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The linear dispersion relation is derived for modes of an isothermal ®nite Larmor radius
incompressible plasma with an equilibrium density and horizontal "uid velocity varying with depth

in a uniform gravitational ®eld. The velocity and magnetic ®eld are assumed parallel and transverse
to the wave number, respectively. Stability criteria are derived and unstable growth rate diagrams
plotted for the combined Rayleigh+Taylor/KelvintHelmholtz modes for two and three region
piecewise uniform cases representing an accelerated plasma layer with sheared ow. The effect of
gyroviscosity on wave numbers larger than a critical value is shown to differ if the direction of the
magnetic ®eld is reversed, all else being equal, being either stabilizing or destabilizing depending on
direction. This implies an electrode polarity dependence for a magnetically accelerated plasma with
sheared “ow consistent with the observation that plasma foci generally have superior performance
if the center conductor is the anode. Characteristic properties of the shocked plasma layer of a
plasma focus during the accretion phase are inferred for use with the model. Given a plasma focus
with a central anode, a maximuByt product is derived for high wave number stability for a given
current waveform, wher8 is the driving magnetic ®eld magnitude ani the current risetime.

When combined with a recognized empirical scaling law for neutron yield optimizegld&ma

foci, a maximum current for high wave number stability is implied independent Bébr a linearly

rising current, for example, this is 2 MA. Strategies for mitigating the constraints are discussed, such
as applying an exponentially increasing current waveform. This and other parametric relationships
of the model may lead to designs with higher performance than would otherwise be possible for
plasma foci and other devices such as “ow shear stabilized Z-pinch@OI: 10.1063/1.16376G8

I. INTRODUCTION the intermediate layer, thereby generalizing Taylor's treat-
ment of a piecewise uniform case of the KelvintHelmholtz
Having a sheared uid velocity has long been recognizedk +H! instability which assumes densitgiecreaseswith
as a potential mitigating factor for the Rayleigh+Taylor height®7In all cases where the density increases with height,
-R+T instability. Kud' determined that all wave numbers only R+T modes within a range of wave numbers are stabi-
parallel to the direction of a vertically sheared horizontal|j,eq by "ow shear, below and above which modes are un-
“uid velocity are stabilized for an incompressible “uid of gapie “various mechanisms are proposed in the above ar-
in®nite depth with 2den5|ty exponentially increasing With;cjes to improve the stability of the more problematic higher
height providedg/l s*, 2. Here, gravitational acceleration wave numberswhich generally have a higher growth rate

9 et-f:)I_d .gensllty.tscallethhelght, andtthﬁ Qerr;vatlve of hor; Of these, the effect of ®nite Larmor radiu$LR! is the
zontal "uid velocity with reference to heiglgt are assume subject of this paper.

constant. This is a particularly interesting result in magneto- Thompsof derives an equation of motion for a plasma

hydrodynamicsMHD! since, if the "uid is a plasma sup- that couples ion orbital motion to plasma velocity component
ported by a magnetic ®eld orthogonal to the sheared ow, P P y P

modes in the magnetic ®eld direction are stableé’too. gradients. Roberts and Tayladentify the coupling coef@-

To represent a magnetically accelerated ideal MypCientn as a type of viscosity. Despite the suggestive termi-

plasma with a rapid transition from the driving magnetic "0109Y: the mathematical form of this coupling is signi®-
®eld to a plasma layer of ®nite thickness, such as in a gantly different from that of kinematiecollisional viscosity.
pinch or plasma focusPR, stability diagrams based on Roberts and Taylor's subsequent example shows for example
Goldstein's dispersion relation for an incompressible uid in that, unlike kinematic viscosity, gyroviscosity stabilizes suf-
a gravitational ®eld with height dependent density and uni®ciently high wave numbers by coupling to velocity compo-
directional horizontal velocity are already published for nentgradients resulting from the line&@rst orderR+T per-
various piecewise uniform cases. These cases are for densftyrbation itself. This suggests that a stronger effect may
increasing with height in two equal stebsnd for density ~result from gyroviscous coupling to a much largeeroth
increasing from zero to a constant value at a given heightgrdet pre-existing ow shear factos, as de®ned most gen-
and then either staying constant or dropping back to zero aterally by Eqs.~74!. Another signi®cant difference is that the
greater height.The "ow shear in these cases is con®ned tdforce density vector resulting from gyroviscosity is asym-
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metric under the transform! 2 X, wherex is the direction ] F vy ]Vx@
of acceleration. Lyl 2~ "PI"X5 T 1 Ty
We generalize Goldstein's dispersion relation in this pa-
per by adding an isothermal FLR correction to the MHD ] F Vy vy E
stress tensd which generalizes Roberts and Taylor's ex- 2 ]y nras 2 Iy
pression to allow for spatial variation in gyroviscosity, and 2l

revisit the aforementioned piecewise uniform cases. Two L[ 2~ "P1y52 LE" Vy ]&E
simpli®ed general cases are presented to investigate the ~Y i 1y X ]y
coupled effects of gyroviscosity and sheared “ow on the sta-

bility of an accelerated plasma layer. Both are motivated by 2 ]—F”II‘ VX2 ]ﬁ E
interest in the stability of a "ow sheared plasma layer of Ix x ]y
thickness 2 accelerated by a magnetic ®eld. In case I, only )

high wave number modes wit@(2d)? * are considered, so p*[ kB_T, 1 B ns KeTi_

the slab may be assumed to be semi-ini®nite. This most sim- m 2y 2ZeB’
pli®ed two region case is presented since the effects of

gyroviscosity are greatest in this regime. We show that the =1 « "5 0« "5, 4
proper combination of sheared "ow and gyroviscosity stabi-

lizes this case for all wave numbgrsovided s 0. Gyrovis- v, r,L,m, m, ks, T;, Te, € andZ are the uid velocity,
cosity actually negates most of the stabilizing effect of thedensity, FLR force density vector, ion mass, free space per-

ow shear in a broad range of wave numbers.if0. Thisis  eapility, Boltzmann constant, ion and electron temperature,
a direct consequence of the aforementionéd2 x asym-  glementary charge, and mean ionization level, respectively.
metry. The effect of the thickness of the plasma layer and/of,o incompressibility assumption greatly simpli®es the

