

K–H instability for an accelerated plasma layer, case I is

analytically much simpler and, therefore, more clearly illus-

trates the effects of the coupling of gyroviscosity to flow

shear. In particular, case I helps clarify the large wave num-

ber behavior of both interfaces of case II.

The theoretical results are applied to the dynamics of a

generic PF-type device, for which flow shear within the ac-

celerated layer is implicit. It is observed empirically that PF

generally operate more efficiently if the central conductor is

the anode.11 This is consistent with the the aforementioned

polarity dependence of the gyroviscous-flow shear coupling,

although other explanations have been proposed.12 For a PF

with a central anode, critical scaling issues are revealed that

may affect the performance of existing and future machines

with higher energies and currents.

II. MODEL

We assume a perfectly conducting isothermal z invariant

plasma with a magnetic field of magnitude B in the z direc-

tion, and a uniform gravitational field of magnitude g in the

2x direction. x, y, and z are the x , y , and z directional unit

vectors, respectively. For incompressible motion confined to

the x – y plane, the MHD equation of motion supplemented

by the isothermal transverse contribution to the FLR stress

tensor P given by Hazeltine and Meiss,10 Chap. 6, Eq. ~123!,
along with the equations of continuity and state are

r
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v, r, L, m i , m0 , kB , T i , Te , e , and Z are the fluid velocity,

density, FLR force density vector, ion mass, free space per-

meability, Boltzmann constant, ion and electron temperature,

elementary charge, and mean ionization level, respectively.

The incompressibility assumption greatly simplifies the

analysis, but limits the range of validity of the model, as

discussed in Sec. VI.

The equilibrium state of interest has v5vy0(x)y, r
5r0(x), B5B0(x)z, and n5n0(x). These comprise a time

independent solution to the governing equations provided,

from Eq. ~1! and Eqs. ~2!,
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We now linearize the governing equations assuming a first

order perturbation from this equilibrium with exp(ivt1iky)

dependence. Equilibrium and first order components are rep-

resented by 0 and 1 subscripts, respectively,
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ikvy11

]vx1

]x
50. ~10!

Equation ~8! and Eq. ~9! result from Eqs. ~3! and Eqs. ~4!,
respectively, while Eq. ~10! results from “"v50 alone. We

have eliminated the explicit appearance of B terms in Eq. ~8!
in favor of T i ~constant! and n terms so that the latter may be

treated as an independent parameter.

To obtain a dispersion relation, p1
* is first eliminated

between Eqs. ~6! by solving both for ]p1
*/]x and equating.

An expression for n1 is obtained by substituting p1
* in the

second of Eqs. ~6! with the r.h.s. of Eq. ~8! and solving for

n1 . r1 and vy1 are then eliminated by solving Eq. ~9! and

Eq. ~10! for these terms, respectively, and substituting else-

where. The result is, without any further approximations or

assumptions,
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Here, b i is the ratio of ion pressure to magnetic pressure or

‘‘ion beta.’’

Equation ~11! per se is only valid in regions with spatial

continuity in r0 , V , DV , and n0 . For cases involving a

discontinuous change in r0 , DV , and/or n0 at given values

of x5x i , Eq. ~11! may, however, be integrated across the

boundary to obtain jump conditions to match solutions on

each side. We assume continuity in V since we are interested

in perturbations with wavelengths on the order of or shorter

than the flow sheared layer thickness. Our jump conditions,

then, are

D iF ~r0v*2
22kn0v*Dr0!DS u

v*D12kr0~k2n0u

2~Dn0!Du2~ in1!Dv*!G5S k2gu

v* D
i

D i@r0# , ~14!

D i@V#50, D i@u#50. ~15!

Here,

D i@ f ~x !#[ lim
e→0

~ f ~x i1e !2 f ~x i2e !!. ~16!

Elsewhere, subscript i refers to the value of a function at x

5x i , which must be continuous to be well defined ~hence

D i@u#50 is assumed!.
Within any continuous range of x with uniform r0 , n0 ,

and shear factor s5DV ~a positive or negative constant!, Eq.

~11! reduces to

~11S !v*D2u2~12S !v*k2u52Skn0D@D2u2k2u# ,

~17!

S5

b im is

4ZeB0

.

This requires a numerical solution. However, if we confine

ourselves to uSu!1 @ in1'0 from Eq. ~12!#, Eqs. ~17! reduce

to the following with the given solution:

D2u2k2u50, uSu!1, ~18!

u5constant3exp~ ivt1iky6kx !. ~19!

The effect of both shear and gyroviscosity in this limit, there-

fore, is due entirely to interaction with neighboring regions

via the jump conditions. From Eq. ~14!, the primary jump

condition between two regions with different uniform values

of r0 , n0 , and s in this limit is

D iF r0

v*
~v*2Du1~2k2n0v*2sv*2kg !ku !G50. ~20!

III. CASE I: TWO SEMI-INFINITE REGIONS WITH
DIFFERENT UNIFORM r0 , s, AND n0

Here, we define two homogeneous semi-infinite regions

separated by a boundary at x50 with the following equilib-

rium properties,

r05r1 , V5s1x , n05n1 if x,0,

~21!
r05r2 , V5s2x , n05n2 if x>0,

where r1 , r2 , s1 , s2 , n1 , and n2 are constants ~subscript 1

now refers to region 1!. Equations ~15! and Eq. ~19! imply

u5H A exp~kx ! if x,0,

A exp~2kx ! if x>0.
~22!

