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Abstract

This paper is a theoretical examination of the testable restrictions of
Pareto optimality in an economy with public goods. Testable restrictions
of a model of public sector Pareto optimality and private sector competitive
equilibrium are developed through the algebraic method of quanti¯er elimina-
tion. In contrast to other methods for deriving tests for the Pareto optimality
of allocations with public goods, quanti¯er elimination does not require ad
hoc assumptions about individual public good demand. The only assump-
tions needed are that individuals have continuous, strictly monotonic, strictly
quasi-concave utility functions de¯ned over private and public goods. This
method also requires relatively less observation of individual-level data; the
testable restrictions derived in this paper are de¯ned over a ¯nite series of
aggregate-level data, production data, and individual after-tax income.

Despite the relatively sparse data requirements and the minimal assump-
tions about preferences and technology, these restrictions are not vacuous.
Thus they provide a strong theoretical basis for empirical work that tests the
hypothesis of Pareto optimality in economies with public goods in a broad
variety of situations.

*This paper is a revision of VPI working paper #E95-32. I would like to thank Hans Haller, Pe-
ter Hammond, Kevin Re®ett, Dale Thompson, and seminar participants at VPI, the 1996 Stanford
Institute for Theoretical Economics, and the Fall 1996 Midwest Mathematical Economics Meetings
for valuable comments. I would particularly like to thank Don Brown for suggesting the topic and
for many enlightening conversations. All errors remain my responsibility.
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This paper also discusses the usefulness of these results in the context of
aggregate demand. A subset of the general equilibrium model restrictions can
be used to test whether aggregate demand of public and private goods is op-
timal given the preferences of its members. It is proven that the hypothesis of
Pareto optimality in this context can be meaningfully tested using group-level
data and individual level after-tax income, with no parametric assumptions
about individual public good demand.

Keywords: public goods, Pareto optimality, quanti¯er elimination, Lindahl
equilibrium, testable restrictions, revealed preference.
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1 I ntr oduction

E c o n o m ic t h e o r y p r e d ic t s t h a t , in g e n e r a l, p u b lic g o o d s will b e p r o vid e d a t a s u b -
o p t im a l le ve l b y p r iva t e m e c h a n is m s , wh e r e a s in fo r m a t io n a l p r o b le m s will t e n d t o
le a d t o in e ± c ie n c ie s wh e n p u b lic g o o d s a r e p r o vid e d b y t h e p u b lic s e c t o r . Th u s
m o d e ls o f e ± c ie n t p u b lic g o o d p r o vis io n a r e o ft e n s e e n m o r e a s n o r m a t ive p r e s c r ip -
t io n s r a t h e r t h a n p o s it ive d e s c r ip t io n s o f h o w p u b lic g o o d s a r e a llo c a t e d ( L a ®o n t ,
1 9 8 8 ) . W h e t h e r a p a r t ic u la r a llo c a t io n is e ± c ie n t , h o we ve r , is u lt im a t e ly a n e m p ir -
ic a l qu e s t io n .

Th is p a p e r fo c u s e s o n t h e e m p ir ic a l im p lic a t io n s o f P a r e t o o p t im a l b e h a vio r in a n
e c o n o m y wit h p u b lic g o o d s . It d e m o n s t r a t e s a m e t h o d t o t e s t wh e t h e r p u b lic g o o d
p r o vis io n is c o n s is t e n t wit h P a r e t o o p t im a lit y wit h o u t h a vin g in d ivid u a l-s p e c ī c
in fo r m a t io n a b o u t p u b lic g o o d p r e fe r e n c e s . Th e o n ly a s s u m p t io n s r e qu ir e d a r e t h a t
a g e n t s h a ve p r e fe r e n c e s r e p r e s e n t a b le b y c o n t in u o u s , s t r ic t ly m o n o t o n ic , s t r ic t ly
qu a s i-c o n c a ve u t ilit y fu n c t io n s d e ¯ n e d o ve r p r iva t e a n d p u b lic g o o d c o n s u m p t io n .
A d d it io n a lly, t h e o n ly in d ivid u a l-s p e c ī c in fo r m a t io n r e qu ir e d is in d ivid u a l a ft e r -t a x
in c o m e ( o r in c o m e n e t o f p u b lic g o o d c o n t r ib u t io n s ) .

Th is p a p e r d e r ive s t e s t a b le r e s t r ic t io n s o f P a r e t o o p t im a l p u b lic g o o d p r o vis io n
fo r a n e c o n o m y wit h c o n s t a n t r e t u r n s t o s c a le t e c h n o lo g y a n d t wo t r a d e r s fo r t wo
o b s e r va t io n s o f a g g r e g a t e p r o d u c t io n o f p r iva t e a n d p u b lic g o o d s , p r ic e s , a g g r e g a t e
e n d o wm e n t s , a g g r e g a t e t a xe s , a n d in d ivid u a l a ft e r -t a x in c o m e s . Th e s e t e s t a b le r e -
s t r ic t io n s a r e n o n p a r a m e t r ic , n o n s t o c h a s t ic c o n d it io n s d e ¯ n e d o ve r d is c r e t e o b s e r va -
t io n s o f d a t a . In fo r m , t h e y a r e a n a lo g o u s t o r e ve a le d p r e fe r e n c e t e s t s fo r in d ivid u a l
d e m a n d d a t a s u c h a s t h e W e a k A xio m o f R e ve a le d P r e fe r e n c e . Im p le m e n t in g t h e
t e s t s is s im p ly a m a t t e r o f c h e c kin g wh e t h e r d a t a s a t is fy a s e r ie s o f p o lyn o m ia l
in e qu a lit ie s .

Th e t e s t a b le r e s t r ic t io n s a r e d e r ive d b y a d a p t in g t h e t e c h n iqu e s d e m o n s t r a t e d
in B r o wn a n d Ma t z kin 's wo r k ( 1 9 9 6 ) o n t h e e m p ir ic a l a p p lic a t io n s o f e qu ilib r iu m
m o d e ls . Th e y p r o ve t h a t n o n -va c u o u s t e s t a b le r e s t r ic t io n s o f c o m p e t it ive e qu ilib -
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r iu m e xis t o n t h e e qu ilib r iu m m a n ifo ld ; t h a t is , o n e c a n t e s t e qu ilib r iu m b e h a vio r
o n a s e r ie s o f o b s e r va t io n s o f p r ic e s a n d in d ivid u a l e n d o wm e n t s fr o m a n e c o n o m y.
A ke y e le m e n t in t h e ir p r o o f is t h e a p p lic a t io n o f t h e a lg e b r a ic m e t h o d o f qu a n -
t ī e r e lim in a t io n . Th is m e t h o d a llo ws t h e s ys t e m a t ic d e r iva t io n o f n e c e s s a r y a n d
s u ± c ie n t c o n d it io n s fo r a g ive n s e t o f o b s e r va b le va r ia b le s t o b e c o n s is t e n t wit h
t h e m o d e l, e ve n wh e n t h e r e e xis t im p o r t a n t u n o b s e r va b le va r ia b le s in t h e m o d e l's
e qu ilib r iu m c o n d it io n s . In t h e c a s e o f a n e c o n o m y wit h p u b lic g o o d s , L in d a h l p r ic e s
a r e in h e r e n t ly u n o b s e r va b le , b u t t h r o u g h qu a n t ī e r e lim in a t io n we c a n d e r ive t h e
n e c e s s a r y a n d s u ± c ie n t c o n d it io n s o f t h e m o d e l wit h o u t o b s e r vin g t h e m .

If t h e s e r e s t r ic t io n s a r e s a t is ¯ e d , we s a y t h e d a t a is rationalized: t h e r e e xis t s a n
e c o n o m y s u c h t h a t t h is d a t a is c o n s is t e n t wit h P a r e t o o p t im a l p u b lic g o o d p r o vis io n
in s o m e e c o n o m y. If t h e r e s t r ic t io n s a r e n o t s a t is ¯ e d , t h e r e d o e s n o t e xis t s u c h a n
e c o n o m y; t h e d a t a is n o t c o n s is t e n t wit h P a r e t o o p t im a l p u b lic g o o d p r o vis io n .
Th u s t h e s e a r e n e c e s s a r y a n d s u ± c ie n t c o n d it io n s ; t h e y d e s c r ib e a ll t h e e m p ir ic a l
im p lic a t io n s o f t h e m o d e l g ive n o u r a s s u m p t io n s a b o u t wh a t d a t a is o b s e r va b le .1

Th e r e la t ive ly s p a r s e d a t a r e qu ir e m e n t s o f t h e s e r e s t r ic t io n s m e a n s t h a t t h e y
will b e o f u s e in a b r o a d va r ie t y o f c o n t e xt s . H o w will we in t e r p r e t t h e r e s u lt s
o f t h e s e t e s t s wh e n a p p lie d t o d a t a ? Th e r e la t ive ly fe w a s s u m p t io n s t h a t g o in t o
c r e a t in g t h e s e t e s t a b le r e s t r ic t io n s m a ke a n e g a t ive r e s u lt m o r e r o b u s t t h a n r e s u lt s
t h a t d e p e n d o n a p a r t ic u la r p a r a m e t r ic s p e c ī c a t io n o f p r e fe r e n c e s o r t e c h n o lo g ie s .
Th u s if we c a n n o t r a t io n a liz e t h e d a t a , t h is wo u ld p r o vid e s o m e e vid e n c e s u p p o r t in g
t h e n u m e r o u s t h e o r ie s t h a t p r e d ic t t h e fr e e -r id e r p r o b le m o r in fo r m a t io n a l p r o b le m s
will le a d t o in e ± c ie n c ie s in p u b lic g o o d p r o vis io n .

If t h e d a t a is r a t io n a liz e d wit h t h e s e t e s t s , a n u m b e r o f in t e r p r e t a t io n s a r e p o s -
s ib le . W e c o u ld vie w t h is a s e vid e n c e t h a t t h e fr e e -r id e r p r o b le m o r in fo r m a t io n a l
p r o b le m h a s b e e n o ve r c o m e b y t h e p a r t ic u la r g r o u p a t h a n d . W e c o u ld fu r t h e r
in t e r p r e t t h is a s s u p p o r t fo r s o m e s o r t o f c o o p e r a t ive b e h a vio r .

W h ile t h e s e r e s t r ic t io n s a r e fo r a g e n e r a l e qu ilib r iu m m o d e l wit h p r o d u c t io n ,
o n e c a n u s e a s u b s e t o f t h e r e s t r ic t io n s t o t e s t t h e P a r e t o o p t im a lit y o f a g g r e g a t e
d e m a n d . Th is is like ly t o b e m o r e a p p r o p r ia t e fo r m a n y e m p ir ic a l s it u a t io n s . W e
n e e d o n ly t wo o b s e r va t io n s o f t h e a g g r e g a t e c o n s u m p t io n a n d p r ic e s o f p r iva t e g o o d s
a n d p u b lic g o o d s , a g g r e g a t e t a xe s o r c o n t r ib u t io n s , a g g r e g a t e b e fo r e -t a x in c o m e , a n d
in d ivid u a l p r iva t e g o o d e xp e n d it u r e s , t o t e s t fo r P a r e t o o p t im a l p r o vis io n o f p u b lic
g o o d s in c o n ju n c t io n wit h o p t im a l in d ivid u a l p r iva t e g o o d c h o ic e s .

Th e s e t e s t s s h o u ld p r o vid e a u s e fu l c o u n t e r p a r t t o e xis t in g e m p ir ic a l wo r k o n
t e s t in g P a r e t o e ± c ie n c y o f p u b lic g o o d p r o vis io n . E m p ir ic a l t e s t s o f t h e e ± c ie n c y
o f p u b lic g o o d p r o vis io n h a ve g e n e r a lly p r o c e e d e d wit h a d d it io n a l a s s u m p t io n s a b o u t
t h e fo r m o f in d ivid u a l p u b lic g o o d d e m a n d . S a n d le r a n d Mu r d o c h ( 1 9 9 0 ) a p p ly a
fo r m a l t e s t o f e ± c ie n c y o f p r iva t e p r o vis io n o f p u b lic g o o d s b y e xa m in in g d e fe n s e

1If there are more than 2 observations these restrictions can still be used to refute Pareto
optimality; if any pair of observations fail to satisfy the restrictions the data is not consistent with
Pareto optimal public good provision. They are no longer su±cient conditions, however.
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s p e n d in g b y N A TO m e m b e r s . K h a n n a ( 1 9 9 3 ) a p p lie s s im ila r m e t h o d s t o e xa m in e
t h e s u p p ly o f a g r ic u lt u r a l r e s e a r c h b y A m e r ic a n s t a t e s .2 U s in g e c o n o m e t r ic s p e c -
ī c a t io n o f lo g -lin e a r d e m a n d fo r p u b lic g o o d s , b o t h p a p e r s ¯ n d lit t le s u p p o r t fo r
e ± c ie n t b e h a vio r .