“ow sheared region is considered in case Il by introducing nalysis, but limits the range of validity of the model, as
second boundary distancel 2rom the ®rst. This generalizes yisssed in Sec. VI.

the publis?ed stability diagrfams where gyroviscosi_ty IS The equilibrium state of interest hass v,o(x)y,
neglect_ed‘: We see that the_hlgh wave ljumb_er behavior of5 ro(x), B5 Bo(x)z, andn5 ny(x). These comprise a time
case | is retained but, as without gyroviscosity, wave NUMy,qenendent solution to the governing equations provided,
b_ers below a critical value are uns_table. While case 11 Protom Eq.-! and Eqs-2!,
vides a more complete representation of the combined R+T/
K+H instability for an accelerated plasma layer, case | is
analytically much simpler and, therefore, more clearly illus-
trates the effects of the coupling of gyroviscosity to ow
shear. In particular, case | helps clarify the large wave numWe now linearize the governing equations assuming a ®rst
ber behavior of both interfaces of case II. order perturbation from this equilibrium with exp(l iky)

The theoretical results are applied to the dynamics of &dependence. Equilibrium and ®rst order components are rep-
generic PF-type device, for which “ow shear within the ac-resented by 0 and 1 subscripts, respectively,
celerated layer is implicit. It is observed empirically that PF ]
generally operate more ef®ciently if the central conductor is irovyav 1 Kvy!52 —pi2grilly,
the anodé! This is consistent with the the aforementioned IX

T[ ~T,1 ZT.!, 3!

Vv X
pAx!52 noro]—)ioz g Eo~x8! dx8L constant. 5!
0

polarity dependence of the gyroviscous- ow shear coupling, v 6!
although other explanations have been propdé&wr a PF irovy1~v1 kvl rovxl—y052 ikpT1 Ly,
with a central anode, critical scaling issues are revealed that Ix
may affect the performance of existing and future machines ] F IVvo Vop [E
with higher energies and currents. L 45 7x “nor 11 ron! ]—))('1 norOS—];(’ 1 ikvyy
Il. MODEL 2 iknorogﬂz ikv D
]X - 7!
We assume a perfectly conducting isothermalvariant ]
plasma with a magnetic ®eld of magnituglén the z direc- - E 1Vyo Vyi, m
tion, and a uniform gravitational ®eld of magnituglén the Ly152 Tk[=ors1 romy! Ix 1 nor oIy =1 ikvig
2 x direction.x, y, andz are thex, y, andz directional unit
vectors, respectively. For incompressible motion con®ned to 2 ]_E,OrOSMZ ikVylm
the xty plane, the MHD equation of motion supplemented Ix Ix
by the isothermal transverse contribution to the FLR stress KT M 1
tensorP given by Hazeltine and Meis§,Chap. 6, Eq-123, p¥5 ——r.2 9o 'D c 8l
along with the equations of continuity and state are m; Ze™ mm

r
r]]—tvl r~" 1v52 “ p*2grx2“ "P, ~1! ir,~v1kvy!l vx1]]—XOS 0, 9!
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. ]Vxl
IkVyll ]_XS 0.

Equation-8! and Eq.~9! result from Eqgs-~3! and Eqs.4!,
respectively, while Eq-10! results from“ "v5 0 alone. We

~10!

have eliminated the explicit appearanceBoferms in Eq-8!

in favor of T; ~constant andnterms so that the latter may be

treated as an independent parameter.

To obtain a dispersion relatiomp; is ®rst eliminated

The polarity dependent effect of gyroviscosity . . . 715

Here,

Di@x'#{ lim~fx1 el2 fx;2 ell. ~6l
e 0

Elsewhere, subscriptrefers to the value of a function at
5 X;, which must be continuous to be well de®néénce
D;@# 0 is assumed

Within any continuous range of with uniform rg, ng,
and shear factas5 DV -a positive or negative constanEq.

between Eqgs=6!' by solving both for] p7/]x and equating. 11! reduces to

An expression fom;, is obtained by substituting; in the 2 %12 2 2
second of Egs:6! with the r.h.s. of Eq-8! and sollving for ~11 Stv#D7u2 A2 StvPkeus 2SkneD @7u2 Kou#
n,. r; andvy, are then eliminated by solving Eep! and bim;s
Eq. 0 for these terms, respectively, and substituting else- S5 4ZeB,’
where. The result is, without any further approximations or

assumptions, This requires a numerical solution. However, if we con®ne
ourselves taBu 1 @n,' 0 from Eq.-12'# Eqs.~17! reduce

to the following with the given solution:

~7

u
D[~rov*22 2kn0v*Dro!D$7D 2kr g~k2nou

2 -Dny!Du2 -4n1!Dv*!G

D?u2 k?u5 0, U 1, -8
u5 constan® exp-vtl iky6 kx!. ~9

The effect of both shear and gyroviscosity in this limit, there-

2
5 k_guDrol 2k3ngr oDul K2rouv*, 41 fore, is due entirely to interaction with neighboring regions
v via the jump conditions. From Eg14!, the primary jump
55 y*2 u condition between two regions with different uniform values
<in,!5 _ FO DS/TD of rg, Ng, ands in this limit is
~12 SlroDv k

2 2~-Du!D~nyro!1 rong%k?u2 D2u!