Here, A is an arbitrary constant times exp(ivt1ikx), and we

confine ourselves to solutions bound for x→6` . From Eq.

~20!,

v2
2~2k2n*2s*!v1kg*50, ~23!

n*5S n2r22n1r1

r11r2
D , s*5S s2r22s1r1

r11r2
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~24!

g*5gS r22r1
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v5S n*k2
2
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2
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2
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2
D 2
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The condition for instability, implying growth rate g5max

(2Im v), is

J*.

~12G*K2!2

2K
→G5A12

~12G*K2!2

2J*K
, ~26!

J*[
g*

s*2d
, K[2kd , G*[

n*

2s*d2 , G[
g

Ag*k
. ~27!

We reintroduce here d , the half-thickness of the plasma layer

intended to be modeled, for comparison with the normalized

representations of case II. The normalization of G is chosen

so that G51 corresponds to the semi-infinite plasma R–T

growth rate in the absence of gyroviscosity and sheared flow.

A clarification of sign conventions is appropriate at this

point. n, g , k , and, of course, r1 and r2 are all assumed to be

nonnegative. A R–T relevant configuration is one for which

r2.r1 , and may be identified by a positive J*. G* may be

of either sign regardless of the relative magnitudes of r1 and

r2 , and takes on the sign of s* for n2r2.n1r1 , as is gen-

erally the case for R–T configurations. Equation ~26! implies

configurations with negative J* (r2,r1) are always stable.

That is, the conventional ~statically stable! K–H instability

does not occur in case I.

Figure 1 plots the stability boundary and associated G
50.5 and 0.9999 contours of Eq. ~26! for a range of G*

values. The constant G contours are obtained by solving the

expression for G in Eq. ~26! for J* and plotting. We see here

and from Eq. ~26! that there is no global stability ~i.e., for all

K) if J*.0 and G*.0, and that gyroviscosity suppresses

the stabilizing influence of flow shear in the vicinity of K

5AG*. We also see that for G*,0, the geometry is stable

for all K if J* is sufficiently small. Differentiating the r.h.s.

of the inequality in Eq. ~26! with reference to K for a given

G*,0, setting equal to zero, and solving for K5Kcrit iden-

tifies the ~least stable! mode that requires the smallest J* to

be stable,

Kcrit5

1

A23G*
~G*,0 !. ~28!

Plugging this back into the inequality gives us our global

stability criterion,

J*<H 8A2G*/27 if G*,0

0 if G*>0.
~29!

For completeness, we have included the general stability for

J*<0 (r2,r1).

IV. CASE II: TWO REGIONS WITH OPPOSING
VELOCITIES SEPARATED BY A THIRD REGION WITH
A SHEARED TRANSITIONAL VELOCITY PROFILE

To recover a description of the instability know to occur

for small K , and identify other effects of an additional

boundary on stability, we assume now the plasma is divided

into three regions of uniform r0 and n0 . For this case, we

will restrict flow shear to the intermediate region of thickness

2d and drop the ‘‘*’’ superscripts used to generalize the re-

sults. As illustrated in Fig. 2, we have in equilibrium

r05r1 , V52sd , n05n1 if x,2d ,

r05r2 , V5sx , n05n2 if 2d<x,1d , ~30!

r05r3 , V51sd , n05n3 if x>1d ,

where s is constant. Equation ~19! implies, for bound solu-

tions,

u5A1e1kx if x,2d ,

u5A2e1kx
1B2e2kx if 2d<x,1d , ~31!

u5A3e2kx if x>1d .

Equations ~15! imply

A1e2kd
5A2e2kd

1B2e1kd,

~32!
A3e2kd

5A2e1kd
1B2e2kd.

FIG. 1. Case I stability boundary ~solid! and associated G50.5 and 0.9999

contours ~dashed, near, and above associated stability boundary! for G*

520.04, 20.02, 0, 0.02, and 0.04 ~labeled!. Rayleigh–Taylor/Kelvin–

Helmoltz modes are stable below the respective curves. Note that for G*

.0, the stabilizing effect of flow shear is negated ~i.e., G'1) for K

'1/AG*.

FIG. 2. Geometry and coordinate system assumed for case II—a flow

sheared layer separating two unsheared semi-infinite regions. The ^ ‘‘tail

feathers’’ symbol indicates the magnetic field direction is into the page. The

solid/dashed V vs x plot corresponds to a positive/negative shear factor s ,

given the coordinate conventions.
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Substituting Eqs. ~30! and Eqs. ~31! into Eq. ~20!, and using Eqs. ~32! to eliminate A1 and A3 , the primary jump condition

may be solved for A2 /B2 at both boundaries. Equating then gives

~12e3!~11V
1

2 !22K~G22e3G3!V0V112V0V1 /K

~12e3!2~11e3!V
1

2
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e22K

5
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2

2
22K~G22e1G1!V0V212V0V2 /K

~12e1!~12V
2

2 !22K~G22e1G1!V0V212V0V2 /K
, ~33!
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v
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, V0[AK

2J
, V6[V6V0 ,

~34!