Th e n e xt s e c t io n p r e s e n t s t h e p u b lic c o m p e t it ive e qu ilib r iu m m o d e l t h a t p r o vid e s
t h e fr a m e wo r k fo r t h e d e r iva t io n o f t e s t s o f e ± c ie n t p u b lic g o o d p r o vis io n . Th e
t e s t a b le r e s t r ic t io n s o f t h is m o d e l a r e d e r ive d in s e c t io n 3 . S e c t io n 4 d is c u s s e s s o m e
g e n e r a l im p le m e n t a t io n is s u e s a n d a p p lie s t h e r e s t r ic t io n s o f P a r e t o o p t im a l p u b lic
g o o d p r o vis io n t o d e r ive t e s t s o f e ± c ie n t h o u s e h o ld b e h a vio r .

2 P ublic competitive equilibr ium

In a L in d a h l e qu ilib r iu m , e a c h in d ivid u a l m u s t p a y t a xe s b a s e d o n t h e ir m a r g in a l
b e n e ¯ t o f t h e p u b lic g o o d . Th e r e m a y b e o t h e r t a x s c h e m e s , h o we ve r , t h a t a r e
c o m p a t ib le wit h P a r e t o o p t im a lit y in t h e p r e s e n c e o f p u b lic g o o d s | a n d b e c a u s e
r e d is t r ib u t io n is s o o ft e n a c o n ° a t in g is s u e in t a x s c h e m e s , we c a n s t u d y a m u c h
b r o a d e r r a n g e o f s it u a t io n s b y a llo win g t h a t r e d is t r ib u t io n m a y e xis t . A le s s r e s t r ic -
t ive a lt e r n a t ive t o t h e L in d a h l e qu ilib r iu m is t h e p o lit ic o -e c o n o m ic e qu ilib r iu m , ¯ r s t
s u g g e s t e d b y W ic ks e ll ( 1 8 9 6 ) a n d fo r m a liz e d b y Fo le y ( 1 9 6 7 ) a s t h e p u b lic c o m p e t -
it ive e qu ilib r iu m . In t h is m o d e l, c o n s u m e r s b e h a ve c o m p e t it ive ly wit h r e s p e c t t o
p r iva t e g o o d s . P u b lic g o o d s , h o we ve r , a r e p r o vid e d b y t h e p u b lic s e c t o r . Th e p u b lic
s e c t o r c h o o s e s p u b lic g o o d s a n d lu m p -s u m t a xe s t o ¯ n a n c e t h e m s u c h t h a t t h e r e is
n o o t h e r p u b lic s e c t o r p r o p o s a l t h a t wo u ld b e p r e fe r r e d b y e ve r y in d ivid u a l.3

Fo le y ( 1 9 6 7 ) p r o ve s t h a t p u b lic c o m p e t it ive e qu ilib r ia a r e P a r e t o o p t im a l, a n d
t h e r e e xis t p r ic e s a n d t a xe s s u c h t h a t , g ive n e n d o wm e n t s , a P a r e t o o p t im a l a llo c a t io n
is a p u b lic c o m p e t it ive e qu ilib r iu m ( s e e a ls o Mille r o n ( 1 9 7 2 ) ) . Te s t in g wh e t h e r d a t a
fr o m a n e c o n o m y is c o n s is t e n t wit h p u b lic c o m p e t it ive e qu ilib r iu m will p r o vid e a
wa y o f t e s t in g wh e t h e r t h e e c o n o m y h a s r e a c h e d a P a r e t o o p t im a l a llo c a t io n o f
p u b lic g o o d s .

2.1 T he M odel

Co n s id e r a n e c o n o m y wit h T c o n s u m e r s , K p u r e p u b lic g o o d s a n d J p r iva t e g o o d s .4

E a c h c o n s u m e r t h a s p r e fe r e n c e s o ve r p u b lic a n d p r iva t e g o o d s r e p r e s e n t e d b y a

2See also McGuire and Groth (1985) for a theoretical basis for the tests used in both these
papers.

3While agents can choose di®erent tax schemes within the model with a unanimous vote, there
is no speci¯cation as to how the status quo tax scheme is chosen. Thus rather than being a
true equilibrium model, the public competitive equilibrium is more a description of public sector
Pareto optimality combined with private sector competitive equilibrium (see Milleron (1972), also
Hammond (1992)).

4This description of the model is adapted from Foley (1970).
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c o n t in u o u s , s t r ic t ly m o n o t o n ic , s t r ic t ly qu a s i-c o n c a ve u t ilit y fu n c t io n Ut ( xt; yt ) , wit h
xt 2 RK

+ , yt 2 RJ
+. Co n s u m p t io n o f t h e p u b lic g o o d s is e qu a l a c r o s s a ll c o n s u m e r s

( t h e r e is n o fr e e d is p o s a l) : xt = x fo r t = 1 ; :::; T , wh ile a g g r e g a t e c o n s u m p t io n o f
p r iva t e g o o d s is e qu a l t o t h e s u m o f p r iva t e c o n s u m p t io n : y =

PT
t=1 yt.

Co n s u m e r s h a ve e n d o wm e n t s o f p r iva t e g o o d s !t 2 RJ
+, fo r t = 1 ; :::; T , wit h

a g g r e g a t e e n d o wm e n t r e p r e s e n t e d b y !. W e a s s u m e t h e s e e n d o wm e n t s c a n b e u s e d
t o p r o d u c e p u b lic g o o d s a n d p r iva t e g o o d s , wit h n e t o u t p u t o f p r iva t e g o o d s r e p -
r e s e n t e d b y z = y ¡ !, a n d o u t p u t o f p u b lic g o o d s r e p r e s e n t e d b y x. W e a s s u m e
p u b lic g o o d s a r e n o t u s e d in p r o d u c t io n .

P r o d u c t io n t e c h n o lo g y is a s s u m e d t o b e c o n s t a n t r e t u r n s t o s c a le .5 Fo r m a lly,
t h e s e t o f a ll t e c h n ic a lly p o s s ib le p r o d u c t io n p la n s is Z, a n d we a s s u m e :

A 1 . Z is a c lo s e d , c o n ve x c o n e .

A 2 . If 0 6= ( x; z ) 2 Z t h e n ( x; z ) 6¸ 0 .

De¯nition 1 A F easible Allocation is a set of vectors ( x; fytgT
t=1 ) such that ( x; y ¡

! ) 2 Z.

Th e r e e xis t s a g o ve r n m e n t t h a t c a n p u r c h a s e p u b lic g o o d s fo r t h e u s e o f t h e
e c o n o m y's m e m b e r s a n d a ls o h a s t h e p o we r t o t a x m e m b e r s t o p a y fo r t h e p u b lic
g o o d s a n d t o r e d is t r ib u t e in c o m e ( t a xe s c a n b e n e g a t ive ) . E a c h c o n s u m e r m a ke s a
t a x p a ym e n t ( o r r e c e ive s a s u b s id y) o f ¿t.

It is s t r a ig h t fo r wa r d t o s h o w t h a t t h e e qu ilib r iu m c o n d it io n s o f t h e p u b lic c o m -
p e t it ive e qu ilib r iu m m o d e l a r e t h e s a m e a s a L in d a h l e qu ilib r iu m wit h t r a n s fe r s .
Th u s if t h e e c o n o m y is a t a P a r e t o o p t im a l a llo c a t io n , t h e r e e xis t L in d a h l p r ic e s
s u c h t h a t c o n s u m e r s a c t as if t h e y we r e c h o o s in g p u b lic a n d p r iva t e g o o d s s u b je c t
t o p r ic e s a n d a fu ll in c o m e b u d g e t c o n s t r a in t . Go ve r n m e n t c h o ic e is t h e n r e d u c e d
t o a b a la n c e d -b u d g e t c o n d it io n .

In t h e fo llo win g d e ¯ n it io n o f a p u b lic c o m p e t it ive e qu ilib r iu m t h e p r ic e s qt c o r -
r e s p o n d t o t h e L in d a h l p r ic e s . W e a ls o d is t in g u is h b e t we e n m o n e t a r y t r a n s fe r s ( ¿t )
a n d fu ll in c o m e t r a n s fe r s ( St = ¿t ¡ qtxt ) .

De¯nition 2 A P ublic Competitive E quilibrium is a feasible allocation ( x; fytgT
t=1 ) ,

prices ( q; p) ¸ 0 , and taxes f¿tgT
t=1 such that consumers, producers and the govern-

ment act as if:

2.1 E ach consumer solves the maximization problem:

m a x
(xt;yt)

Ut ( xt; yt ) s:t: qtxt + pyt · p!t + St

5See Milleron (1972) for a version of Foley's model with less restrictive assumptions on the
production sector: public goods can be used in production and can be part of the endowments,
and technology is not restricted to be CRS.
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2.2 P roducers solve the maximization problem:

m a x
(x;z)

( q; p) ¢ ( x; z ) s:t: ( x; z ) 2 Z

2.3 The government chooses f¿tgT
t=1 such that:

a. q x =
TP

t=1
¿t

b. ¿t = qtx ¡ St t = 1 ; :::; T

2.4 P ublic good restrictions are satis¯ed:

a. xt = x t = 1 ; :::; T

b.
TP

t=1
qt = q

3 T estable r estr ictions

Te s t a b le r e s t r ic t io n s o f e qu ilib r iu m m o d e ls a r e m o s t o ft e n d e ve lo p e d t h r o u g h t h e
m e t h o d o f in ¯ n it e s im a l c o m p a r a t ive s t a t ic s . Fo r e xa m p le , t h e e n d o g e n o u s va r ia b le s
o f a m o d e l a r e wr it t e n a s fu n c t io n s o f t h e e xo g e n o u s va r ia b le s ; t h e m o d e l im p lie s c e r -
t a in p r o p e r t ie s fo r t h e s e fu n c t io n s , a n d we c a n t h e n t e s t wh e t h e r d a t a is c o n s is t e n t
wit h t h e m o d e l b y t e s t in g wh e t h e r t h e d a t a is c o n s is t e n t wit h t h e s e p r o p e r t ie s . It is
we ll-kn o wn t h a t t h e s t a n d a r d m o d e l o f c o m p e t it ive e qu ilib r iu m p o s s e s s e s n o in t e r -
e s t in g c o m p a r a t ive s t a t ic s p r o p e r t ie s o f t h is s o r t ( s e e , fo r e xa m p le , K e h o e ( 1 9 8 7 ) ) .

In c o n t r a s t , B r o wn a n d Ma t z kin ( 1 9 9 6 ) s h o w t h a t t h e r e e xis t n o n p a r a m e t r ic
t e s t a b le r e s t r ic t io n s o f g e n e r a l e qu ilib r iu m m o d e ls d e ¯ n e d o ve r d is c r e t e o b s e r va t io n s
o f d a t a . Th e y s h o w t h e s e t e s t a b le r e s t r ic t io n s e xis t t h r o u g h e xt e n d in g t h e r e s u lt s
o f r e ve a le d p r e fe r e n c e t h e o r y, d e ve lo p e d fo r t h e t h e o r y o f in d ivid u a l a n d ¯ r m -le ve l
o p t im iz a t io n , t o g e n e r a l e qu ilib r iu m m o d e ls . Th e ir m e t h o d m a ke s u s e o f t h e d is c r e t e
n a t u r e o f o b s e r va b le d a t a a n d t h e a lg e b r a ic t e c h n iqu e s t h a t c a n b e a p p lie d a s a
r e s u lt .