ngT | yDrOG
1 = 1 n,Dv* v ~2
i

s 3QZeDDv*5 bim; Dv*
[ moronog 7Y =5 2768, "k

D[~~~ *2Dul ~2k2nyv* 2 sv*2 kg!ku!G 0. 20!
V*

lll. CASE I: TWO SEMI-INFINITE REGIONS WITH
DIFFERENT UNIFORM rg, s, AND nq

Here, we de®ne two homogeneous semi-in®nite regions
separated by a boundary»d O with the following equilib-

rokeT;/m, ] rium properties,
il —===—, D[ =, v* 1KV, ~13 .
il B&/2my [ Ix viLv ro5rq, V5s;x, ng5 ny if x, 0,

21

U[ Vg1, V[ Vyo. r05 r2! V5 Sle n05 n2 If x> O;

Here, b; is the ratio of ion pressure to magnetic pressure oWherer, r, sq, S2, M, andpz are constantssub;cript 1
“ion beta." now refers to region !1 Equations15! and Eq.~19! imply

I_quati9n~11! per se is only valid in regions'with §patial expkx!  if x, O,
continuity in ro, V, DV, and ny. For cases involving a
discontinuous change iny, DV, and/orn, at given values

of x5 x;, Eq. 11 may, however, be integrated across thepere A is an arbitrary constant times exp(1 ikx), and we
boundary to obtain jump conditions to match solutions oncon®ne ourselves to solutions boundsbr 6 ° . From Eq.
each side. We assume continuityMinsince we are interested o

in perturbations with wavelengths on the order of or shorter

22l
exp2 kx! if x> 0. 22

than the ow sheared layer thickness. Our jump conditions, ~ v*2 2k®n*2 s*1v1 kg*5 0, 23
then, are
" gzrzz ”1’1D * Szfzz S1r1D
F u D s rilr 5 rilr
Di[~rov*22 2kngv*Dro! D QLI 2kr o~k2ngu 12 e

24
g*5 93—22 1[)
117,

632D,

2 Dnyg!Du2 ~iny!Dv*! v {@o#, ~4
| DA

v5 S* k%2 > * k%2 7D2 g*k. 25!

D/@# 0, D,@#5 0. 15!
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FIG. 1. Case | stability boundargolid! and associate@5 0.5 and 0.9999
contours~dashed, near, and above associated stability bouhdaryG*
52 0.04, 2 0.02, 0, 0.02, and 0.04tabeled. Rayleigh+Taylor/Kelvin
Helmoltz modes are stable below the respective curves. Note th&*or
. 0, the stabilizing effect of ow shear is negateile., G' 1) for K

' UAGE.

The condition for instability, implying growth ratg5 max

(2Imv), is
~12 G*K?1? ~12 G*K?1?
* | Al
! 5A2 SR 26!
J*[ g K[ 2kd, G*[ L e]| 9 27
s*2d1 ’ ZS*dZy %*k .

We reintroduce herd, the half-thickness of the plasma layer

E. L. Ruden

s<0 §>0 Po=p;3

v =V(x)y V =+sd

+d Yo=Y

X = sssEmsEssEEEmEmEEnEE

g ~ A Po =P

v, V =sx

+ VO:V2
x:—dl llllllllllllll}lllpo :[01
®B=Bxyz | |

vy, =V

FIG. 2. Geometry and coordinate system assumed for case Ilba ow
sheared layer separating two unsheared semi-in®nite regions: Thail
feathers" symbol indicates the magnetic ®eld direction is into the page. The
solid/dashed/ vs x plot corresponds to a positive/negative shear fasfor
given the coordinate conventions.

Kot -G*, 0. 28

1
A2 3G*
Plugging this back into the inequality gives us our global
stability criterion,
e G* /27

if G*> 0.

For completeness, we have included the general stability for
J*<0 (ry, rq).

if G*, 0

Jr< 29!

intended to be modeled, for comparison with the normalizeqv CASE II: TWO REGIONS WITH OPPOSING

representations of case Il. The normalization&is chosen

VELOCITIES SEPARATED BY A THIRD REGION WITH

so thatGh 1 Corresponds to the semi-in®nite plasma RiTA SHEARED TRANSITIONAL VELOCITY PROEILE
growth rate in the absence of gyroviscosity and sheared “ow.

A clari®cation of sign conventions is appropriate at this

To recover a description of the instability know to occur

nonnegative. A R+T relevant con®guration is one for whicipoundary on stability, we assume now the plasma is divided

r,. ri, and may be identi®ed by a positide. G* may be
of either sign regardless of the relative magnitudes;oénd
r,, and takes on the sign af for n,r,. nirq, asis gen-
erally the case for R+ T con®gurations. Equatf implies
con®gurations with negativ® (r,, r,) are always stable.
That is, the conventionalstatically stable K+H instability
does not occur in case |.

Figure 1 plots the stability boundary and associaBed
5 0.5 and 0.9999 contours of EeR6! for a range ofG*
values. The constar contours are obtained by solving the
expression foGin Eq.~26! for J* and plotting. We see here
and from Eq-~26! that there is no global stability.e., for all

K) if J*. 0 andG*. 0, and that gyroviscosity suppresses

the stabilizing in"uence of "ow shear in the vicinity df

5 AG*. We also see that foB*, 0, the geometry is stable
for all K if J* is suf®ciently small. Differentiating the r.h.s.
of the inequality in Eq-~26! with reference tK for a given
G*, 0, setting equal to zero, and solving &6 K iden-
ti®es theteast stablemode that requires the smalleBt to
be stable,

into three regions of unifornmy and ny. For this case, we
will restrict ow shear to the intermediate region of thickness
2d and drop the *" superscripts used to generalize the re-
sults. As illustrated in Fig. 2, we have in equilibrium

red ri, V52 sd, ngb ny if x,2 d,
rod ro, V5 sx, ngdb n, if 2d<x,1 d, ~30!
ro5 ri, V51 sd, ng5 ny if x>1d,

wheres is constant. Equatiorl9! implies, for bound solu-
tions,

us Aje  if x,2 d,

us Aye! 1 B,e?* if 2d<x,1 d, 31
u5 Aze? ¥ if x> 1 d.
Equations-15! imply
A182 kd5 A2e2 kdl Bzel kd,
32!