K[2kd , J[
g

s2d
, G i[

n i

2sd2 , e i[
r i

r2

.

Equation ~33! expands into a quartic polynomial in V with

four complex roots. An excellent presentation of the analytic

solution to the roots of a quartic polynomial is available.13

However, the complexity of the final form offers little in the

way of physical insight into the stability boundaries, or the

ability to formulate simple analytic stability criteria, as was

done for case I. Given the availability of math packages that

provide complex polynomial roots numerically, that method

was chosen instead.

A magnetized plasma layer accelerated by a vacuum

field is represented by e15e350. Using Laguerre’s

method14 for determining the V solutions, Fig. 3 plots the

stability boundaries and several maximum growth rate @G
5max(2Im V)# contours for e15e350 and G2520.01.

G1 and G3 have no effect here since G i drops out of Eq. ~33!
if e i50. Figure 4, also for e15e350, plots stability bound-

aries for the same values of G2 as G* in Fig. 1 ~case I! for

comparison. Only the G51 contours are illustrated here to

avoid congestion.

Figure 5, with e150, and e352, represents a flow

sheared transitional layer of a magnetically accelerated

plasma with a gradual rise in density from vacuum to bulk

due to magnetic diffusion. There is a problem, however, in

assuming that region 3 represents the unmagnetized bulk

since, from Eqs. ~3!, n0→` as B0→0, causing FLR MHD

theory to break down. We assume, therefore, that a semi-

infinite fourth region some distance ~not necessarily 2d)

above region 3 with density r453r2 represents the unmag-

netized bulk. This is only a construction to determine a rea-

sonable value for G3 ; we will not actually incorporate the

new boundary conditions into our model. The flow sheared

layer ~still confined to region 2!, therefore, only penetrates

up to the point where the density is 2/3 that of the bulk.

Since region 4 is assumed very thick compared to the diffu-

sion layer, Eq. ~5! implies p0
*5constant may be assumed

everywhere of interest. We have, then, from Eqs. ~3! and

Eqs. ~34!, G15A2/3G2 ~for reference! and G35&G2 .

Given this G3 , the same range of G2 values used for Fig. 4

are represented in Fig. 5.

V. PLASMA FOCUS APPLICATION

We now consider the implications of the above to a PF. A

PF consists of pair of truncated coaxial electrodes with gas or

plasma initially filling the region. Voltage applied across the

electrodes creates a current sheath in the intervening medium

FIG. 3. Stability boundary ~solid! and several constant G labeled contours

~dashed! for case II with G2520.01 and e15e350, representing a magne-

tized plasma layer accelerated by a magnetic field. Giving the sheared layer

a finite thickness results in an unstable low K region. Note that lowering J

more than necessary to stabilize the high K region increases G in the low K

region.

FIG. 4. Stability boundaries ~solid! and G'1 contours ~dashed! for case II

with e15e350, and the same values of G2 as G* in Fig. 1 ~case I!. Each

G51 contour in the low K region may be matched with its corresponding

stability boundary by noticing that they touch at J50. Note the close agree-

ment with Fig. 1 for the high K region.
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which forms a magnetic pressure driven mass accreting

shocked layer that propagates primarily in the axial direction

until the end of the inner electrode is reached. Thereafter, the

inner part of the shocked layer bends radially inward, im-

plodes, and forms a Z pinch on axis. Barring significant mix-

ing across the shocked layer, the axial momentum of plasma

accreted during the earlier phase is retained during the im-

plosion phase, while plasma accreted during the implosion

has less axial momentum. The resultant characteristic flow

shear factor may be expressed as

s56hV0/2d , ~35!

where V0 is the speed of the current sheath and, in anticipate

of the application of case II, 2d is the shocked layer thick-

ness. h is the efficiency by which the shocked layer is

sheared, with an optimally designed system having a value

close to unity by the time of the final pinch.

Figure 6 illustrates the geometry of case II ~Fig. 2! ap-

plied to the PF accretion phase. It is not to scale, and the

shape of the electrodes is chosen simply to make the figure

as compact as possible, as opposed to suggesting a preferred

profile. The axes and dashed line represent the coordinate

system and negative s velocity curve of Fig. 2, respectively.

The origin is assumed to be tied to the accelerated reference

frame of a fluid element at intermediate depth within the

accretion layer. The geometry has been rotated about the

z-axis to align the x direction with that of acceleration, and

then rotated about the x-axis by 180° so that the magnetic

field is pointing out of the paper, as represented by the (

‘‘arrow point’’ symbol. The s,0 profile and the latter rota-

tion are necessary to represent the sheared velocity profile of

a PF with a central anode. Without the latter rotation, the s

.0 ~solid! curve of Fig. 2 would represent the velocity pro-

file resulting from PF dynamics, and the magnetic field

would be pointing into the paper, as in the original figure.

This would make the center conductor the cathode.

We may make an estimate of effective case II model

parameters based on PF system parameters via the planar

‘‘snow plow’’ model15,16 of plasma accretion used in con-

junction with a more detailed planar model17 that provides

self-similar solutions to the accretion layer’s density profile.