R a t h e r t h a n m a kin g a s s u m p t io n s a b o u t t h e p a r t ic u la r fo r m o f in d ivid u a l p r e f-
e r e n c e s in t h e e c o n o m y, B r o wn -Ma t z kin g e n e r a t e a ll t h e r e s t r ic t io n s o n a g g r e g a t e
b e h a vio r in e qu ilib r iu m t h a t r e s u lt fr o m t h e n o n -n e g a t ivit y o f t h e u n o b s e r ve d in d i-
vid u a l d e m a n d . U s in g t h e d u a lit y o f p u b lic g o o d a n d p r iva t e g o o d m o d e ls , we c a n
g e n e r a t e r e s t r ic t io n s o f a g g r e g a t e p u b lic g o o d p r o vis io n in e qu ilib r iu m t h a t r e s u lt
fr o m t h e a s s u m p t io n o f n o n -n e g a t ivit y o f t h e u n o b s e r va b le p e r s o n a liz e d p u b lic g o o d
p r ic e s . Th is is a s u b s t a n t ive a s s u m p t io n . W e h a ve a s s u m e d t h e r e is n o fr e e d is p o s a l
o f p u b lic g o o d s ; t h e r e fo r e lim it in g p e r s o n a liz e d p r ic e s t o b e n o n -n e g a t ive im p lie s
t h a t in e qu ilib r iu m in d ivid u a l p u b lic g o o d m a r g in a l b e n e ¯ t fr o m e a c h p u b lic g o o d
m u s t b e n o n - n e g a t ive . Th a t is , a t t h e m a r g in , c o n s u m e r s a lwa ys g e t p o s it ive b e n e ¯ t
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fr o m e ve r y p u b lic g o o d | t h e r e a r e n o \ p u b lic b a d s " fr o m a n y c o n s u m e r 's s t a n d -
p o in t . W it h o u t t h e n o n -n e g a t ivit y a s s u m p t io n , h o we ve r , t h e r e will g e n e r a lly b e n o
in t e r e s t in g r e s t r ic t io n s o n a g g r e g a t e p u b lic g o o d d e m a n d ( s e e Ch ia p p o r i ( 1 9 9 0 ) ) .6

Th is p a p e r will fo llo w t h e m e t h o d u s e d in B r o wn -Ma t z kin t o d e r ive n o n p a r a m e t -
r ic t e s t a b le r e s t r ic t io n s o f t h e p u b lic c o m p e t it ive e qu ilib r iu m m o d e l. Th e ir m e t h o d
h a s t wo p a r t s : d e ¯ n e t h e e qu ilib r iu m c o n d it io n s o f t h e m o d e l a s a s e t o f p o lyn o m ia l
in e qu a lit ie s ; t h e n a p p ly t h e a lg e b r a ic t e c h n iqu e o f qu a n t ī e r e lim in a t io n t o r e wr it e
t h e e qu ilib r iu m c o n d it io n s t o in vo lve o n ly va r ia b le s t h a t we c a n o b s e r ve . Th e s e
r e s u lt in g c o n d it io n s will b e t h e t e s t a b le r e s t r ic t io n s o f t h e m o d e l.

Th e p u b lic c o m p e t it ive e qu ilib r iu m m o d e l h a s e s s e n t ia lly t h r e e c o m p o n e n t s :
in d ivid u a l u t ilit y m a xim iz a t io n c o n d it io n s ; p r o ¯ t m a xim iz a t io n c o n d it io n s ; a n d
s u m m in g -u p c o n d it io n s . W e c a n r e -wr it e t h e e qu ilib r iu m c o n d it io n s o f t h e m o d e l a s
a s e r ie s o f p o lyn o m ia l in e qu a lit ie s in t h e m o d e l's va r ia b le s , wit h o u t m a kin g fu r t h e r
a s s u m p t io n s a b o u t u t ilit y o r p r o d u c t io n fu n c t io n s , b y a p p lyin g A fr ia t 's Th e o r e m
a n d it s va r ia n t s . A fr ia t 's Th e o r e m s t a t e s t h a t t h e r e e xis t s a ¯ n it e s e t o f p o lyn o m ia l
in e qu a lit ie s ( \ A fr ia t in e qu a lit ie s " ) d e ¯ n e d o ve r d is c r e t e o b s e r va t io n s o f in d ivid u a l
c o n s u m p t io n d a t a a n d o t h e r u n o b s e r va b le va r ia b le s ( s u c h a s u t ilit y le ve ls ) t h a t p r o -
vid e n e c e s s a r y a n d s u ± c ie n t c o n d it io n s fo r t h e d a t a t o h a ve b e e n g e n e r a t e d b y t h e
m a xim iz a t io n o f a n o n -s a t ia t e d u t ilit y fu n c t io n ( A fr ia t ( 1 9 6 7 ) ; a ls o V a r ia n ( 1 9 8 2 ) ) .

Th u s in d e s c r ib in g a p u b lic c o m p e t it ive e qu ilib r iu m 's e m p ir ic a l im p lic a t io n s , we
c a n r e p la c e t h e u t ilit y m a xim iz a t io n c o n d it io n wit h a n e qu iva le n t s e t o f p o lyn o m ia l
in e qu a lit ie s , t h e A fr ia t in e qu a lit ie s . A n a lo g o u s r e s u lt s fo r p r o ¯ t m a xim iz a t io n a llo w
u s t o r e p la c e p r o ¯ t m a xim iz a t io n c o n d it io n wit h e qu iva le n t p o lyn o m ia l in e qu a lit ie s
a s we ll. D o in g s o will d e p e n d o n t h e a s s u m p t io n t h a t we c a n o b s e r ve a s e r ie s o f
a llo c a t io n s o f t h e e c o n o m y in qu e s t io n wh e r e in d ivid u a l p r e fe r e n c e s a n d p r o d u c t io n
t e c h n o lo g ie s d o n o t c h a n g e o ve r t im e .

Th e s ig n ī c a n c e o f r e wr it in g t h e e qu ilib r iu m c o n d it io n s a s p o lyn o m ia ls is t h a t
we c a n t h e n a p p ly t h e t e c h n iqu e o f qu a n t ī e r e lim in a t io n t o s h o w t h a t t e s t a b le
r e s t r ic t io n s e xis t g ive n t h e d a t a we c a n o b s e r ve . Give n a ¯ n it e s e t o f p o lyn o m ia l
in e qu a lit ie s in o b s e r va b le a n d u n o b s e r va b le va r ia b le s , t h e Ta r s ki-S e id e n b e r g t h e o -
r e m p r o ve s t h a t t h e r e e xis t s a n e qu iva le n t ¯ n it e s e t o f p o lyn o m ia l in e qu a lit ie s t h a t
d o e s n o t in vo lve t h e u n o b s e r va b le va r ia b le s , a n d a ls o p r o vid e s a ¯ n it e a lg o r it h m
fo r c o m p u t in g t h e e qu iva le n t s ys t e m t h r o u g h qu a n t ī e r e lim in a t io n ( Ta r s ki, 1 9 5 1 ) .
Qu a n t ī e r e lim in a t io n is t h e p r o c e s s o f e lim in a t e d \ qu a n t ī e d " va r ia b le s | in o u r
c a s e , t h e u n o b s e r va b le va r ia b le s a r e qu a n t ī e d in t h a t t h e y a p p e a r in c o n ju n c t io n
wit h t h e e xis t e n t ia l qu a n t ī e r ( \ t h e r e e xis t s " ) . Qu a n t ī e r e lim in a t io n c a n b e u s e d t o
s h o w t h a t u n o b s e r va b le va r ia b le s ( s u c h a s L in d a h l p r ic e s ) c a n b e \ e lim in a t e d " fr o m
t h e e qu ilib r iu m c o n d it io n s o f t h e m o d e l, le a vin g b e h in d n o n -va c u o u s , n o n p a r a m e t r ic
t e s t a b le r e s t r ic t io n s o f t h e p u b lic c o m p e t it ive e qu ilib r iu m m o d e l in vo lvin g d a t a we
c a n p o t e n t ia lly o b s e r ve .

6Alternatively, one could derive non-trivial restrictions by assuming free disposal of public
goods, which implies that the individual marginal bene¯t of any public good will be non-negative.
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R a t h e r t h a n a p p lyin g t h e A fr ia t in e qu a lit ie s fo r o u r m o d e l, we will u s e r e ve a le d
p r e fe r e n c e t e s t s in s t e a d . It h a s b e e n p r o ve n t h a t t h e A fr ia t in e qu a lit ie s a r e e qu iv-
a le n t t o t h e Ge n e r a liz e d A xio m o f R e ve a le d P r e fe r e n c e ( GA R P ) , a g e n e r a liz a t io n
o f S a m u e ls o n 's W e a k A xio m o f R e ve a le d P r e fe r e n c e ( W A R P ) ( s e e V a r ia n ( 1 9 8 2 ) ) .7

Th u s o n e c a n u s e t h e A fr ia t in e qu a lit ie s o r GA R P t o c r e a t e t e s t a b le r e s t r ic t io n s o f a
m o d e l wit h u t ilit y m a xim iz a t io n ; t h e a d va n t a g e o f GA R P fo r o u r p u r p o s e s is t h a t it
le a d s t o lin e a r qu a n t ī e r e lim in a t io n p r o b le m s , wh ile t h e A fr ia t in e qu a lit ie s le a d t o
b i-lin e a r p r o b le m s ( S n yd e r , 1 9 9 5 ) . Fo r o u r t e s t s we will m a ke u s e o f a t h e o r e m d u e
t o Ma t z kin a n d R ic h t e r ( 1 9 9 1 ) t h a t s h o ws t h e r e is a s lig h t m o d ī c a t io n o f t h e A fr ia t
in e qu a lit ie s t h a t is e qu iva le n t t o H o u t h a kke r 's S t r o n g A xio m o f R e ve a le d P r e fe r e n c e
( S A R P ) , t h e t r a n s it ive ve r s io n o f S a m u e ls o n 's W e a k A xio m . Th e d i®e r e n c e b e t we e n
S A R P a n d GA R P is e s s e n t ia lly S A R P r e s t r ic t s d e m a n d t o b e s in g le -va lu e d .

On t h e p r o d u c t io n s id e , t h e W e a k A xio m o f P r o ¯ t Ma xim iz a t io n ( W A P M) p r o -
vid e s n e c e s s a r y a n d s u ± c ie n t c o n d it io n s fo r p r o ¯ t m a xim iz in g b e h a vio r in t h e fo r m
o f p o lyn o m ia l in e qu a lit ie s d e ¯ n e d o ve r a d is c r e t e s e r ie s o f d a t a .8 W e a s s u m e t e c h -
n o lo g y is c o n s t a n t r e t u r n s t o s c a le ; t h e r e fo r e p r o ¯ t s m u s t b e z e r o . Th u s n e c e s s a r y
a n d s u ± c ie n t c o n d it io n s fo r t h e r e t o e xis t a p r o d u c t io n s e t d e ¯ n e d b y c o n s t a n t r e -
t u r n s t o s c a le t e c h n o lo g y s u c h t h a t p r o d u c e r s m a xim iz e p r o ¯ t s s u b je c t t o fe a s ib ilit y
c o n s t r a in t s d e ¯ n e d b y t h is p r o d u c t io n s e t c o m b in e t h e W A P M wit h t h e z e r o p r o ¯ t
c o n d it io n ( H a n o c h a n d R o t h s c h ild ( 1 9 7 2 ) , s e e a ls o V a r ia n ( 1 9 8 4 ) , Th e o r e m 6 ) .

If we h a d a d a t a s e t t h a t c o n t a in e d a ll t h e s e va r ia b le s , t h e n we c o u ld u s e t h e s e
c o n d it io n s t o t e s t wh e t h e r t h e d a t a is c o n s is t e n t wit h p u b lic c o m p e t it ive e qu ilib r iu m .
It is n o t p o s s ib le t o o b s e r ve a ll t h e s e va r ia b le s , h o we ve r , p a r t ic u la r ly t h e L in d a h l
p r ic e s , qt. A d d it io n a lly, it m a y b e d i± c u lt t o o b s e r ve h ig h ly d is a g g r e g a t e d a t a , s u c h
a s in d ivid u a l c o n s u m p t io n o f p r iva t e g o o d s .