A3e2 kd5 A2e1 kdl 5262 kd.
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Substituting Eqs:30! and Eqs~31! into Eqg.~20!, and using Eqs32! to eliminateA; andAs, the primary jump condition
may be solved foA, /B, at both boundaries. Equating then gives

12 e1-11 V212 2K~G,2 €,G5!V oV, 1 2V V4 /K

2 2K
12 6512 11 651V2 2 2K-G,2 €351V oV 1 1 2V oV, /K ©

~12 @1 ~11 V32 2K~G,2 €G!V oV, 1 2VV, /K a3
~12 e!1~12 V512 2K~G,2 €G!V oV, 1 2VoV, /K '

v i Figure 5, with 5 0, and e;5 2, represents a ow
V[ =, V[ % Ve[V 6 Vg, sheared transitional layer of a magnetically accelerated
Agk plasma with a gradual rise in density from vacuum to bulk
34 due to magnetic diffusion. There is a problem, however, in

K[ 2kd, J[ 9 G ni el ri assuming that region 3 represents the unmagnetized bulk
' s2d’ Tt 2sd oy since, from Egs=3!, ny! = asB,! O, causing FLR MHD

) ) ) ) ) theory to break down. We assume, therefore, that a semi-
Equation-33! expands into a quartic polynomial M with ih@nite fourth region some distancenot necessarily @)

four complex roots. An excellent presentation of the analyticgpygye region 3 with density,5 3r, represents the unmag-
solution to the roots of a quartic polynomial is available. netized bulk. This is only a construction to determine a rea-
However, the complexity of the ®nal form offers little in the sonaple value foG,; we will not actually incorporate the
way of physical insight into the stability boundaries, or the ey boundary conditions into our model. The “ow sheared
ability to formulate simple analytic stability criteria, as was layer ~still con®ned to region!2 therefore, only penetrates
done for case I. Given the availability of math packages tha{jp to the point where the density is 2/3 that of the bulk.
provide complex polynomial roots numerically, that methodsince region 4 is assumed very thick compared to the diffu-
was chosen instead. sion layer, Eq.-5! implies p;5 constant may be assumed
A magnetized plasma layer accelerated by a vacuumgyerywhere of interest. We have, then, from Eed. and

®eld ia represent_e(_j bye,5 ;5 O_. Using Laguerre's Egs. 34!, G,5 A2/3G, ~for referencé and G35 & G,.
method” for determining theV solutions, Fig. 3 plots the Giyen thisG3, the same range @, values used for Fig. 4
stability boundaries and several maximum growth 1@  5re represented in Fig. 5.

5 max@ Im V)# contours fore;5 ;5 0 and G,52 0.01.
G, andG; have no effect here sing®; drops out of Eq-33!
if @5 0. Figure 4, also for,5 &5 0, plots stability bound- V- PLASMA FOCUS APPLICATION

aries for the same values &f, asG* in Fig. 1-~case | for We now consider the implications of the above to a PF. A

comparison. Only thés5 1 contours are illustrated here 10 pg consists of pair of truncated coaxial electrodes with gas or
avoid congestion. plasma initially ®lling the region. Voltage applied across the
electrodes creates a current sheath in the intervening medium

0.6 T T T

05

03F M

0.2 /N

01/

FIG. 3. Stability boundarysolid! and several constai@ labeled contours

~dashetifor case Il withG,52 0.01 ande,5 ;5 0, representing a magne- FIG. 4. Stability boundariessolid! andG' 1 contours-dashed for case II
tized plasma layer accelerated by a magnetic ®eld. Giving the sheared layeith 5 ;5 0, and the same values &, asG* in Fig. 1 ~case |. Each

a ®nite thickness results in an unstable Kwegion. Note that lowerind G5 1 contour in the lowK region may be matched with its corresponding
more than necessary to stabilize the highegion increase& in the lowK stability boundary by noticing that they touchX& 0. Note the close agree-
region. ment with Fig. 1 for the high region.
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FIG. 5. Stability boundariessolid andG"' 1 contours<dasheti for case Il

with 5 0, &5 2, and the same values &, as G* in Fig. 1 case |. o ) )

G45 & G, is assumed. This is intended to represent “ow shear within theF!G. 6. Application of case Il geometryFig. 2 with €,5 €55 0 to the
magnetic diffusion layer of a magnetically accelerated plasma with the conPlasma focus accretion phase. Only the negativelocity curve of Fig. 2 is
tinuous rise in density from vacuum to bulk represented by discrete stepdepresented so as to corresponded a plasma focus with a central anode. The

The degraded higK stability relative to Fig. 4 is traceable to the addition of ©rgin is assumed to be tied to the accelerated reference frame of a uid
a second-uppet unstable interface with opposi6* when analyzed in ele_ment at mid-depth Wlthl_n the e_lccretlon I_ayer_. In at_:idmon to the geometry
terms of the case | modetee Sec. Ml being rotated about the-axis to align thex direction with that of accelera-
tion, it is rotated about thg-axis by 180E so that the magnetic ®eld is now
pointing out of the paperas represented by tHe “arrow point" symbol.
which forms a magnetic pressure driven mass accreting
shocked layer that propagates primarily in the axial direction
until the end of the inner electrode is reached. Thereafter, the \y,e may make an estimate of effective case Il model
inner part of the shocked layer bends radially inward, im-parameters based on PF system parameters via the planar
plodes, and forms a Z pinch on axis. Barring signi®cant mix-"gnow plow" model>!® of plasma accretion used in con-
ing across the shocked layer, the axial momentum of plasmgyction with a more detailed planar modfethat provides
accreted during the earlier phase is retained during the imse|t_similar solutions to the accretion layer's density pro®le.
plosion phase, while plasma accreted during the implosiofrhe former assumes that the layer is thin enough to neglect
has less axial momentum. The resultant characteristic OWs internal structure for the purposes of overall momentum

shear factor may be expressed as and mass conservation. For our purposes this means
sb6 AVy/2d, ~35 B2

whereV,, is the speed of the current sheath and, in anticipate ﬁ‘r’ dt
of the application of case II,@is the shocked layer thick-
ness. /7 is the ef®ciency by which the shocked layer is
sheared, with an optimally designed system having a valu
close to unity by the time of the ®nal pinch.