The former assumes that the layer is thin enough to neglect

its internal structure for the purposes of overall momentum

and mass conservation. For our purposes this means

B0
2

2m0

5

d

dt
~sV0!, s5r fL , V05

dL

dt
, ~36!

where s is the layer’s mass per unit area, r f is an assumed

uniform initial gas fill density, L5L(t) is the distance propa-

gated by the current sheath, and B0 is the magnetic field

magnitude driving the layer. The more detailed model ap-

plies to cases where a thin current sheath propagates through

an initially cold uniform gas according to the power law

L5a
tn

n
, n>1 ~37!

or, alternately, the exponential law

L5g0t0
2 expS t

t0
D . ~38!

The density profile near the current sheath for the power

law is approximately

r5r fN1S x

L
D 2a

, a5

2~n21 !

n~g12 !22
, ~39!

where x here is distance ahead of the sheath, g is the specific

heats ratio, and N15N1(n ,g) is determined numerically.

This model implies a current sheath pressure only slightly

larger than the thin layer limit of Eqs. ~36!, at least for n

FIG. 5. Stability boundaries ~solid! and G'1 contours ~dashed! for case II

with e150, e352, and the same values of G2 as G* in Fig. 1 ~case I!.

G35&G2 is assumed. This is intended to represent flow shear within the

magnetic diffusion layer of a magnetically accelerated plasma with the con-

tinuous rise in density from vacuum to bulk represented by discrete steps.

The degraded high K stability relative to Fig. 4 is traceable to the addition of

a second ~upper! unstable interface with opposite G* when analyzed in

terms of the case I model ~see Sec. VI!.

FIG. 6. Application of case II geometry ~Fig. 2! with e15e350 to the

plasma focus accretion phase. Only the negative s velocity curve of Fig. 2 is

represented so as to corresponded a plasma focus with a central anode. The

origin is assumed to be tied to the accelerated reference frame of a fluid

element at mid-depth within the accretion layer. In addition to the geometry

being rotated about the z-axis to align the x direction with that of accelera-

tion, it is rotated about the x-axis by 180° so that the magnetic field is now

pointing out of the paper ~as represented by the ( ‘‘arrow point’’ symbol!.
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>1.5, and is appropriate if radiation may be neglected,

which can result in the collapse of the layer thickness.18

To determine case II model parameter J , a reasonable

choice for d is the distance in front of the sheath that r must

be integrated to equal s/2. From Eqs. ~36!, Eq. ~37!, and

Eqs. ~39!, the result is

d5LS 12a

2N1
D 1/(12a)

5a
tn

n
S 12a

2N1
D 1/(12a)

. ~40!

Noting from Eq. ~37! that

V05

dL

dt
5atn21, g5

d2L

dt2 5~n21 !atn22, ~41!

Eqs. ~34!, Eq. ~35!, and Eq. ~40! give us

J5

4gd

h2V0
2 5

4~n21 !

nh2 S 12a

2N1
D 1/(12a)

. ~42!

To estimate G2 , we take the magnetic pressure B0
2/2m0

driving the layer, and r25s/(2d) to be the characteristic

plasma pressure and density, respectively. The characteristic

T may then be determined from the ideal gas law

B0
2

2m0

5

s

2m id
kBT . ~43!

Using Eq. ~37! in Eqs. ~36!, meanwhile, gives

B0
2

2m0

5

~2n21 !

n
r fa

2t2n22. ~44!

Equating this to Eq. ~43!, and using Eqs. ~36! and Eq. ~40!,
we solve for

kBT52~2n21 !m ia
2S t2n22

n
D S 12a

2N1
D 1/(12a)

. ~45!

We now assume T i5Te5T/(11Z). This allows us to use

Eq. ~44! solved for B0 and Eq. ~45! in Eqs. ~3! to obtain

n25

m iatn21A2n21

eZ~11Z !A2nm0r f

S 12a

2N1
D 1/(12a)

. ~46!

This implicitly assumes a total plasma beta b
[(r2kBT/m i)/(B0

2/2m0);1. Substituting this, Eq. ~35! @us-

ing Eqs. ~41!#, and Eq. ~40! into Eqs. ~34! gives

G256

n2

hV0d
56

m iA2n21

eZ~11Z !hLA2nm0r f

, ~47!

where 651 or 2 for a central cathode or anode, respec-

tively.

In general, we find that J , as determined by Eq. ~42!, is

small enough for the large K stability criterion for a PF with

a central anode to be represented by case I Eq. ~29! with

G*5G2 , or

uG2u.27S J

8
D 2

~G2,0 !. ~48!

From this, Eq. ~42!, Eq. ~47!, Eq. ~37! and Eq. ~44! solved

for r f , our stability criterion may be written as

eZ~11Z !B0t

h3m i

5

eZ~11Z !L

h3m i

A2m0n~2n21 !r f

,

4n2~2n21 !

27~n21 !2 S 2N1

12a D 2/(12a)

. ~49!

Equation ~28!, Eq. ~48!, and Eq. ~42!, meanwhile, imply that

the first wave number to go unstable as B0t is raised beyond

the stability threshold is

Kcrit5

8

9J
5

2nh2

9~n21 !
S 2N1

12a D 1/(12a)

. ~50!