Th e o r e m 1 p r e s e n t s t h e p u b lic c o m p e t it ive e qu ilib r iu m m o d e l in p o lyn o m ia l
fo r m . L e t a ft e r -t a x in c o m e fo r c o n s u m e r t in p e r io d r b e d e ¯ n e d a s Ir

t = pr!r
t ¡ ¿ r

t ,
a n d , in g e n e r a l, le t t h e n o t a t io n fIr

t g r e p r e s e n t fIr
t gT

t=1.

T heor em 1 L et the collection hxr; yr; qr; pr; !r; fIr
t g; ¿ ri of non-negative vectors

of variables be given for r = 1 ; :::; R. Then there exist continuous, strictly mono-
tonic, strictly concave utility functions fUtg and a closed convex conical, negative
monotonic production set Z such that this data is consistent with a series of P ublic
Competitive E quilibria for the economy ( fUtg; Z; ff!r

t gT
t=1gR

r=1 ) , if and only if there
exist hfyr

t g ¸ 0 ; fqr
t g ¸ 0 i such that:

1. hxr; yr
t ; qr

t ; pr; Ir
t i satisfy the Strong Axiom of R evealed P reference and the

individual budget constraint, pr
ty

r
t = Ir

t , for each consumer t.

2. hxr; yr; qr; pr; !ri satisfy pro¯t maximization and technology restrictions:

7Afriat derived equivalent conditions he called \cyclical consistency".
8For origins of WAPM see Varian (1984).
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a. 0 = ( qr; pr ) ¢ ( xr; yr ¡!r ) ¸ ( qr; pr ) ¢ ( xs; ys ¡!s ) for r; s = 1 ; :::; R, r 6= s.

b. If yr ¡ !r 6= 0 then yr ¡ !r 6¸ 0 for r = 1 ; :::; R.

3. hxr; qr; ¿ ri satisfy the public good budget constraint:

qrxr = ¿ r r = 1 ; :::; R:

4. hyr; qr; pr; fyr
t g; !r; fIr

t g; fqr
t g; ¿ ri satisfy:

a.
TP

t=1
yr

t = yr r = 1 ; :::R:

b.
TP

t=1
qr
t = qr r = 1 ; :::R:

c.
TP

t=1
Ir
t = pr!r ¡ ¿ r r = 1 ; :::; R:

P r oof: Fo llo ws d ir e c t ly fr o m A fr ia t 's Th e o r e m , Ma t z kin a n d R ic h t e r ( 1 9 9 1 ) , a n d
V a r ia n ( 1 9 8 4 ) , Th e o r e m 6 .
Comment 1: N o t e t h a t if t h e c o n d it io n s o f t h e t h e o r e m a r e s a t is ¯ e d , t h e r e e xis t
s t r ic t ly c o n c a ve u t ilit y fu n c t io n s c o n s is t e n t wit h a p u b lic c o m p e t it ive e qu ilib r iu m ,
t h o u g h we o n ly a s s u m e d s t r ic t qu a s ic o n c a vit y u p t o t h is p o in t . Th is d e r ive s fr o m
A fr ia t 's t h e o r e m : if a ¯ n it e s e r ie s o f in d ivid u a l c o n s u m p t io n d a t a is c o n s is t e n t wit h
m a xim iz a t io n o f a n o n -s a t ia t e d u t ilit y fu n c t io n , it is a ls o c o n s is t e n t wit h m a xim iz a -
t io n o f a c o n c a ve , c o n t in u o u s , m o n o t o n e u t ilit y fu n c t io n . V io la t io n s o f c o n ve xit y
c a n n o t b e d e t e c t e d wit h ¯ n it e d a t a . S im ila r ly, a s s u m in g s t r ic t c o n c a vit y in t h is c o n -
t e xt is n o m o r e r e s t r ic t ive t h a n a s s u m in g s t r ic t qu a s ic o n c a vit y. Fo r s im ila r r e a s o n s ,
t h e a d d it io n o f n e g a t ive m o n o t o n ic it y o f t h e p r o d u c t io n s e t is n o m o r e r e s t r ic t ive
t h a n o u r p r e vio u s a s s u m p t io n s , g ive n ¯ n it e d a t a s e t s .
Comment 2: Th e s t r o n g a xio m o f r e ve a le d p r e fe r e n c e c a n b e wr it t e n a s a ¯ n it e s e t
o f d is ju n c t io n s o f p o lyn o m ia l in e qu a lit ie s . A ll t h e o t h e r c o n d it io n s o f t h e t h e o r e m
a r e a ls o ¯ n it e s e t s o f p o lyn o m ia l in e qu a lit ie s o r e qu a t io n s .

Th e o r e m 1 p r o vid e s a s t a t e m e n t o f p u b lic c o m p e t it ive e qu ilib r iu m b e h a vio r in
t h e fo r m o f a ¯ n it e s e t o f p o lyn o m ia l in e qu a lit ie s d e ¯ n e d o ve r a ¯ n it e s e t o f va r ia b le s .
Mo r e o ve r , we h a ve e xp lic it ly a s s u m e d t h a t hfyr

t g; fqr
t gi, t h e L in d a h l p r ic e s a n d in d i-

vid u a l p r iva t e g o o d c o n s u m p t io n s , a r e u n o b s e r ve d , wh ile hxr; yr; qr; pr; !r; fIr
t g; ¿ ri,

t h e p u b lic g o o d c o n s u m p t io n s , a g g r e g a t e p r iva t e g o o d c o n s u m p t io n s , m a r ke t p r ic e s ,
a g g r e g a t e e n d o wm e n t s , in d ivid u a l a ft e r -t a x in c o m e s a n d a g g r e g a t e t a x p a ym e n t s ,
a r e o b s e r ve d . Th u s t h e o r e m 1 p r e s e n t s t h e e qu ilib r iu m c o n d it io n s o f p u b lic c o m -
p e t it ive e qu ilib r iu m b e h a vio r a s a ¯ n it e s e t o f p o lyn o m ia l in e qu a lit ie s in o b s e r ve d
a n d u n o b s e r ve d va r ia b le s . W h a t r e m a in s is t o e lim in a t e t h e u n o b s e r va b le va r ia b le s
fr o m t h e s ys t e m .
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Th e r e a r e t h r e e p o s s ib le o u t c o m e s wh e n qu a n t ī e r e lim in a t io n is a p p lie d t o a
s ys t e m s u c h a s t h e o n e in t h e o r e m 1 . On e p o s s ib ilit y is t h e e qu iva le n t s ys t e m
r e d u c e s t o 1 ´ 0 , m e a n in g it is im p o s s ib le t o o b s e r ve d a t a c o n s is t e n t wit h t h e
m o d e l; t h e t h e o r y is e m p ir ic a lly in c o n s is t e n t .9 A n o t h e r p o s s ib ilit y is t h e s ys t e m
r e d u c e s t o 1 ´ 1 , m e a n in g it is im p o s s ib le t o o b s e r ve d a t a n o t c o n s is t e n t wit h t h e
m o d e l; t h e t h e o r y im p o s e s n o t e s t a b le r e s t r ic t io n s o n t h e s e t o f o b s e r va b le va r ia b le s .
Th e t h ir d p o s s ib ilit y is t h e s ys t e m r e d u c e s t o a ¯ n it e s e t o f p o lyn o m ia l in e qu a lit ie s
in vo lvin g t h e o b s e r va b le va r ia b le s . It is p o s s ib le t o o b s e r ve d a t a t h a t s a t is ¯ e s t h e s e
in e qu a lit ie s , a n d it is p o s s ib le t o o b s e r ve d a t a t h a t d o e s n o t s a t is fy t h e s e in e qu a lit ie s .
In t h is c a s e we s a y t e s t a b le r e s t r ic t io n s o f t h e m o d e l e xis t , g ive n t h e s e t o f o b s e r va b le
va r ia b le s ( B r o wn a n d Ma t z kin , 1 9 9 6 ) .

W h ile Ta r s ki-S e id e n b e r g p r o vid e s a ¯ n it e a lg o r it h m fo r qu a n t ī e r e lim in a t io n ,
it is d o u b ly e xp o n e n t ia l a n d s o is n o t p r a c t ic a l. Fo u r ie r -Mo t z kin e lim in a t io n is a
wid e ly-kn o wn a lg o r it h m t h a t is a p p lic a b le t o lin e a r s ys t e m s s u c h a s t h e o n e s in
t h is p r o b le m ; h o we ve r , it is a ls o d o u b ly e xp o n e n t ia l in a p p lic a t io n .10 L a c kin g a n y
p r a c t ic a l qu a n t ī e r e lim in a t io n a lg o r it h m s t o a p p ly t o t h is p r o b le m , we will fo c u s
o n ve r y s im p le m o d e ls o f p u b lic c o m p e t it ive e qu ilib r iu m . W e will d e r ive t h e t e s t a b le
r e s t r ic t io n s o f t h is m o d e l fo r t wo o b s e r va t io n s o f a n e c o n o m y wit h t wo a g e n t s , a a n d
b, a n d a n y ¯ n it e n u m b e r o f p u b lic a n d p r iva t e g o o d s .11 Fo r t h e c a s e o f o n e p u b lic
g o o d a n d o n e p r iva t e g o o d , we will a ls o s h o w t h a t t h e s e r e s t r ic t io n s a r e n o n -va c u o u s .

In t h e fo llo win g le m m a we c o n s id e r t h e c o n s u m p t io n s id e o f t h is p r o b le m :

Lemma 1 L et the collection hxr; yr; qr; pr; Ir
a ; Ir

b i of non-negative variables be given
for r = 1 ; 2 . Then there exist continuous, strictly monotonic, strictly quasi-concave
utility functions Ut such that this data is consistent with each consumer satisfying
the W eak Axiom of R evealed P reference (W AR P ) and their individual budget con-
straint, L indahl prices summing to the market price, and individual private good
consumptions summing to aggregate private good consumption if and only if:

F or some r; s = 1 ; 2 , r 6= s, either:

I [Ers
a > Ir

a AND Ers
b > Ir

b AND ( qr; pr ) ¢ ( xs ¡ xr; ys ¡ yr ) > 0 ]
or:
I I [Ers

a > Ir
a AND Esr

b > Is
b ]

W here Ers
t = m a xº;¹ ¹¢ ( xs¡xr ) +prº s:t: psº = Is

t ; 0 · º · ys; 0 · ¹ · qr:

9Empirical consistency is distinct from the traditional use of \inconsistency" in general equi-
librium theory, see Snyder (1995).

10Fourier-Motzkin is a technique similar to Gaussian elimination. For some explication of the
method and its uses, see Dantzig and Eaves (1973).

11The restrictions could be used with more than two consumers, but the usual problems of
representative agent models are introduced. See Kirman (1992).
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P r oof: S e e A p p e n d ix.
Comment: W A R P is e qu iva le n t t o S A R P fo r t wo o b s e r va t io n s .

On e c o u ld t h in k o f t h e s e c o n d it io n s a s a n a lo g o u s t o W A R P . W A R P t e s t s in -
d ivid u a l b e h a vio r fo r u t ilit y m a xim iz a t io n ; t h e s e c o n d it io n s t e s t a c o m b in a t io n o f
a g g r e g a t e b e h a vio r ( p u b lic g o o d d e m a n d , p r iva t e g o o d d e m a n d ) a n d in d ivid u a l b e -
h a vio r ( a ft e r -t a x in c o m e ) fo r in d ivid u a l u t ilit y m a xim iz a t io n .