dL
~sVy!, s5riL, Vg5 a ~36!
wheres is the layer's mass per unit areg; is an assumed
gniform initial gas ®II density,.5 L(t) is the distance propa-
gated by the current sheath, aBg is the magnetic ®eld

Figure 6 illustrates the geometry of caseffig. 2 ap- mggnitude driving the Iayer. The more detailed model ap-
plied to the PF accretion phase. It is not to scale, and thQI'es to cases where a thin current sheath propagates through

shape of the electrodes is chosen simply to make the ®gu?é1 initially cold uniform gas according to the power law
as compact as possible, as opposed to suggesting a preferred th

pro®le. The axes and dashed line represent the coordinate LS aﬁ' n>1 37
system and negative velocity curve of Fig. 2, respectively. ]

The origin is assumed to be tied to the accelerated referen@: alternately, the exponential law
frame of a "uid element at intermediate depth within the D

accretion layer. The geometry has been rotated about the L5 9ot exr$

z-axis to align thex direction with that of acceleration, and

thenrotated about the-axis by 180E so that the magnetic ~ The density pro®le near the current sheath for the power
®eld is pointing out of the paper, as represented by(the law is approximately

“arrow point" symbol. Thes, 0 pro®le and the latter rota- Da 2-n2 11
tion are necessary to represent the sheared velocity pro®le of r5 rle$ , as "ol 212 2
a PF with a central anode. Without the latter rotation, she n-gl 2!
. 0 ~solid! curve of Fig. 2 would represent the velocity pro- wherex here is distance ahead of the shegts the speci®c
®le resulting from PF dynamics, and the magnetic ®eltheats ratio, and\N;5 N;(n,g) is determined numerically.
would be pointing into the paper, as in the original ®gureThis model implies a current sheath pressure only slightly
This would make the center conductor the cathode. larger than the thin layer limit of Eqs36!, at least forn

~38!

~39!
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> 1.5, and is appropriate if radiation may be neglected,

which can result in the collapse of the layer thickn¥ss.
To determine case |l model parametkra reasonable
choice ford is the distance in front of the sheath thaiust

be integrated to equad/2. From Eqgs.~36!, Eq. 37!, and
Eqgs.-39, the result is
2 aD(lz a) " Q2 aD(lz a)
S _Szf I
d5 L N, 5a n BN, . ~40!

Noting from Eq.-37! that

de_ o, d?
——5at"“*, 95 4=

1th2 2 1

Vo5 at at 5-n2 1lat" 4, ~41!
Egs.-34!, Eq.-35, and Eq.40 give us

15 4od ' 4-n2 11 Q2 aD<12 a) »

AVZS k2N, ' '

To estimateG,, we take the magnetic pressusg/2m,
driving the layer, andr,5 s/(2d) to be the characteristic

The polarity dependent effect of gyroviscosity . . . 719
eZ~11 Z!Bot5 eZ~11 Z!LAZT
A*m; A*m; Mon=ene L0y
an?-2n2 11 QN, [J*2 @
Q D . ~49

© 272 112 M2 a

Equation28!, Eq.48!, and Eq.42!, meanwhile, imply that
the ®rst wave number to go unstableBgs is raised beyond
the stability threshold is

%Daz a)

A case of special interest ig5 5/3 ~monatomic ideal
gad andn5 2 @5 3/8, from Eqs~39'# From Eq.~44!, this
n corresponds to the initial linearly rising, of a capacita-
tively driven inductive load typical of most PF circuits. From
Egs.~41, it also meang5 a ~constant The value ofN4 in
this case may be inferred from the numerical solutions plot-
ted in Gol'berg and Velikovich Fig. 4 and GV Eq-A6!.
To this end, letxs be the distance in front of the current

2nA?
9n2 1!

8

Kcrit5 9 J

50!

plasma pressure and density, respectively. The characteristi¢,aatn of the shock front that precedes H.Z x¢/L in

T may then be determined from the ideal gas law

BZ
|
m 2mdk gT. ~43
Using Eq.-37! in Egs.~36!, meanwhile, gives
B -~ !
e 44
21my

Equating this to Eq43!, and using Egs:36! and Eq.~40,
we solve for

n2 2Dl a D(lZ a)
kgT5 2~2n2 1!mia232—n .
1

We now assumd;5 T.5 T/(11 Z). This allows us to use
Eq. 44! solved forBy and Eq.~45! in Egs.~3! to obtain

2 a D(lz a)

This implicitly assumes a total plasma beta
[ (rokgT/m;)/(B3/2mpy); 1. Substituting this, Eq:35! @s-
ing Egs.~41#% and Eq.40! into Egs.~34! gives

45|

miat"2 1Aen2 1

~46!
eZ~11 ZIAanOrf

n;

6,56 25 mAen21 47
277 AT ez1 ziALAenmpry '
where651 or 2 for a central cathode or anode, respec-
tively.

In general, we ®nd thal, as determined by Eag42, is
small enough for the larglé stability criterion for a PF with
a central anode to be represented by case |-£9. with
G*5 G,, or

G,u 27%D Gy, O!.