A case of special interest is g55/3 ~monatomic ideal

gas! and n52 @a53/8, from Eqs. ~39!#. From Eq. ~44!, this

n corresponds to the initial linearly rising B0 of a capacita-

tively driven inductive load typical of most PF circuits. From

Eqs. ~41!, it also means g5a ~constant!. The value of N1 in

this case may be inferred from the numerical solutions plot-

ted in Gol’berg and Velikovich17 Fig. 4 and G–V Eq. ~A6!.
To this end, let xs be the distance in front of the current

sheath of the shock front that precedes it (hs5xs /L in

G–V’s notation!. G–V Fig. 4 (N plot! shows r511.5r f at

x50.1xs , while xs50.16L based on G–V Fig. 4 (2U plot!
and G–V Eq. ~A6!. Equations ~39!, Eq. ~42!, Eq. ~48!, and

Eq. ~50! then imply, for a high K stable PF with a central

anode,

n52, g55/3, a53/8, N152.44,

~51!

J5

0.0746

h2 , uG2u.
2.3531023

h4 , Kcrit511.9h2.

From Eq. ~49!, the stability criterion may be written,

eZ~11Z !B0t

h3m i

5

2eZ~11Z !L

h3m i

A3m0r f,1277. ~52!

As a check on the accuracy of our r approximation @Eqs.

~39!#, N1 inferred for the above case, Eq. ~40!, and Eqs. ~39!
imply r58.37r f at x5d50.0373L . G–V Fig. 4, mean-

while, shows r58.2r f at x/xs5d/xs50.233 (h/hs in their

notation!. These similar values for r retroactively validates

the use of Eq. ~39! ~valid for x!xs) for the purposes of

integration out to x5d .

The case where L increases exponentially @Eq. ~38!# re-

sults in the same density profile plotted by G–V Fig. 4 and

approximated by Eqs. ~39! for x!xs in the limit n→` .17

This is another case of special interest since it results from

the exponential current waveform characteristic of a mag-

netic flux compression generator.19 The expression for d in

terms of L in Eq. ~40! is still valid. However, Eqs. ~41! are

replaced by

V05

L

t0

5g0t0 expS t

t0
D , g5

L

t0
2 5g0 expS t

t0
D . ~53!

Equations ~34!, Eq. ~35!, Eq. ~38!, and Eq. ~40! then result in

J5

4

h2 S 12a

2N1
D 1/(12a)

. ~54!
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Equation ~43! may still be used to determine kBT for use

in calculating G2 , but it is now equated to, from Eqs. ~36!,
Eq. ~38!, and Eqs. ~53!,

B0
2

2m0

52r fg0
2t0

2 expS 2t

t0
D . ~55!

Proceeding as before with the help of Eqs. ~36!, Eq. ~40!,
Eqs. ~3!, Eqs. ~34!, Eq. ~35!, Eqs. ~53!, and Eq. ~55! solved

for B0 ,

kBT54m ig0
2t0

2 expS 2t

t0
D S 12a

2N1
D 1/(12a)

, ~56!

n25

m ig0t0

Z~11Z !eAm0r f

expS t

t0
D S 12a

2N1
D 1/(12a)

, ~57!

G256

n2

hV0d
56

m i

eZ~11Z !hLAm0r f

. ~58!

Not surprisingly, the normalized forms of Eq. ~54! and

Eq. ~58! correspond to n→` of Eq. ~42! and Eq. ~47!, re-

spectively. G–V Eq. ~A6! still follows from the Hugoniot

relations, so the same procedure as before may be used to

determine N1 . Specifying now for an ideal gas, Eqs. ~39!,
Eq. ~54!, Eq. ~48!, and Eq. ~50! imply, for a high K stable PF

with a central anode,

g55/3, a56/11, N151.467,

~59!

J5

0.0661

h2 , uG2u.
1.84331023

h4 , Kcrit513.4h2.

From Eq. ~58!, Eq. ~38!, and Eq. ~55! solved for r f , our

stability criterion is

eZ~11Z !B0t0

h3m i

5

eZ~11Z !L

h3m i

A2m0r f,767. ~60!

The values of B0 and L in terms of machine parameters

are still vague at this point. A conservative choice for B0

would be B at the radius R1 of the center conductor given

machine current I and Ampère’s law. Meanwhile, optimizing

h entails balancing the mass accreted during the axial accel-

eration phase with that of the radial implosion phase. This

suggests that the inner electrode length should be compa-

rable to its radius. Specifying henceforth our dynamic pa-

rameters to be their values at pinch time, we therefore as-

sume

B05

m0I

2pR1

, L52R1 . ~61!

Given this, an interesting result is obtained by constraining

the various cases’ stability criteria with the following empiri-

cal scaling constant for D2 PF optimized for maximum neu-

tron yield,20

C5

I

R1Ar f

55.793108S A-m1/2

kg1/2 D . ~62!

From Eqs. ~61!, Eq. ~49!, Eq. ~52!, and Eq. ~60!, then, R1

and the high K stability criterion for an optimal D2 PF (Z

51) for arbitrary n , a linearly ramped current (n52), and

an exponentially rising current are, respectively,

R15

Am0Ct

4pA2n~2n21 !
~power law!,

~63!