It is we ll-kn o wn t h a t in d ivid u a l u t ilit y m a xim iz a t io n d o e s n o t im p ly c o lle c t ive
b e h a vio r t h a t r e s e m b le s u t ilit y m a xim iz a t io n , a n d t h a t c a n b e s e e n qu ic kly fr o m
t h e s e r e s t r ic t io n s . N o t e t h a t if e ± c ie n c y r e qu ir e d c o lle c t ive b e h a vio r t o r e s e m b le
t h a t o f a n in d ivid u a l u t ilit y m a xim iz e r , t h e n a g g r e g a t e d e m a n d wo u ld s a t is fy W A R P .
Th e la s t r e s t r ic t io n in Co n d it io n I im p lie s t h a t a g g r e g a t e c o n s u m p t io n in p e r io d r
is n o t r e ve a le d p r e fe r r e d t o a g g r e g a t e c o n s u m p t io n in p e r io d s | if t h is c o n d it io n is
s a t is ¯ e d , t h e n a g g r e g a t e d e m a n d s a t is ¯ e s W A R P . Fo r a g g r e g a t e d e m a n d t o s a t is fy
W A R P is n o t a s u ± c ie n t c o n d it io n fo r e ± c ie n c y, h o we ve r ; t h e o t h e r r e s t r ic t io n s
in Co n d it io n I m u s t a ls o b e s a t is ¯ e d . Mo r e o ve r , fo r a g g r e g a t e d e m a n d t o s a t is fy
W A R P is n o t a n e c e s s a r y c o n d it io n ; if t h e d a t a s a t is ¯ e s Co n d it io n II a g g r e g a t e
d e m a n d d o e s n o t h a ve t o s a t is fy W A R P . Th u s r e s t r ic t io n s in d ivid u a l d e m a n d t o
s a t is fy W A R P d o e s n o t im p ly a g g r e g a t e d e m a n d s a t is ¯ e s W A R P .

In t e r p r e t a t io n o f t h e s e r e s t r ic t io n s in t e r m s o f t h e u s u a l d e m a n d r e s t r ic t io n s we
a r e fa m ilia r wit h a r e d i± c u lt b e c a u s e t h e s e r e s t r ic t io n s d e p e n d n o t o n a g g r e g a t e
d e m a n d a lo n e b u t o n t h e ( o b s e r ve d ) in c o m e d is t r ib u t io n . Th e s e r e s t r ic t io n s s im p ly
d e ¯ n e b o u n d s s u c h t h a t it is p o s s ib le fo r e a c h in d ivid u a l t o b e s a t is fyin g t h e a xio m
o f r e ve a le d p r e fe r e n c e . Th e n o n -va c u o u s n e s s o f t h e r e s t r ic t io n s c o m e s fr o m t h e n o n -
n e g a t ivit y r e s t r ic t io n s o n in d ivid u a l c o n s u m p t io n a n d L in d a h l p r ic e s . Give n t h is
le ve l o f o b s e r va b ilit y, it is a lwa ys p o s s ib le fo r e a c h in d ivid u a l t o b e m a xim iz in g
u t ilit y g ive n a n y d a t a ; it is n o t a lwa ys p o s s ib le , h o we ve r , fo r b o t h in d ivid u a ls t o b e
m a xim iz in g u t ilit y in e qu ilib r iu m ( t h a t is , t h e r e m a y b e in d ivid u a l p r iva t e va lu a t io n s
o f t h e p u b lic g o o d s u c h t h a t u t ilit y m a xim iz a t io n is s a t is ¯ e d , b u t t h e in d ivid u a l
p r iva t e va lu a t io n s o f t h e p u b lic g o o d will n o t s u m u p t o t h e p u b lic g o o d p r ic e ) .

Fig u r e 1 p r o vid e s a n e xa m p le o f d a t a t h a t d o e s n o t s a t is fy t h e r e s t r ic t io n s . W e
o b s e r ve p u b lic g o o d c o n s u m p t io n ; b y o b s e r vin g p r ic e s a n d e a c h c o n s u m e r 's in c o m e
we c a n d e r ive p r iva t e g o o d c o n s u m p t io n fo r e a c h c o n s u m e r . Th is p ic t u r e r e p r e s e n t s
a s it u a t io n wh e r e b o t h c o n s u m e r s g e t e qu a l a m o u n t s o f t h e p r iva t e g o o d , a n d b y
d e ¯ n it io n b o t h c o n s u m e t h e s a m e a m o u n t o f t h e p u b lic g o o d . Th e p ic t u r e r e p r e s e n t s
c o n s u m e r a's s it u a t io n : a's p e r io d 1 c o n s u m p t io n is p lo t t e d a t ( x1; y1

a ) a n d a t ( x2; y2
a )

in p e r io d 2 . Th e p ic t u r e wo u ld lo o k e xa c t ly t h e s a m e if we in s t e a d p lo t t e d c o n s u m e r
b's c o n s u m p t io n . W e o b s e r ve t h e p r ic e o f t h e p r iva t e g o o d b u t we d o n o t o b s e r ve
t h e L in d a h l p r ic e o f t h e p u b lic g o o d fo r e a c h c o n s u m e r . Th u s we a r e fr e e t o c h o o s e
t h e s lo p e s o f t h e p r ic e lin e s fo r e a c h c o n s u m e r , wit h t h e r e s t r ic t io n t h a t t h e L in d a h l
p r ic e s m u s t b e n o n -n e g a t ive a n d m u s t s u m t o t h e o b s e r ve d m a r ke t p u b lic g o o d
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p r ic e ( n o r m a liz e d t o 1 ) . Th e n t h e d a t a r e p r e s e n t e d b y t h is p ic t u r e is c o n s is t e n t
wit h t h e p u b lic g o o d r e s t r ic t io n s o n ly if we c a n d r a w fe a s ib le p r ic e lin e s s u c h t h a t
e a c h c o n s u m e r s a t is ¯ e s W A R P .

L e t r1 = q1
a=p

1 b e t h e s lo p e o f b u d g e t lin e 1 , a n d r2 = q2
a=p

2 b e t h e s lo p e o f b u d g e t
lin e 2 . Th e n 0 · r1 · 1 =p1 a n d 0 · r2 · 1 =p2. Th e lim it -c a s e s a r e d r a wn in ¯ g u r e
1 . N o t e t h a t fo r a ll fe a s ib le p u b lic g o o d p r ic e s , c o n s u m e r a's p e r io d 2 c o n s u m p t io n
is r e ve a le d p r e fe r r e d t o h e r p e r io d 1 c o n s u m p t io n . Th u s t h e o n ly wa y t h is c o n s u m e r
c a n s a t is fy W A R P is if we c h o o s e q1

a s u c h t h a t h e r p e r io d 1 c o n s u m p t io n is n o t
r e ve a le d p r e fe r r e d t o h e r p e r io d 2 c o n s u m p t io n . Th is is p o s s ib le ; fo r e xa m p le , a
L in d a h l p r ic e o f 0 , o r c lo s e t o 0 , wo u ld s a t is fy t h is r e qu ir e m e n t . In g e n e r a l, it
is a lwa ys p o s s ib le t o c h o o s e L in d a h l p r ic e s s u c h t h a t W A R P is s a t is ¯ e d fo r o n e
c o n s u m e r .

S u p p o s e we c h o o s e a lo w e n o u g h L in d a h l p r ic e fo r c o n s u m e r a in p e r io d 2 s o
t h a t h e r p e r io d 2 c o n s u m p t io n b u n d le will n o lo n g e r b e r e ve a le d p r e fe r r e d t o h e r
p e r io d 1 c o n s u m p t io n b u n d le . W it h t h e d a t a illu s t r a t e d h e r e , a L in d a h l p r ic e o f
1 =2 is t o o h ig h { a t t h is p r ic e , a0s p e r io d 1 c o n s u m p t io n is r e ve a le d p r e fe r r e d t o h e r
p e r io d 2 c o n s u m p t io n . Th u s q1

a m u s t b e le s s t h a n 1 =2 . B u t b e c a u s e t h e L in d a h l
p r ic e s m u s t s u m t o 1 , t h is m e a n s c h o o s in g a L in d a h l p r ic e fo r c o n s u m e r b t h a t is
h ig h e r t h a n 1 =2 . H o we ve r , c o n s u m e r b fa c e s t h e s a m e s it u a t io n a s c o n s u m e r a { b
m u s t h a ve a L in d a h l p r ic e le s s t h a n 1 =2 in o r d e r t o s a t is fy W A R P . Th u s wh ile t h e r e
e xis t L in d a h l p r ic e s s u c h t h a t e it h e r c o n s u m e r c a n s a t is fy W A R P , t h e r e d o n o t e xis t
L in d a h l p r ic e s s u c h t h a t e a c h c o n s u m e r c a n s a t is fy W A R P wit h L in d a h l p r ic e s t h a t
s u m t o t h e m a r ke t p r ic e fo r t h e p u b lic g o o d . Th e d a t a r e p r e s e n t e d b y t h is p ic t u r e
is n o t c o n s is t e n t wit h P a r e t o o p t im a l p u b lic g o o d c h o ic e .12

Th e fo llo win g t h e o r e m u s e s le m m a 1 t o d e r ive t e s t a b le r e s t r ic t io n s o f t h e p u b lic
c o m p e t it ive e qu ilib r iu m m o d e l.

T heor em 2 L et the collection hxr; yr; qr; pr; !r; Ir
a ; Ir

b ; ¿ ri of non-negative vectors
of variables be given for r = 1 ; 2 . L et:

D1 = hxr; yr; qr; pr; Ir
a; Ir

b i

D2 = hxr; yr; qr; pr; !ri

D3 = hxr; qr; pr; !r; Ir
a ; Ir

b ; ¿ ri

Then there exist continuous, strictly monotonic, strictly concave utility functions
fUtg and a closed convex conical, negative monotonic production set Z such that
this data is consistent with a series of P ublic Competitive E quilibria for the economy
( fUtg; Z; ff!r

t gT
t=1gR

r=1 ) , if and only if:

1. D1 satisfy the conditions of L emma 1.

12See appendix for a numerical example of data that is not consistent with Pareto optimality.
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2. D2 satisfy pro¯t maximization and technology restrictions:

a. 0 = ( qr; pr ) ¢ ( xr; yr ¡ !r ) ¸ ( qr; pr ) ¢ ( xs; ys ¡ !s ) for r; s = 1 ; 2 , r 6= s.

b. If yr ¡ !r 6= 0 then yr ¡ !r 6¸ 0 for r = 1 ; 2 .

3. D3 satis¯es the following constraints for r = 1 ; 2 :

a. ¿ r = qrxr

b. Ir
a + Ir

b = pr!r ¡ ¿ r

P r oof: Co n d it io n ( 3 ) is s t r a ig h t fo r wa r d , a s it in vo lve s o n ly o b s e r va b le va r ia b le s .
Co n d it io n ( 2 ) fo llo ws fr o m Th e o r e m 1 , a n d c o n d it io n ( 1 ) fo llo ws d ir e c t ly fr o m
L e m m a 1 .
Comment: S in c e t h e L e m m a 1 c o n d it io n s a r e n o n -va c u o u s fo r t h e c a s e o f o n e
p u b lic g o o d a n d o n e p r iva t e g o o d , t h e t e s t a b le r e s t r ic t io n s o f t h e p u b lic c o m p e t it ive
e qu ilib r iu m a r e n o n -va c u o u s fo r t h a t c a s e a ls o .

Th e o r e m 2 p r o vid e s t h e t e s t a b le r e s t r ic t io n s o f p u b lic c o m p e t it ive e qu ilib r iu m ,
g ive n o u r a s s u m p t io n s a b o u t t h e o b s e r va b ilit y o f t h e m o d e l's va r ia b le s . Th u s t h e y
fo r m t e s t a b le r e s t r ic t io n s o f P a r e t o o p t im a lit y in a g e n e r a l e qu ilib r iu m m o d e l wit h
p u b lic g o o d s .