From this, Eq.42!, Eq. 47!, Eq. 37! and Eq.-44! solved
for r¢, our stability criterion may be written as

48|

GxV's notation. G+V Fig. 4 (N plot! showsr5 11.5r¢ at
x5 0.1xg, while x;5 0.16. based on G+V Fig. 4 U plot!
and GtV Eq.-A6!. Equations39!, Eq. 42!, Eq. 48!, and
Eq. 50! then imply, for a highK stable PF with a central
anode,

n5 2, g5 5/3, a5 3/8, N;5 2.44,

51
0.0746 2.33 1073 )
Bz Gou A KD 11.947.
From Eqg.~49!, the stability criterion may be written,
eZ-11 Z!Bgt _ 2eZ-11 ZIL 5 1977 o
/73mi /73mi ”brf! . H

As a check on the accuracy of ouapproximation&gs.
~39'% N, inferred for the above case, E¢0!, and Eqs-~39!
imply r5 8.37r; at x5 d5 0.0373.. G+V Fig. 4, mean-
while, showsr5 8.2r; at x/x5 d/x5 0.233 (/ h5 in their
notation. These similar values for retroactively validates
the use of Eq~39 ~valid for x! x;) for the purposes of
integration out tax5 d.

The case wheré increases exponentiall@q. 38/# re-
sults in the same density pro®le plotted by GV Fig. 4 and
approximated by Eqs39 for x! X in the limit n! * .17
This is another case of special interest since it results from
the exponential current waveform characteristic of a mag-
netic “ux compression generatbt.The expression fod in
terms ofL in Eq. 40! is still valid. However, Eqs~41 are
replaced by

Vod 5 Jolo eXF&D 95 25 9o eXD$D
0

Equations34!, Eq.-35!, Eq.-38!, and Eq~40! then result in

2a D(lz a)
N, '

53

54
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Equation43! may still be used to determingT for use 5 1) for arbitraryn, a linearly ramped currenin 2), and

in calculatingG,, but it is now equated to, from Eqs36!, an exponentially rising current are, respectively,
Eq.-38, and Egqs-53, —
AncCt

Bg t R15 —F——————— ~power |a.W,

—5 2rgatiex 55! 4pAen-2n2 1!

2y 0 ST 12 a) 63!

~ | X

Proceeding as before with the help of Ee36!, Eq. 40!, /A3, nxn 2n221. \%Nl D cm —
Egs.-3!, Eqs.-34!, Eq. 35!, Egs.-53!, and Eq.55 solved 2/~n2 1! 2a ez-11 7! Amn,
for By,

Anct

tD aD(lz a) R.5 5 1.4%8 10t m/s inear,
2.2
kgT5 4m,gat3 ex : 56! 8p)

0 1

~64!
3 miC
mioto D1 aD<12 a) 1/h3, 184.3——— 520 MA,
N5 ———— ——ex , 57 ez-11 2! Amn,
711 21ePamyr 0 1 -
AncCt,
M o m; . R:5 D& 5 3.6 10, m/s ~exp,
G,56 —. | p
277 AVod T ez11 71 AL AT, o5
Not surprisingly, the normalized forms of Eeb4! and /A3, 271_2L5 2.9 MA.
Eq. 58 correspond tn! * of Eq. 42 and Eq.-47, re- ez-11 7! Amn,

spectively. GV Eq-A6! still follows from the Hugoniot We are reminded that the perturbation pro®le used to

relations, so the same procedure as before may be used §@rive the above stability criteria assums 1 @q. 18'#

determineN, . Specifying now for an ideal gas, EqS89,  \ye assumed5 1, makingb;5 1/(11 Z)5 1/2 so, from Egs.

with a central anode,

n /73mi D 1 D(lz a)
_:%7 gL |
g5 5/3, a5 6/11, N,5 1.467, BLb 82 %741 ZIBt 2 1Y a ~66!

59!

3

0.0661 G 1.843 10° K .5 13.452 for the power law current. The term in the ®rst parenthesis is
72 2u z Rt AT

the inverse of the l.h.s. of Eg49!, or Eq.-52 for g5 5/3
From Eq.-58!, Eqg. 38!, and Eq.-55 solved forr¢, our and 25 22 Fro"? Egs. 51!.’ then, we have tBib 5.2
stability criterion is 3 107 3/ h? for an ideal gas driven by a linear current ramp at
the stability threshold. A similar analysis using E85!, Eq.
ez-11 Z!Bot05 ez-11 ZIL
/73mi /73mi

~40!, Egs. 53, Egs. 59, and Eg.-60 shows b 9.9

3 107 3/ h? at the stability threshold of an exponential current

) ) driving an ideal gas. The stability criteria, therefore, may be
The values 0B, andL in terms of machine parameters cqnsidered valid for?; 1 during most of the discharge for

are still vague at this point. A conservative choice BY  gystems approaching critical parameters. At very early times

would beB at the radiusR, of the center conductor given r for mych less energetic systems, however, we can have

machine current and Ampke's law. Meanwhile, optimizing 5y 1 due to a smalleBot. Having not been solved, the

/1 entails balancing the mass accreted during the axial acceétability implications of the numerical solution to Eqa7!
eration phase with that of the radial implosion phase. Thi§, g ch cases are unclear.

suggests that the inner electrode length should be compa-

rable to its radius. Specifying henceforth our dynamic pa-

rameters to be their values at pinch time, we therefore asy; piscussion
sume

PRmyry, 767. 60!