I/h3
,

nA2n~2n21 !

27~n21 !2 S 2N1

12a D 2/(12a) Cm i

eZ~11Z !Am0

,

R15

Am0Ct

8p)
51.493104t m/s ~ linear!,

~64!

I/h3
,184.3

m iC

eZ~11Z !Am0

52.0 MA,

R15

Am0Ct0

4p&
53.653104t0 m/s ~exp!,

~65!

I/h3
,271.2

Cm i

eZ~11Z !Am0

52.9 MA.

We are reminded that the perturbation profile used to

derive the above stability criteria assumes uSu!1 @Eq. ~18!#.
We assumed b51, making b i51/(11Z)51/2 so, from Eqs.

~17!, Eq. ~35!, Eq. ~40!, and Eqs. ~41!,

uSu5
n

8h2 S h3m i

eZ~11Z !B0t
D S 2N1

12a D 1/(12a)

~66!

for the power law current. The term in the first parenthesis is

the inverse of the l.h.s. of Eq. ~49!, or Eq. ~52! for g55/3

and n52. From Eqs. ~51!, then, we have uSu55.2

31023/h2 for an ideal gas driven by a linear current ramp at

the stability threshold. A similar analysis using Eq. ~35!, Eq.

~40!, Eqs. ~53!, Eqs. ~59!, and Eq. ~60! shows uSu59.9

31023/h2 at the stability threshold of an exponential current

driving an ideal gas. The stability criteria, therefore, may be

considered valid for h;1 during most of the discharge for

systems approaching critical parameters. At very early times

or for much less energetic systems, however, we can have

uSu;1 due to a smaller B0t . Having not been solved, the

stability implications of the numerical solution to Eqs. ~17!
in such cases are unclear.

VI. DISCUSSION

Comparison of Fig. 1 to Fig. 4 indicates that for 0,J

&0.3 and G2<0, Eq. ~29! with G*5G2 suffices as the large

K stability criterion for an accelerated layer (e150, e350),

as used in Sec. V. Note in Fig. 5, though, that for G250, the

critical J for a given K is 3 times lower than in the corre-

sponding curve of Fig. 4. This is traceable to the additional

unstable upper boundary due to e352 in the former. Specifi-

cally, application of the case I semi-infinite model to this

boundary ~appropriate for large K) shows that, from Eqs.

~24!, s*52s1/3 there, where s1 in this context is the shear

factor s of the transitional layer, and g*5g/3. From Eqs.

~27!, J* is, therefore, amplified relative to J in case II @as

defined in Eqs. ~34!# by a factor of 3. Worse still, due to the
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above s* sign reversal, G2,0 in Fig. 5 ~favorable for the

lower boundary! implies an unfavorable G*.0 for the upper

boundary. This explains the unstable wave number that oc-

curs for all J for both. This indicates that, if gyrovicosity

effects are to be exploited or otherwise significant, flow shear

should extend further than the density transition layer of the

current sheath. Attempts to confine the sheared flow to the

diffuse layer where the density rises within the magnetic skin

depth, as has been suggested,4 are likely to be counterpro-

ductive.

The validity of the stability criteria derived here depend

on the ability to treat instabilities, especially the least stable

mode with K5Kcrit (k5kcrit), in terms of incompressible

motion. Relevant references involving compressible media

were sought for insight. In the absence of flow shear, R–T

modes resulting from a discontinuity in an ideal compress-

ible fluid have the same growth rate for wavelengths short

relative to the vertical scale length, and compressibility re-

duces the growth rate for longer wavelengths.21 Our high K

stability criteria, therefore, should not be affected on this

account. As for flow shear effects, however, it is clear from a

compressible ideal MHD analysis corresponding to our case

II geometry with e35e151 and g50,22 that our incompress-

ibility assumption requires the magnetoacoustic mach num-

ber, defined as the ratio of the characteristic shear speed to

the magnetoacoustic speed cm , to be much less than unity. In

general, the characteristic shear speed for case II is usud . If,

however, we are primarily concerned with whether or not a

particular wave number k@1/d behaves in an incompressible

manner, the mode’s characteristic speed is usu/k . The general

and high wave number ratios are, then, respectively,

M5

usud

cm

, M k5

usu

kcm

, cm5AB0
2~gb12 !

2m0r2

. ~67!

For a PF with power law current, from b51, Eqs. ~27!, Eq.

~35!, Eqs. ~41!, Eq. ~43! (r25s/(2d)), and Eq. ~45!,

M5

hAn

A8~2n21 !~g12 !
S 2N1

12a D 1/(222a)

, M K5

2M

K
.

~68!