Th e r e m a y b e s it u a t io n s wh e r e it is c le a r ly n o t a p p r o p r ia t e t o t e s t fo r e ± c ie n c y
in a g e n e r a l e qu ilib r iu m m o d e l, b u t it m a y b e a p p r o p r ia t e t o t e s t fo r e ± c ie n c y o f
a g g r e g a t e d e m a n d . S u p p o s e we h a d a g r o u p o f c o n s u m e r s wh o fa c e d e xo g e n o u s
p u b lic a n d p r iva t e g o o d p r ic e s , a n d wh o we r e t a xe d ( o r m a d e c o n t r ib u t io n s ) fo r
t h e c o lle c t ive p u r c h a s e o f p u b lic g o o d s . W e c o u ld t e s t t h e P a r e t o o p t im a lit y o f t h e
g r o u p 's c h o ic e o f p u b lic a n d p r iva t e g o o d s u s in g a s u b s e t o f t h e r e s t r ic t io n s o f t h e
m o d e l o f p u b lic c o m p e t it ive e qu ilib r iu m | we s im p ly e xc lu d e t h e p r o d u c t io n s e c t o r
r e s t r ic t io n s o n t e c h n o lo g y a n d p r o ¯ t m a xim iz a t io n . In t h is n o n p a r a m e t r ic , r e ve a le d
p r e fe r e n c e b a s e d m e t h o d o f d e r ivin g t e s t a b le r e s t r ic t io n s , it is ir r e le va n t t h a t p r ic e s
a r e e n d o g e n o u s in t h e p u b lic c o m p e t it ive e qu ilib r iu m m o d e l a n d e xo g e n o u s in t h e
a g g r e g a t e d e m a n d m o d e l.

Cor ollar y 1 L et the collection hxr; yr; qr; pr; !r; Ir
a ; Ir

b ; ¿ ri of non-negative vec-
tors of variables be given for r = 1 ; 2 . L et:

P1 = hxr; yr; qr; pr; Ir
a ; Ir

b i

P2 = hxr; qr; pr; !r; Ir
a; Ir

b ; ¿ ri

Then there exist continuous, strictly monotonic, strictly concave utility functions
fUtg such that this data is consistent with P areto optimal demand for the economy
( fUtg; ff!r

t gT
t=1gR

r=1 ) , if and only if:
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1. P1 satisfy the conditions of L emma 1.

2. P2 satis¯es the following constraints for r = 1 ; 2 :

a. ¿ r = qrxr

b. Ir
a + Ir

b = pr!r ¡ ¿ r

4 I mplementation and Application

4.1 I ssues in I mplementation

On e a d va n t a g e o f t h e s e t e s t s is t h a t t h e y r e qu ir e lit t le d a t a t o im p le m e n t . To t e s t
e ± c ie n c y o f d e m a n d , we r e qu ir e t wo o b s e r va t io n s o ve r t im e o f a n e c o n o m y's a llo c a -
t io n s o r a g r o u p 's c o n s u m p t io n c h o ic e s , p r ic e s , a n d t h e in d ivid u a l a ft e r -t a x in c o m e s .
Fo r e xa m p le , we c o u ld u s e t h e s e c o n d it io n s t o t e s t wh e t h e r p o lic e p r o t e c t io n in a
t o wn is P a r e t o o p t im a l wit h t wo o b s e r va t io n s ( p e r h a p s o f a n n u a l d a t a ) o f t h e n u m b e r
o f p o lic e o ± c e r s , t h e t o wn 's a g g r e g a t e c o n s u m p t io n o f p r iva t e g o o d s , t h e \ p r ic e " o f
a p o lic e o ± c e r ( p e r h a p s m e a s u r e d b y s a la r y o r in fe r r e d fr o m e xp e n d it u r e s o n p o lic e
p r o t e c t io n a n d n u m b e r o f o ± c e r s u s e d ) , a g g r e g a t e t a x c o lle c t io n , a g g r e g a t e in c o m e ,
a n d e xp e n d it u r e o n p r iva t e g o o d s fo r t wo t yp e s o f c it iz e n s o f t h e t o wn . Or , we c o u ld
t e s t wh e t h e r a n in t e r e s t g r o u p p u r c h a s e s a P a r e t o o p t im a l a m o u n t o f a d ve r t is in g fo r
a c a n d id a t e it wis h e s t o e le c t . To t e s t t h is p r o p o s it io n we m ig h t u s e d a t a c o n s is t in g
o f t wo o b s e r va t io n s ( p e r h a p s m o n t h ly) o f in t e r e s t g r o u p e xp e n d it u r e s o n a d ve r t is -
in g , t h e qu a n t it y o f a d ve r t is in g p r o d u c e d ( p e r h a p s m e a s u r e d b y a n e s t im a t e o f t h e
n u m b e r o f p e o p le wh o vie we d t h e a d ve r t is in g ) , t h e g r o u p m e m b e r s ' a g g r e g a t e c o n -
s u m p t io n o f p r iva t e c o n s u m p t io n g o o d s , a g g r e g a t e c o n t r ib u t io n s , a g g r e g a t e in c o m e ,
a n d e xp e n d it u r e s o n p r iva t e g o o d s fo r t wo t yp e s o f in t e r e s t g r o u p m e m b e r s .

Th e a s s u m p t io n t h a t p r e fe r e n c e s a n d t e c h n o lo g y d o n 't c h a n g e o ve r t im e is c r u c ia l
fo r t h e s e t e s t s ; a d d it io n a lly, we a s s u m e t h a t c o n s u m p t io n a n d p r o d u c t io n c h o ic e s a r e
in d e p e n d e n t o ve r t im e . A lt e r n a t ive ly, o n e c o u ld a p p ly t h e r e s t r ic t io n s t o a c r o s s -
s e c t io n a l a n a lys is , wh e r e it wo u ld b e n e c e s s a r y t o a s s u m e t h a t m e m b e r s o f t wo
g r o u p s o r e c o n o m ie s h a ve t h e s a m e p r e fe r e n c e s , wh ile h a vin g d i®e r e n t e n d o wm e n t s
o r fa c in g d i®e r e n c e p r ic e s .

Th e t e s t s a s fo r m u la t e d in t h is p a p e r a r e n o n -s t o c h a s t ic . W h ile t h is m a ke s t h e
t e s t s e a s y t o a p p ly, it a ls o c r e a t e s p r o b le m s in t h e in t e r p r e t a t io n o f s it u a t io n s wh e r e
d a t a d o e s n o t s a t is fy t h e r e s t r ic t io n s . If t h e r e s t r ic t io n s a r e n o t s a t is ¯ e d , it is n o t
c le a r wh e t h e r we s h o u ld in t e r p r e t t h is a s a r e je c t io n o f t h e m o d e l, o r a s e vid e n c e
fo r s o m e m e a s u r e m e n t e r r o r , o r a s e vid e n c e t h a t t h e r e is s o m e s t o c h a s t ic e le m e n t
in b e h a vio r u n a c c o u n t e d fo r . Th e s e t e s t s m a y b e p a r t ic u la r ly u s e fu l a s s p e c ī c a t io n
t e s t s in p r e p a r a t io n fo r d o in g fu r t h e r e c o n o m e t r ic wo r k. N o t e h o we ve r t h a t t h e
m e t h o d o u t lin e d h e r e fo r d e r ivin g t e s t a b le r e s t r ic t io n s is c a p a b le o f a c c o m m o d a t in g
s t o c h a s t ic e le m e n t s , s e e B r o wn a n d Ma t z kin ( 1 9 9 4 ) fo r wo r k in t h is d ir e c t io n .
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S t r ic t ly s p e a kin g , t h e t e s t s d e r ive d in t h is p a p e r a r e a p p lic a b le o n ly t o m o d e ls
wit h t wo c o n s u m e r s . On e c o u ld a s s u m e a m o d e l wit h t wo r e p r e s e n t a t ive c o n s u m e r s ,
e a c h r e p r e s e n t in g a d is t in c t g r o u p wit h in t h e e c o n o m y, t h o u g h t h e la c k o f m ic r o -
fo u n d a t io n s fo r t h e r e p r e s e n t a t ive c o n s u m e r m o d e l m a y m a ke t h is a n u n a p p e a lin g
a s s u m p t io n .13

4.2 I ntr a-household decision making

On e p o s s ib le a p p lic a t io n o f t h is wo r k is in t h e a r e a o f h o u s e h o ld d e c is io n m a kin g .
Tr a d it io n a lly h o u s e h o ld s h a ve b e e n t r e a t e d a s a s in g le u t ilit y-m a xim iz in g a g e n t ( t h e
\ n e o c la s s ic a l" m o d e l o f h o u s e h o ld b e h a vio r ) . R e c e n t ye a r s h a ve s e e n t h e d e ve lo p -
m e n t o f n u m e r o u s m o d e ls o f h o u s e h o ld d e c is io n s t h a t a r e b a s e d o n in d ivid u a l b e h a v-
io r wit h in t h e h o u s e h o ld , m o d e lin g o u t c o m e s a s t h e r e s u lt o f e it h e r c o o p e r a t ive o r
n o n -c o o p e r a t ive b a r g a in in g b e t we e n h o u s e h o ld m e m b e r s ( s e e , fo r e xa m p le , Mc E lr o y
a n d H o r n e y ( 1 9 8 1 ) , Ma n s e r a n d B r o wn ( 1 9 8 0 ) , L u n d b e r g a n d P o lla k ( 1 9 9 4 ) ) . Te s t -
in g wh e t h e r t h e s e m o d e ls a d e qu a t e ly e xp la in h o u s e h o ld b e h a vio r c a n b e d i± c u lt ,
h o we ve r , a s we g e n e r a lly o b s e r ve m a r ke t d e c is io n s a t t h e h o u s e h o ld le ve l r a t h e r t h a n
a t t h e in d ivid u a l le ve l | we g e n e r a lly d o n o t o b s e r ve t h e d ivis io n o f g o o d s wit h in
t h e h o u s e h o ld .

Ch ia p p o r i ( 1 9 8 8 ) p r o p o s e d a n e xt r e m e ly g e n e r a l m o d e l o f c o o p e r a t ive b a r g a in -
in g wit h in t h e h o u s e h o ld ( t h e \ c o lle c t ive r a t io n a lit y" m o d e l) , s t ip u la t in g o n ly t h a t
o u t c o m e s b e P a r e t o o p t im a l. In d ivid u a ls wit h in t h e h o u s e h o ld g e t u t ilit y fr o m t h e ir
o wn c o n s u m p t io n a n d le is u r e , b u t t h e ir c o n s u m p t io n a n d le is u r e m a y a ls o g e n e r a t e
p o s it ive e xt e r n a lit ie s fo r t h e o t h e r p e r s o n in t h e h o u s e h o ld . On e c o u ld t h in k o f
t h e c o lle c t ive r a t io n a lit y m o d e l a s a s im p le m o d e l o f P a r e t o o p t im a lit y wit h p u b lic
g o o d s , a s e a c h in d ivid u a l's c o n s u m p t io n a n d le is u r e b e c o m e p u b lic g o o d s wit h in t h e
h o u s e h o ld .

Ch ia p p o r i ( 1 9 8 8 ) s h o ws t h a t t h e r e a r e n o n -va c u o u s t e s t a b le r e s t r ic t io n s o f t h e
c o lle c t ive r a t io n a lit y m o d e l o n d a t a t h a t c a n fe a s ib ly b e o b s e r ve d : h o u s e h o ld -le ve l
c o n s u m p t io n , in d ivid u a l la b o r s u p p lie s , p r ic e s a n d wa g e s . Ch ia p p o r i's t e s t s a r e in
t h e fo r m o f ¯ n d in g wh e t h e r a s e t o f b ilin e a r in e qu a lit ie s h a s a s o lu t io n | if t h e
p r o g r a m h a s a s o lu t io n , t h e n t h e d a t a s a t is fy t h e m o d e l, if n o t , t h e d a t a d o n o t
s a t is fy t h e m o d e l.

B y a p p lyin g Co r o lla r y 1 t o t h is p r o b le m , we c a n d e r ive e qu iva le n t t e s t a b le r e -
s t r ic t io n s a s a s e t o f p o lyn o m ia l in e qu a lit ie s d e ¯ n e d o n ly o ve r t h e o b s e r va b le va r i-
a b le s . In o t h e r wo r d s , Ch ia p p o r i's p r o g r a m will h a ve a s o lu t io n if a n d o n ly if t h e s e
p o lyn o m ia l in e qu a lit ie s a r e s a t is ¯ e d .