Comparison of Fig. 1 to Fig. 4 indicates that for 0
By5 | . L5 2R,. &1 &0.3 a'r?dsz 0,. Eq.-29 with G*5 G, suf®ces as the large
2pRy K stability criterion for an accelerated layeg;6 0, &5 0),
gas used in Sec. V. Note in Fig. 5, though, that®y5 0, the
critical J for a givenK is 3 times lower than in the corre-
sponding curve of Fig. 4. This is traceable to the additional

Given this, an interesting result is obtained by constrainin
the various cases' stability criteria with the following empiri-
cal scaling constant for PPF optimized for maximum neu-

tron yield2° unstable upper boundary dueégb 2 in the former. Speci®-
cally, application of the case | semi-in®nite model to this
I g-ml’zD boundary-appropriate for largek) shows that, from Egs.
C5 R Ar_fs 5.7%8 10° kg 62 24, s*52 s,/3 there, wheres, in this context is the shear
1

factor s of the transitional layer, and*5 g/3. From Egs.
From Egs.-61l, Eq. 49, Eq.-52, and Eq.-60!, then,R; 27!, J* is, therefore, ampli®ed relative tbin case |l @s
and the highK stability criterion for an optimal B PF (Z de®ned in Eqs34i# by a factor of 3. Worse still, due to the
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aboves* sign reversalG,, 0 in Fig. 5~avorable for the RzT modes due to actual compressibility. Ideal MHD is gen-
lower boundaryimplies an unfavorabl&*. 0 for the upper erally adequate for describing a given mode providee
boundary. This explains the unstable wave number that od- kr;! 1 andH[ ck/v! 1, where

curs for all J for both. This indicates that, if gyrovicosity AT C 772
effects are to be exploited or otherwise signi®cant, ow shear g~ """ 8°1 " g 0 2 , 69
should extend further than the density transition layer of the Zeb . €M,

current sheath. Attempts to con®ne the sheared ow to th
diffuse layer where the density rises within the magnetic ski
depth, as has been suggestatte likely to be counterpro-
ductive.

The validity of the stability criteria derived here depend
on the ability to treat instabilities, especially the least stabl

mode with KS Kege (k5 Ke), in terms of incompressible these conditions ak.; automatically satis®es them for

motion. Relevant references involving compressible medi%mallerk. For both the power law and exponential currents

were sought for insight. In the absence of ow shear, RiTin our PF example we have, from Eet3! (T,5 T.5 T/(1
. . . . . . 1 - I e
modes resulting from a discontinuity in an ideal compressy 7)), Egs.-36!, and Eq.-40,

ible "uid have the same growth rate for wavelengths short

relative to the vertical scale length, and ;%Tpressibility re- . Km, QZNl D(zz 2a)

duces the growth rate for longer wavelengthQur highK - ;

stability criteria, therefore, should not be affected on this 2zeLlAM11 Z!morf\iz a

account. As for “ow shear effects, however, it is clear from a ckm N\e, QN; D(ZZ 2a)

compressible ideal MHD analysis corresponding to our case H5 7ol AT > 2 .
H 22 ; f

[ geometry withes5 ;5 1 andg5 0, that our incompress- -

ibility assumption requires the magnetoacoustic mach numSubstituting in Eq-49! solved forl A ¢, and Eq-50! for K,

ber, de®ned as the ratio of the characteristic shear speedwe have for a power law current

the magnetoacoustic speeg, to be much less than unity. In

Sre the Larmor radius and ion plasma frequency, respec-

r}ively. The FLR stress tensor and Hall terms extend the range

to F&1 and* H* 1, respectively. Since we include the

former and neglect the lattef:q[ Keifi& 1 and Hgg
Ckeit/ v pi! 1 are additional conditions for the validity of
ur stability criteria. Unlike the conditions ov, satisfying

~0!

o 11 71 22 2
general, the characteristic shear speed for caseuids If, 5 3-n2 11/2~11 Z! QZ a D( 2
however, we are primarily concerned with whether or nota  °  44Av2n2 11 —2N; '
particular wave numbee@1/d behaves in an incompressible 71
manner, thenode'scharacteristic speed isuk. The general 3~n2 1!1~11 Z! QZ aD(22 24)
and high wave number ratios are, then, respectively, Heiid 2pP—2n2 11 UQNl '
wud su §~gb1 21 For an ideal gas driven by a linear current rise, from Egs.
- —_ 1
M5 . M5 ke’ Cmd 2mer, 67 51,
. (1 7, ) | ~/ 2l
For a PF with power law current, from5 1, Eqs.-27!, Eq. Fai® 0.08481 Z/1, Heq 011841 21/ 72
35!, Egs.41!, Eq. 43! (r,5 s/(2d)), and Eq.49!, Meanwhile, for an exponential current rise, from E&&0!,
Egs.-59!, and Eq.-60,
. (22 2a)
M5 hhy QZNl D . M5 2M Feitd 0.096A01 Z/h, Heyb 0.13611 Z!/ h. 73

K
68 Hence our;; andH,;; conditions are satis®ed far, 1. In
fact, these values are so low that, taken at face value, one
For an ideal gas driven with a linear current risé,andM would expect ideal MHD to be adequapeecisely at the
for K5 K are, from Eqgs.-51l, M5 0.787 and My point where FLR stabilization appears. The reason for the
5 0.13/h, respectively. Meanwhile, for an ideal gas driven discrepancy is that the;;! 1 condition for ideal MHD is a
with an exponential current rise, from Eq&3!, Eq. 43, general rule, and does not fully account for the enhanced
Eqg. 56!, and Eqs-59, M5 1.01# andM.;5 0.151/7. So  signi®cance of gyroviscosity in a strongly ow sheared
for /2; 1, our incompressible model is marginally suitable atplasma that results from the largeeroth ordelr coupling in
best for lowK, but adequate for the purposes of our PF highEgs.-2!. There is no analogous amplifying effect on the sig-
K stability criteria@qs.~63!, Eqs.~64!, and Eqs-65# ni®cance of the Hall term. However, it is possible that com-
Another complication due to compressibility is the effect pressible Hall modes come into play at much higher values
on B due to the Hall term added to generalized Ohm's law inof K thanK ;.
nonideal MHD?® Since the only occurrences & in our Equations63!, Egs.~64! and Eqs-~65' do not necessar-
governing equationg@qgs. “1!+4# are absorbed into the ily imply that a neutron optimized PPF operating at greater
de®nitions ofp*, which is eliminated, andi, which is car- than the critical current will emit fewer neutrons than one
ried through as an independent parameter, and our equati@perating at that current. If that were the case, conventional
of state* "v5 0 has no independent plasma pressure depenunstablé Z pinches without sheared “ow would not work as
dence, generalized Ohm's law is not needed for mathematihey do. A more reasonable prediction is that there will be a
cal closure. The Hall term can, nonetheless, result in unstabléiminished return on increasing the current. THeneutron