For an ideal gas driven with a linear current rise, M and M K

for K5Kcrit are, from Eqs. ~51!, M50.78h and M crit

50.13/h , respectively. Meanwhile, for an ideal gas driven

with an exponential current rise, from Eqs. ~53!, Eq. ~43!,
Eq. ~56!, and Eqs. ~59!, M51.01h and M crit50.151/h . So

for h;1, our incompressible model is marginally suitable at

best for low K , but adequate for the purposes of our PF high

K stability criteria @Eqs. ~63!, Eqs. ~64!, and Eqs. ~65!#.
Another complication due to compressibility is the effect

on B due to the Hall term added to generalized Ohm’s law in

nonideal MHD.23 Since the only occurrences of B in our

governing equations @Eqs. ~1!–~4!# are absorbed into the

definitions of p*, which is eliminated, and n, which is car-

ried through as an independent parameter, and our equation

of state “"v50 has no independent plasma pressure depen-

dence, generalized Ohm’s law is not needed for mathemati-

cal closure. The Hall term can, nonetheless, result in unstable

R–T modes due to actual compressibility. Ideal MHD is gen-

erally adequate for describing a given mode provided23 F

[kr i!1 and H[ck/vpi!1, where

r i5

Am ikBT i

ZeB0

, vpi5Ar0Z2e2

e0m i
2 , ~69!

are the Larmor radius and ion plasma frequency, respec-

tively. The FLR stress tensor and Hall terms extend the range

to F&1 and24 H*1, respectively. Since we include the

former and neglect the latter, Fcrit[kcritr i&1 and Hcrit

[ckcrit /vpi!1 are additional conditions for the validity of

our stability criteria. Unlike the conditions on M , satisfying

these conditions at kcrit automatically satisfies them for

smaller k . For both the power law and exponential currents

in our PF example we have, from Eq. ~43! (T i5Te5T/(1

1Z)), Eqs. ~36!, and Eq. ~40!,

F5

Km i

2ZeLA~11Z !m0r f

S 2N1

12a D 1/(222a)

,

~70!

H5

cKm i

ZeL
A e0

2r f
S 2N1

12a D 1/(222a)

.

Substituting in Eq. ~49! solved for LAr f , and Eq. ~50! for K ,

we have for a power law current

Fcrit5

3~n21 !A2~11Z !

4hAn~2n21 !
S 12a

2N1
D 1/(222a)

,

~71!

Hcrit5

3~n21 !~11Z !

2hAn~2n21 !
S 12a

2N1
D 1/(222a)

.

For an ideal gas driven by a linear current rise, from Eqs.

~51!,

Fcrit50.084A11Z/h , Hcrit50.118~11Z !/h . ~72!

Meanwhile, for an exponential current rise, from Eqs. ~70!,
Eqs. ~59!, and Eq. ~60!,

Fcrit50.096A11Z/h , Hcrit50.136~11Z !/h . ~73!

Hence our Fcrit and Hcrit conditions are satisfied for h;1. In

fact, these values are so low that, taken at face value, one

would expect ideal MHD to be adequate precisely at the

point where FLR stabilization appears. The reason for the

discrepancy is that the Fcrit!1 condition for ideal MHD is a

general rule, and does not fully account for the enhanced

significance of gyroviscosity in a strongly flow sheared

plasma that results from the large ~zeroth order! coupling in

Eqs. ~2!. There is no analogous amplifying effect on the sig-

nificance of the Hall term. However, it is possible that com-

pressible Hall modes come into play at much higher values

of K than Kcrit .

Equations ~63!, Eqs. ~64! and Eqs. ~65! do not necessar-

ily imply that a neutron optimized D2 PF operating at greater

than the critical current will emit fewer neutrons than one

operating at that current. If that were the case, conventional

~unstable! Z pinches without sheared flow would not work as

they do. A more reasonable prediction is that there will be a

diminished return on increasing the current. The I4 neutron
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production scaling law25 may break down, for example. Fur-

thermore, the presented model involves crude approxima-

tions of PF dynamics, so the ultimate current threshold may

be significantly different, even if care is taken to make h as

close to unity as possible. The calculations presented suggest

only that there is such a current threshold in the general

vicinity of the estimates. To test the theory empirically does

not necessarily require current exceeding the neutron opti-

mized limit. The more general B0t threshold may be studied

at lower current by reducing the anode diameter and looking

for evidence of instability with wave numbers of the order

predicted by Eqs. ~50!, Eqs. ~51!, or Eqs. ~59!, as the case

may be, with interferometric, Schlieren, or other types of

imaging systems.

B0 , t , and/or I limits for PF stability are relaxed signifi-

cantly for current drivers with a high effective n or, ideally,

an exponential current rise. From Eq. ~60!, for example,

there is no t constraint per se to reach the a desired B0 , as

long as the e-fold time t0 remains small enough. Further-

more, Eqs. ~64! and Eqs. ~65! suggest that stable operation of

a neutron optimized D2 PF with currents roughly 50% higher

may be possible for an exponential vs linear drive. Note also

that if m iC/(Z(11Z)) is increased for PF applications such

as x-ray production, a proportionately higher current thresh-

old is implied.

The description in Sec. V as to how to employ the ge-

ometry of Fig. 2 to a PF ~Fig. 6! was decidedly descriptive,

making simple use of Ampère’s law and the right hand cur-

rent rule. A more general local definition of s in terms of the

unperturbed velocity field v0 and local unit vectors appropri-

ate for the model is

s[x"“~v0"y!, z5B/uBu,
~74!

x52

]2v0

]t2 Y U]2v0

]t2 U, y5z3x.

Using this form, local definitions of case I parameters may

be used to make predictions based on results such as Eq.

~26!, Eq. ~29!, and the instability of K'AG* for G*.0. To

this end, Eqs. ~27! may be rewritten

J*5

4g r̄~Dr/Dx !