To illu s t r a t e , c o n s id e r t h e fo llo win g va r ia t io n o f Ch ia p p o r i's m o d e l. A h o u s e h o ld

13The use of a representative consumer is consistent with individual utility maximization only
with highly restrictive assumptions; for example, to avoid making further restrictions (such as ho-
motheticity) on the form of individual preferences, one would have to assume identical preferences
and identical incomes within groups (see Kirman and Koch (1986)).
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is c o m p o s e d o f t wo m e m b e r s , a a n d b. L e t Cr d e n o t e t h e h o u s e h o ld -le ve l qu a n t it y
o f s o m e c o n s u m p t io n g o o d in p e r io d r, wh ic h h a s a p r ic e n o r m a liz e d t o o n e . L e t
Lr

a a n d Lr
b d e n o t e , r e s p e c t ive ly, t h e le is u r e o f t h e m e m b e r s o f t h e h o u s e h o ld , a n d

wr
a a n d wr

b t h e ir wa g e s . A s s u m e la b o r s u p p ly is o b s e r va b le fo r e a c h m e m b e r o f t h e
h o u s e h o ld , a n d a ll t im e n o t s p e n t s u p p lyin g la b o r t o t h e m a r ke t is le is u r e t im e . Th e
h o u s e h o ld a ls o r e c e ive s e xo g e n o u s n o n -la b o r in c o m e Y r.

A s s u m e t h a t in d ivid u a l c o n s u m p t io n g e n e r a t e s e xt e r n a lit ie s wit h in t h e h o u s e -
h o ld ; t h a t is , e a c h in d ivid u a l's c o n s u m p t io n , ca a n d cb, is a p u b lic g o o d wit h in
t h e h o u s e h o ld . E a c h in d ivid u a l h a s p r e fe r e n c e s r e p r e s e n t a b le b y s t r ic t ly m o n o t o n e ,
s t r ic t ly qu a s i-c o n c a ve u t ilit y fu n c t io n s : Ut ( ca; cb; Lt ) .

Cor ollar y 2 L et the collection hCr; Y r; Lr
a; Lr

b; wr
a; wr

bi of non-negative variables
be given for r = 1 ; 2 . Then there exist continuous, strictly monotonic, strictly quasi-
concave utility functions Ut such that this data is consistent with P areto optimal
demand (or the Collective R ationality model) if and only if:

8r = 1 ; 2 Cr = Y r + wr
a`

r
a + wr

b`
r
b AND

F or some r; s = 1 ; 2 , r 6= s, either:

I [Cs + wr
aL

s
a > wr

aL
r
a AND Cs + wr

bL
s
b > wr

bL
r
b AND

Cs ¡ Cr + wr
a ( L

s
a ¡ Lr

a ) + wr
b ( L

s
b ¡ Lr

b ) > 0 ]
or:
I I [Cs + wr

aL
s
a > wr

aL
r
a AND Cr + ws

bL
r
b > ws

bL
s
b]

P r oof: S e e A p p e n d ix.

Fo r e xa m p le , s u p p o s e we o b s e r ve 2 ye a r s o f a h o u s e h o ld 's la b o r s u p p ly b e h a v-
io r , h o u r ly wa g e s , a n d n o n -la b o r in c o m e .14 If we a s s u m e t h e h o u s e h o ld fo llo ws a
b a la n c e d b u d g e t in s p e n d in g , we c a n s o lve fo r c o n s u m p t io n le ve ls in b o t h ye a r s ,
a n d a p p ly t h e r e s t r ic t io n s a b o ve t o t e s t fo r P a r e t o o p t im a l b e h a vio r wit h in t h e
h o u s e h o ld .

S u p p o s e we o b s e r ve t h e fo llo win g d a t a :15

Y e a r 1 Y e a r 2
H u s b a n d 's wa g e 5 .0 0 1 9 .0 0
W ife 's wa g e 3 .0 0 1 6 .0 0
N o n -la b o r in c o m e 1 0 ,2 7 0 .0 0 0 .0 0
H u s b a n d 's h o u r s wo r ke d 2 0 0 0 5 0 0
W ife 's h o u r s wo r ke d 2 0 0 0 2 5 0

14Data of this sort is available, for example, from the Bureau of Labor Statistics' National
Longitudinal Surveys

15In this example in°ation will be ignored; in practice, one could use general data on prices
levels, such as CPI data, to normalize the prices.
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Th is d a t a is n o t c o n s is t e n t wit h t h e Co lle c t ive R a t io n a lit y c o n d it io n s a s g ive n
a b o ve . In o t h e r wo r d s , t h is b e h a vio r is n o t c o n s is t e n t wit h P a r e t o o p t im a l b e h a vio r
wit h in t h e h o u s e h o ld . On t h e o t h e r h a n d , t h is d a t a is :

Y e a r 1 Y e a r 2
H u s b a n d 's wa g e 5 .0 0 1 9 .0 0
W ife 's wa g e 3 .0 0 1 6 .0 0
N o n -la b o r in c o m e 1 0 ,2 7 0 .0 0 0 .0 0
H u s b a n d 's h o u r s wo r ke d 2 0 0 0 2 0 0 0
W ife 's h o u r s wo r ke d 2 0 0 0 2 0 0 0

N o t e t h a t t h e d i®e r e n c e b e t we e n t h e s e e xa m p le s is t h a t in t h e ¯ r s t c a s e , b o t h
h u s b a n d a n d wife fa c e a la r g e wa g e in c r e a s e , b u t c u t b a c k t h e ir h o u r s wo r ke d , wh ile
in t h e s e c o n d c a s e t h e y fa c e t h e s a m e wa g e in c r e a s e b u t r e m a in fu ll-t im e wo r ke r s .

E m p ir ic a l wo r k o n in t r a -h o u s e h o ld a llo c a t io n h a s b e e n p e r fo r m e d wit h p a r a -
m e t r ic s p e c ī c a t io n s o f p r e fe r e n c e s ; fo r wo r k s p e c ī c t o t h e Ch ia p p o r i m o d e l, s e e
B r o wn in g e t a l. ( 1 9 9 6 ) . R e je c t io n o f a n y m o d e l in a p a r a m e t r ic fr a m e wo r k c o u ld
m e a n r e je c t io n o f t h e fu n d a m e n t a l m o d e l, o r r e je c t io n o f t h e p a r a m e t r ic s p e c ī c a -
t io n . Th e t e s t s d e s c r ib e d a b o ve d o n o t r e qu ir e a n y s p e c ī c a t io n o f p r e fe r e n c e s , a n d
s o le a d t o t h e b r o a d e s t p o s s ib le t e s t s o f t h e m o d e l. Th e ir a p p lic a t io n s h o u ld p r o vid e
a u s e fu l c o u n t e r p a r t t o t h e e xis t in g e m p ir ic a l wo r k o n in t r a -h o u s e h o ld a llo c a t io n .16

5 Conclusion

Th is p a p e r h a s d e ve lo p e d fo r m a l t e s t s o f e ± c ie n c y o f p u b lic g o o d p r o vis io n b a s e d
o n r e ve a le d p r e fe r e n c e t h e o r y. In c o n t r a s t t o e xis t in g m e t h o d s o f t e s t in g , t h e t e s t s
d e ve lo p e d h e r e a r e n o n p a r a m e t r ic : fo r e xa m p le , t h e a s s u m p t io n s a b o u t p r e fe r e n c e s
a r e t h a t t h e y c a n b e r e p r e s e n t e d b y c o n t in u o u s , s t r ic t ly m o n o t o n ic , s t r ic t ly qu a s i-
c o n c a ve , u t ilit y fu n c t io n s . Th u s t h e s e t e s t s a r e e xt r e m e ly b r o a d ; r e je c t io n o f P a r e t o
o p t im a lit y is n o t a r e je c t io n o f a p a r t ic u la r p a r a m e t r ic s p e c ī c a t io n o f p r e fe r e n c e s .
A s s u c h t h e y s h o u ld p r o vid e a u s e fu l c o u n t e r p a r t t o e xis t in g wo r k o n t e s t s o f P a r e t o
e ± c ie n t p u b lic g o o d p r o vis io n .

A d d it io n a lly, u s in g t h e t e c h n iqu e o f qu a n t ī e r e lim in a t io n , we a r e a b le t o d e r ive
t e s t s t h a t r e qu ir e m o s t ly a g g r e g a t e le ve l d a t a | n o in d ivid u a l c h a r a c t e r is t ic s a r e
r e qu ir e d t o b e o b s e r ve d e xc e p t a ft e r -t a x in c o m e . Th u s t h e r e s h o u ld b e a b r o a d
va r ie t y o f s it u a t io n s wh e r e it is fe a s ib le t o o b t a in t h e d a t a r e qu ir e d t o t e s t wh e t h e r
a n o p t im a l a m o u n t o f p u b lic g o o d s h a s b e e n p r o vid e d .

Th e Ta r s ki-S e id e n b e r g t h e o r e m t e lls u s t h a t it is t h e o r e t ic a lly p o s s ib le t o d e r ive
t e s t a b le r e s t r ic t io n s fo r a n e c o n o m y wit h a n y ¯ n it e n u m b e r o f c o n s u m e r s o r o b s e r -
va t io n s . Th e la c k o f p r a c t ic a l qu a n t ī e r e lim in a t io n a lg o r it h m s m a ke s t h is d i± c u lt ,

16For work applying similar types of nonparametric tests of household behavior to household
consumption and labor supply data, see Snyder (1997).
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h o we ve r . Th e d e ve lo p m e n t o f qu a n t ī e r e lim in a t io n a lg o r it h m s t h a t a r e s p e c ī c a lly
d e s ig n e d fo r u s e wit h e c o n o m ic m o d e ls | p a r t ic u la r ly m o d e ls c e n t e r e d a r o u n d s im -
p le in d ivid u a l u t ilit y m a xim iz a t io n a n d p r o ¯ t m a xim iz a t io n ( o r c o s t m in im iz a t io n )
b e h a vio r | a p p e a r s t o b e a p o t e n t ia lly u s e fu l a r e a o f r e s e a r c h in c o m p u t a t io n a l
e c o n o m ic s .

Th e m e t h o d s o u t lin e d h e r e a r e a ls o c a p a b le o f a c c o m m o d a t in g m o r e c o m p le x
m o d e ls o f p u b lic g o o d p r o vis io n . Th e t h e o r y c o u ld b e e xt e n d e d t o d e r ive n o n p a r a -
m e t r ic t e s t a b le r e s t r ic t io n s o f m o r e g e n e r a l m o d e ls o f e c o n o m ie s wit h e xt e r n a lit ie s ,
lo c a l p u b lic g o o d s a n d c lu b g o o d s . Th u s t h e t e c h n iqu e s o u t lin e d in t h is p a p e r s h o u ld
p r o vid e a s t r o n g t h e o r e t ic a l b a s is fo r n o n p a r a m e t r ic h yp o t h e s is t e s t s a n d s p e c ī c a -
t io n t e s t s in a b r o a d va r ie t y o f s it u a t io n s wh e r e p r iva t e g o o d s , p u b lic g o o d s , a n d
g o o d s t h a t a r e s o m e m ixt u r e o f t h e t wo a r e p r e s e n t .

Appendix

P r oof of Lemma 1 W e m u s t p r o ve t h a t if a n d o n ly if t h e P a r e t o o p t im a l p u b lic
g o o d d e m a n d r e s t r ic t io n s a r e s a t is ¯ e d , t h e r e e xis t s a s o lu t io n o f t h e fo llo win g s ys t e m
o f in e qu a lit ie s o ve r hqr

t ; y
r
t i:

9r; s; r 6= s s .t . qr
t x

r + pryr
t < qr

t x
s + prys

t t = a; b ( 1 )

pryr
t = Ir

t t = a; b; r = 1 ; 2 ( 2 )

yr
a + yr

b = yr r = 1 ; 2 ( 3 )

qr
a + qr

b = qr r = 1 ; 2 ( 4 )

Co n d it io n 1 m e a n s t h a t W A R P is s a t is ¯ e d fo r e a c h c o n s u m e r . E a c h c o n s u m e r
h a s t wo wa ys o f s a t is fyin g W A R P ( p e r io d 1 c o n s u m p t io n n o t r e ve a le d p r e fe r r e d t o
p e r io d 2 c o n s u m p t io n o r p e r io d 2 c o n s u m p t io n n o t r e ve a le d p r e fe r r e d t o p e r io d 1
c o n s u m p t io n ) , t h u s t h e r e a r e fo u r wa ys ( n o t m u t u a lly e xc lu s ive ) fo r b o t h c o n s u m e r s
t o s a t is fy W A R P . Th u s c o n d it io n s 1 -4 a r e e qu iva le n t t o t h e d is ju n c t io n o f fo u r lin e a r
p r o g r a m s , wit h e a c h o n e o f t h e s e p r o g r a m s c o r r e s p o n d in g t o o n e o f t h e fo u r d i®e r e n t
wa ys in wh ic h W A R P c a n b e s a t is ¯ e d . W e will p r o ve t h e le m m a b y s h o win g t h a t if
a n d o n ly if t h e p u b lic g o o d c o n s u m p t io n r e s t r ic t io n s a r e s a t is ¯ e d will t h e r e e xis t a
s o lu t io n t o a t le a s t o n e o f t h e s e p r o g r a m s .