As2n2 11gl 21 12 a
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production scaling la®@ may break down, for example. Fur- unstable con®gurations for a wider range of accelerated
thermore, the presented model involves crude approximagplasma con®gurations than the simpli®ed cases presented.
tions of PF dynamics, so the ultimate current threshold may If we assume that and, thereforéB, are a spaceztime
be signi®cantly different, even if care is taken to mé&kas constants T is already assumed sdEq. 11! reduces to

close to unity as possible. The calculations presented suggest

only that there is such a current threshold in the general F u m

vicinity of the estimates. To test the theory empirically doesP[V*~ov*2 2nkDr ! DgT

not necessarily require current exceeding the neutron opti-

mized limit. The more generd,t threshold may be studied 5 kzsrov*zl 92 2knv*1Dry! %DD 77

at lower current by reducing the anode diameter and looking
for evidence of instability with wave numbers of the order

predicted by Eqs=50!, Egs.-51l, or Egs.-59, as the case This is equivalent to Rosenbluth and Simon's E8.12,%

may be, with interferometric, Schlieren, or other types Ofexcept that we neg|ect R+S paramﬁ@is Eq-~37|#7 and

imaging systems. the direction of gravity is reversed. It corresponds to low
Bo, t, and/orl limits for PF stability are relaxed signi®- plasmab -where B is dominated by its vacuum solutign

cantly for current drivers with a high effective or, ideally,  referred to in R+S as the “ute approximatiorb” is the

an exponential current rise. From Eef0!, for example, ratio of the Alfvén speed to the speed of light and, as in ideal

there is not constraint per se to reach the a desiBd as  MHD, does not appear as a result of the neglect of the dis-

long as thee-fold time t, remains small enough. Further- placement current in Eqd!. To derive the former from the

more, Eqs~64! and Egs-65! suggest that stable operation of |atter, P/V ~R+S notatioh 5 p;/v ;5 2ron is used to ®nd

a neutron optimized PPF with currents roughly 50% higher an expression for R+S parame@ernot related to tempera-

may be possible for an exponential vs linear drive. Note alsyrel in terms of our variables, and the equilibrium and ®rst

that if mC/(Z(11 Z)) is increased for PF applications such order contributions to R+S E@2.23, with the help of Eq.

as x-ray production, a proportionately higher current thresh-g1 gnd Eq.~10!, are used to ®nd an expression for R+S

old is implied. parameterc. With b5 0, then,
The description in Sec. V as to how to employ the ge-

ometry of Fig. 2 to a PFFig. 6 was decidedly descriptive, u

making simple use of Amfse's law and the right hand cur- T5 v*~rov*2 2nkDrg!, ¢5 Bv_*' ~78
rent rule. A more general local de®nitionin terms of the

unperturbed velocity ®eld and local unit vectors appropri-

ate for the model is Interestingly, while both Eq=77! and R+S EQ-3.12 assume

B' constant, the latter is stated to allow for spatial variations

s[ x™ ~vg'y!, z5 B/WBy in temperature. Being equivalent, this implies E¢7! also
2 ~741  allows for such variations, but we have not shown this since
¥52 ]—VZOMUﬁ 73 x. Eq.~77! is derived using the isothermal FLR stress teri8or.
It t The simplest interpretation is that R+S E§.12 does not

Using this form, local de®nitions of case | parameters mayiMPplify in the isothermal case. _
be used to make predictions based on results such as Eq. AS for connections to other work, Eg77! with n5 0
261, Eq.-29, and the instability oK' AG* for G*. 0. To reduces to Goldsteir’sSec. Il, Eq.~11! or, equivalently, to

this end, Eqs=27! may be rewritten Chandrasekhar's Chap. 11, E€1!.” Equation-33 with
G;5 0 reduces to TaylorSEq. -25!. TheG,5 0 plots of Fig.
.. 49ADr/Dx! «. 2D-nr!/Dx 4 and Fig. 5 correspond to Shumlak and Roderitkay. 4

5 ~D~sr1/Dx!2L?" G™5 L2D~sr!/Dx’ and Ruden$Fig. 2, respectively. Whereis considered, Eq.

- ~77! reduces to Huba® Eq.-9! for V5 0, althoughT should
QAZA 5 KL have been de®ned &sin the latter. For the case wherg
AykLDr/Dx’ ’ increases with height as exp) andV5 0, solutions to Eq.
75 ~/7! bound at in®nity+equiring Du5 0) reduce to Roberts
L[ 2d, A ~r;1r,1/2, Dx[ L, and Taylor'S Eq. ~7!, which results in sta;%ity fork®
> g/n?l . Signi®cantly, Qiu, Huang, and Juaf'€q. 4!,
elsewhereDQ[ Q22 Qi which assumes the kinematic viscosity force density vector

These suggest local de®nitions nrt 2v may be used to model gyroviscosity, results in
4groDr 2D~ngr ! -

*[ gro 02, s[5 ol o , o K K2n

~LD-sr!! L“D-~sr! v22ink?v1gl 50! g5 1—F2—5 79
— ~76l

G[ 9721, K[ kL
= 2 . . o1 with . )
AYKLDr, for this case, based d@+H+J Eq~21 with its v sign con

vention reversed to correspond to ours. This solution is un-
L, here, may then be interpreted as the characteristic equstable forall k, merely damping modes with highkr-as is
librium scale length. These forms may be used to predictypical of kinematic viscosity
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