~D~sr !/Dx !2L2 , G*5

2D~nr !/Dx

L2D~sr !/Dx
,

G5

gA2 r̄

AgkLDr/Dx
, K5kL ,

~75!
L[2d , r̄[~r11r2!/2, Dx[L ,

elsewhere DQ[Q22Q1 .

These suggest local definitions

J*[
4gr0Dr0

~LD~sr0!!2 , G*[
2D~n0r0!

L2D~sr0!
,

~76!

G[
gA2r0

AgkLDr0

, K[kL .

L , here, may then be interpreted as the characteristic equi-

librium scale length. These forms may be used to predict

unstable configurations for a wider range of accelerated

plasma configurations than the simplified cases presented.

If we assume that n and, therefore B , are a space–time

constants (T is already assumed so!, Eq. ~11! reduces to

DFv*~r0v*22nkDr0!DS u

v*D G
5k2S ~r0v*2

1~g22knv*!Dr0!S u

v*D D . ~77!

This is equivalent to Rosenbluth and Simon’s Eq. ~3.12!,26

except that we neglect R–S parameter b @R–S Eq. ~3.7!#, and

the direction of gravity is reversed. It corresponds to low

plasma b ~where B is dominated by its vacuum solution!,
referred to in R–S as the ‘‘flute approximation.’’ b is the

ratio of the Alfvén speed to the speed of light and, as in ideal

MHD, does not appear as a result of the neglect of the dis-

placement current in Eq. ~1!. To derive the former from the

latter, P/V ~R–S notation! 5p i /vpi52r0n is used to find

an expression for R–S parameter T ~not related to tempera-

ture! in terms of our variables, and the equilibrium and first

order contributions to R–S Eq. ~2.25!, with the help of Eq.

~9! and Eq. ~10!, are used to find an expression for R–S

parameter c. With b50, then,

T5v*~r0v*22nkDr0!, c5B
u

v*
. ~78!

Interestingly, while both Eq. ~77! and R–S Eq. ~3.12! assume

B'constant, the latter is stated to allow for spatial variations

in temperature. Being equivalent, this implies Eq. ~77! also

allows for such variations, but we have not shown this since

Eq. ~77! is derived using the isothermal FLR stress tensor.10

The simplest interpretation is that R–S Eq. ~3.12! does not

simplify in the isothermal case.

As for connections to other work, Eq. ~77! with n50

reduces to Goldstein’s3 Sec. II, Eq. ~11! or, equivalently, to

Chandrasekhar’s Chap. 11, Eq. ~21!.7 Equation ~33! with

G i50 reduces to Taylor’s6 Eq. ~25!. The G250 plots of Fig.

4 and Fig. 5 correspond to Shumlak and Roderick’s5 Fig. 4

and Ruden’s4 Fig. 2, respectively. Where n is considered, Eq.

~77! reduces to Huba’s27 Eq. ~9! for V50, although T should

have been defined as T i in the latter. For the case where r0

increases with height as exp(lx) and V50, solutions to Eq.

~77! bound at infinity ~requiring Du50) reduce to Roberts

and Taylor’s9 Eq. ~7!, which results in stability for k2

>g/n2l . Significantly, Qiu, Huang, and Juan’s28 Eq. ~4!,
which assumes the kinematic viscosity force density vector

nr¹2v may be used to model gyroviscosity, results in

v2
2ink2v1gl50→g5Agl1

k4n2

4
2

k2n

2
~79!

for this case, based on Q–H–J Eq. ~21! with its v sign con-

vention reversed to correspond to ours. This solution is un-

stable for all k , merely damping modes with higher k ~as is

typical of kinematic viscosity!.

722 Phys. Plasmas, Vol. 11, No. 2, February 2004 E. L. Ruden



VII. SUMMARYÕCONCLUSIONS

The general dispersion relation for magnetically trans-

verse modes of an isothermal incompressible FLR MHD

plasma in a gravitational field with depth dependent density

and horizontal flow is derived and used to model the stability

of an accelerated plasma layer with sheared flow. To illus-

trate its utility, the electrode polarity dependence of plasma

focus performance is explained as a natural consequence of

the coupling of gyroviscosity to the sheared flow inherent in

PF dynamics. For a given current waveform and a central

anode, an upper bound on the value of B0 used to drive a PF

plasma for a given for current delivery time @scale# for high

wave number stability is implied. A minimum anode radius

is, therefore, implied for a given current driver. Constraining

the stability criteria further with a previously recognized em-

pirical scaling law for a neutron yield optimized D2 PF @Eq.

~62!#, an absolute maximum current for stable operation is

implied for a given current waveform, independent of rise

time.

Like any analytic plasma theory, the results should be

interpreted skeptically. Electrical resistivity, turbulent mix-

ing, compressible Hall modes, and the more complex actual

current sheath trajectory of a PF could all have a significant

impact on the accuracy of predictions. At a very minimum,

the results are intended to demonstrate that the coupling of

gyroviscosity to sheared flow may be significant in some

plasma devices for which FLR effects have generally been

ignored. The stability characteristics of the equilibrium

pinched state of shear flow stabilized Z pinch,29 for example,

may be affected.
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