Case 1: H e r e we p r o ve t h a t if a n d o n ly if c o n d it io n I h o ld s , t h e n W A R P c a n b e
s a t is ¯ e d b y in d ivid u a l a's p e r io d r c o n s u m p t io n n o t b e in g r e ve a le d p r e fe r r e d
t o h is p e r io d s c o n s u m p t io n a n d in d ivid u a l b's p e r io d r c o n s u m p t io n n o t b e in g
r e ve a le d p r e fe r r e d t o h is p e r io d s c o n s u m p t io n fo r s o m e r; s, r 6= s.

N ecessar y: S u p p o s e fqr
a; y

r
ag, r = 1 ; 2 , s a t is ¯ e s c o n d it io n 1 -4 in t h is wa y.

Th e n it m u s t b e t r u e t h a t qr
ax

r+pryr
a < qr

ax
s+prys

a () Ir
a < qr

a ( x
s¡xr ) +
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prys
a. Th is im p lie s Ir

a < Ers
a . S im ila r ly it m u s t b e t r u e t h a t qr

bx
r + pryr

b <
qr
bx

s + prys
b () Ir

b < qr
b ( x

s ¡ xr ) + prys
b . Th is im p lie s Ir

b < Ers
b ; a ls o t h is

c o n d it io n c a n b e r e wr it t e n pryr ¡ Ir
a < qr ( xs ¡ xr ) ¡ qr

a ( x
s ¡ xr ) + prys ¡

prys
a () qr

a ( x
s ¡ xr ) + prys

a < Ir
a + qr ( xs ¡ xr ) + pr ( ys ¡ yr ) . Th is is o n ly

p o s s ib le if qr ( xs ¡ xr ) + pr ( ys ¡ yr ) > 0 .

Su±cient: S u p p o s e c o n d it io n I h o ld s . Th e n s in c e Ir
a < Ers

a , t h e r e e xis t s
s o m e fe a s ib le fqr

a; y
s
ag s u c h t h a t Ir

a < qr
a ( x

s ¡ xr ) + prys
a. R e wr it in g t h is

c o n d it io n , we g e t qr
ax

r + Ir
a < qr

ax
s + prys

a, wh ic h s t a t e s t h a t a's p e r io d
r c o n s u m p t io n is n o t r e ve a le d p r e fe r r e d t o h e r p e r io d s c o n s u m p t io n .
S im ila r ly, t h e r e a ls o e xis t s s o m e fe a s ib le fqr

b ; y
s
bg s u c h t h a t b's p e r io d

r c o n s u m p t io n is n o t r e ve a le d p r e fe r r e d t o h e r p e r io d s c o n s u m p t io n .
To s e e t h a t t h e r e e xis t s fe a s ib le p r ic e s a n d c o n s u m p t io n s s u c h t h a t c o n -
d it io n s 3 -4 a r e a ls o s a t is ¯ e d ( o r t h a t c a n s a t is fy W A R P fo r e a c h c o n -
s u m e r s im u lt a n e o u s ly) , n o t e t h a t qr ( xs ¡ xr ) + pr ( ys ¡ yr ) > 0 im p lie s
[Ir

a; I
r
a + qr ( xs ¡ xr ) + pr ( ys ¡ yr ) ] is a n o n -e m p t y in t e r va l. L e t ers

a b e
t h e va lu e o f t h e m in im iz a t io n p r o b le m c o r r e s p o n d in g t o Ers

a . Th e va lu e
o f t h e e xp r e s s io n qr

a ( x
s ¡ xr ) + prys

a r a n g e s c o n t in u o u s ly in t h e in t e r va l
[ers

a ; Ers
a ] a s we va r y ys

a fr o m 0 t o ys a n d a s we va r y qr
a fr o m 0 t o qr. S in c e

Ir
a < Ers

a ; t h e s e in t e r va ls h a ve a n o n -e m p t y in t e r s e c t io n . Th u s t h e r e e xis t
fe a s ib le fbqs

a; bys
ag s u c h t h a t Ir

a < bqr
a ( x

s ¡ xr ) + pr bys
a ( s a t is ¯ e s W A R P fo r

c o n s u m e r a) a n d bqr
a ( x

s¡xr ) +pr bys
a < Ir

a +qr ( xs¡xr ) +pr ( ys¡yr ) ( s a t is ¯ e s
W A R P fo r c o n s u m e r b) .

Case 2: H e r e we p r o ve t h a t if a n d o n ly if c o n d it io n I I h o ld s , t h e n W A R P
c a n b e s a t is ¯ e d b y in d ivid u a l a's p e r io d r c o n s u m p t io n n o t b e in g r e -
ve a le d p r e fe r r e d t o h is p e r io d s c o n s u m p t io n a n d in d ivid u a l b's p e r io d
s c o n s u m p t io n n o t b e in g r e ve a le d p r e fe r r e d t o h is p e r io d r c o n s u m p t io n
fo r s o m e r; s, r 6= s.

N ecessar y: S u p p o s e fqr
a; y

r
ag, r = 1 ; 2 , s a t is ¯ e s c o n d it io n 1 -4 in t h is wa y.

Th e n it m u s t b e t r u e t h a t qr
a ( x

s ¡xr ) +prys
a > Ir

a. Th is im p lie s Ers
a > Ir

a .
It m u s t a ls o b e t r u e t h a t qs

b ( x
r ¡ xs ) + psyr

b > Is
b . Th is im p lie s Esr

b > Is
b .

Su±cient: S u p p o s e c o n d it io n I I h o ld s . Th e n Ers
a > Ir

a im p lie s t h e r e e xis t
s o m e fe a s ib le fqr

a; y
r
ag s u c h t h a t qr

a ( x
s ¡ xr ) + prys

a > Ir
a , o r qr

ax
s + prys

a >
qr
ax

r + pryr
a. S im ila r ly, Esr

b > Is
b im p lie s t h e r e e xis t s o m e fe a s ib le fqs

b ; y
s
bg

s u c h t h a t qs
bx

r +psyr
b > qs

bx
s+psys

b . Th e n c o n d it io n s 1 a n d 2 a r e s a t is ¯ e d ;
t o s e e t h a t t h e r e e xis t s fqr

a; y
r
ag s u c h t h a t c o n d it io n s 3 -4 a r e a ls o s a t is ¯ e d

( o r t h a t c a n s a t is fy W A R P fo r e a c h c o n s u m e r ) , n o t e t h a t a n y va lu e s o f
qs
a; y

r
a will s a t is fy W A R P fo r c o n s u m e r a, a n d a n y va lu e s o f qr

b ; y
s
b will s a t -

is fy W A R P fo r c o n s u m e r b. Th u s c h o o s e qs
b ; y

r
b s o t h a t W A R P is s a t is ¯ e d

fo r c o n s u m e r b, a n d qr
a; y

s
a s o t h a t W A R P is s a t is ¯ e d fo r c o n s u m e r a, a n d

t h e n c h o o s e va lu e s fo r qr
b ; q

s
a; y

r
a; y

s
b t h a t s a t is fy c o n d it io n s 3 -4 .

N umer ical examples pr oving that the P ar eto optimality hypothesis is
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non-vacuous: Th e fo llo win g e xa m p le s p r o ve t h a t L e m m a 1 p r o vid e s n o n -va c u o u s
t e s t a b le r e s t r ic t io n s t h a t c a n n e it h e r b e a lwa ys s a t is ¯ e d n o r n e ve r s a t is ¯ e d fo r t h e
c a s e wh e n t h e r e is o n e p u b lic g o o d a n d o n e p r iva t e g o o d .

E xa m p le o f a n e c o n o m y t h a t s a t is ¯ e s t h e r e s t r ic t io n s :
( d a t a g ive n in t h e o r d e r Dr = hxr; yr; qr; pr; Ir

a ; I
r
b i)

D1 = h 1 ; 1 0 ; 1 ; 2 ; 6 ; 1 4 i

D2 = h 9 ; 1 ; 1 ; 1
2
; 1

4
; 1

4
i

E xa m p le o f a n e c o n o m y t h a t d o e s n o t s a t is fy t h e r e s t r ic t io n s :

D1 = h 1 ; 1 0 ; 1 ; 2 ; 1 0 ; 1 0 i

D2 = h 9 ; 1 ; 1 ; 1
2
; 1

4
; 1

4
i

P r oof of Cor ollar y 2 Th is fo llo ws a lm o s t d ir e c t ly fr o m L e m m a 1 , wit h s o m e d if-
fe r e n t a s s u m p t io n s a b o u t t h e o b s e r va b le va r ia b le s . W e c a n n o t o b s e r ve in d ivid u a l
a ft e r -t a x o r a ft e r -c o n t r ib u t io n in c o m e s wit h in t h e h o u s e h o ld ; h o we ve r we d o o b s e r ve
p r iva t e g o o d \ e xp e n d it u r e s " t h r o u g h o b s e r vin g wa g e s a n d la b o r / le is u r e c h o ic e s . A
m o r e s e r io u s d i®e r e n c e is we n o lo n g e r o b s e r ve t h e p u b lic g o o d le ve ls . A g g r e g a t e
( h o u s e h o ld ) c o n s u m p t io n , C, is n o t a p u b lic g o o d , b u t in d ivid u a l c o n s u m p t io n s , ca

a n d cb, a r e . W e c a n n o t o b s e r ve in d ivid u a l c o n s u m p t io n s , s o we c a n n o t o b s e r ve t h e
a m o u n t o f e a c h p u b lic g o o d p r o vid e d in t h e h o u s e h o ld . W e d o o b s e r ve a g g r e g a t e c o n -
s u m p t io n , h o we ve r , a n d b e c a u s e c o n s u m p t io n m u s t b e n o n -n e g a t ive , t h is p r o vid e s
r e s t r ic t io n s o n t h e p o s s ib le va lu e s o f ca a n d cb. D e ¯ n e t h e fo llo win g m a xim iz a t io n
p r o b le m s :

Ers
t = m a xº;¹;±;° ¹( ±¡° ) +º ( Cs¡Cr+°¡± ) +wr

t L
s
t s:t: 0 · º · 1 0 · ¹ · 1

0 · ± · Cs 0 · ° · Cr

Th e s e a r e t h e s a m e m a xim iz a t io n p r o b le m s s e e n in L e m m a 1 e xc e p t t h e s e h a ve
t wo a d d it io n a l va r ia b le s r e p r e s e n t in g t h e in d ivid u a l c o n s u m p t io n c h o ic e s , m a kin g
t h e p r o b le m s b i-lin e a r .

A p p lyin g L e m m a 1 , t h e t e s t a b le r e s t r ic t io n s a r e :

I [Ers
a > wr

aL
r
a A N D Ers

b > wr
bL

r
b A N D Cs ¡ Cr + wr

a ( L
s
a ¡ Lr

a ) + wr
b ( L

s
b ¡ Lr

b ) > 0 ]
or:
I I [Ers

a > wr
aL

r
a A N D Esr

b > ws
bL

s
b]

S o lvin g t h e m a xim iz a t io n p r o b le m s , we ¯ n d Ers
t = Cs + wr

t L
s
t .
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