Chapter 1

Example problems for modelling in
physics

We need to gain experience in setting up the equations which model physical systems as
well as experience in solving the resulting equations. Proficiency in this subject is gained by
studying many examples and practicing on as wide a variety of problems as possible. In this
chapter, we consider a few general techniques which have been found to be useful in many
situations. For further development of the ideas developed in these examples, refer to the
book Introduction to Applied Mathematics by Gilbert Strang.

1.1 An inextensible string under tension

1.1.1 Equilibrium with a sideways distribution of force

Consider a light, inextensible string which lies along the x axis and which is under tension
due to a force T. A sideways force per unit length p (z) is applied to the string, which causes
the string to take on the shape y (z) when in equilibrium. We wish to find the relationship
between p (z) and y (x) .

T
T x+dz

Figure 1.1: Transverse equilibrium of string with sideways force

Consider dividing the string into small elements of length dz, and consider the equilibrium
of each element. The external (applied) force on the element in the y direction is p (z) dz.
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The element is also acted on by internal forces due to the portions of the string on its right
and left hand sides. Let the right-hand boundary of the element be at an angle 0 (z + dx)
to the = axis. The tension in the string acting on that side of the element has a component
in the y direction given by T'sin[f (z + dz)]. If the angle 6 is small, we may approximate
0 ~ sinf ~ tan 6. Since tan @ is just the slope of the equation of the string at x which may
be obtained from the derivative of y (z), we can define

dy
s(x) = P (1.1)
and conclude that the vertical component of the tension on the right hand side of the element
is T'sin[0 (x + dz)] = Ttan[f (z + dz)] = T's (x + dz) . Similarly, if the left-hand boundary
of the element is at angle 0 (x) to the x axis, the tension in the string acting on that side of
the element has a component in the y direction given by —T'sin[f (z)] = —T's (z) . The total
internal force in the y direction on the element is thus

Ts(x+dz) —Ts(x). (1.2)

If the string is to be in equilibrium, the sum of the internal forces and the external force on
the element must vanish. i.e.,

p(z)de+Ts(x+dz) —Ts(z) =0. (1.3)
By Taylor’s theorem,
d
s(x—i—dx)zs(:v)—!—ﬁdx—!—--- (1.4)
and so 1 &2
_ o B = &Y
s(x+dz) —s(z) = dmdx 1.2 dz. (1.5)
The differential equation of the string can thus be written as
d?y
p(x)+ T@ =0 (1.6)
or &2
Y p
-7 __£ 1.
dz? T (17)

This is a one-dimensional form of Poisson’s equation. Together with this differential equation,
we need boundary conditions, which for the string might be that the displacements at the
end of the string are zero, i.e., y (0) =y (L) = 0.

The above derivation may be summarized by the diagram of Figure 1.2.

1.1.2 A transverse wave on the string

Consider the string once again, this time without the external applied force. If the ends of
the string are at y = 0, the equilibrium position of the string is y = 0 for all . Now consider
what happens if the string is displaced from the equilibrium position and released. We now
wish to find how y varies both with position z and time ¢. The equation of motion of the
string may be found by applying Newton’s second law to each element of length dz. As in
the previous derivation, the internal forces on the element in the y direction at time ¢ sum to

Ts(x +dz,t) —Ts(x,t),
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Figure 1.2: Transverse equilibrium of string in general framework
where 5
s(z,t) = 2 (2,1). (1.8)

ox

Partial derivatives are used since y is a function of both z and ¢. If the linear density (mass

per unit length) of the string is p, the mass of the element is pdz and Newton’s second law
for the element is

0%y
o
Since s is the derivative of y in the z direction, we may use the argument leading to equation
(1.5) to conclude that

pdx (x,t) =Ts(x +dz,t) — Ts(z,1). (1.9)

oy T
oz pox?’

which is the wave equation in one dimension for waves travelling at speed /T'/p.
The above derivation may be summarized by the diagram of Figure 1.3.

(1.10)

Vertical force per

Displacement of unit length on

string y(x,t)

2
element ,0‘3712’

Slope of string Tension in string Vertical force on

s(z,t) edges T's(x,t)

Figure 1.3: Motion of string in general framework
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1.2 Heat diffusion in a one-dimensional rod

Consider a long rod along the = direction with cross sectional area A. Let T (z,t) denote the
temperature at the point z in the rod at time ¢. We wish to determine how the temperature
distribution evolves in time due to heat diffusion. Let p be the density (mass per unit volume)
of the rod, ¢ be the heat capacity per unit mass and k£ be the therrmal conductivity, defined
such that the energy (heat) flow per unit through an element of length AL and cross sectional
area A due to a temperature difference of AT across the ends is kAAT /A L. We shall suppose
that p, ¢ and k are functions of z, the position along the rod.

k(z)Ag(x,t) k(x4 dx)Ag(xz + dx,t)

x T +dx
Figure 1.4: Heat flow along a rod

Consider an element at = of length dz, which has mass pAdz. The heat entering the element
per unit time through the right hand boundary at x+dz depends on the temperature gradient
g = 0T'/0z at that boundary and is given by

k(z +dx) Ag (x + dz, t) (1.11)
Similarly, the heat leaving the element per unit time through the left hand boundary at z is
k(z) Ag (z,1) (1.12)

The net flow of heat per unit time into the element is
k(x +dz) Ag (z + dz,t) — k (z) Ag (z,t) = A% [k (z) g (z,t)] dz (1.13)

The change in the temperature of the element per unit time multiplied by the heat capacity
is equal to this heat flow, i.e.,

oT 0
Adr— = A— 1.14
p(a) (@) Aduse = A= [k (2) g (2,1)] do, (114)
since pAdz is the mass of the element and c is the heat capacity per unit mass. Thus,
oT 1 0 oT
—=——— | k(z)=— ). 1.15
ot p(z)c(z) oz < (@) 830) (1.15)

In the general framework, shown in Figure 1.5, the basic physics of the diffusion process is
contained in the law of thermal conduction, which states that the heat flow is proportional to
the temperature gradient. This relationship is shown in the bottom part of the diagram. On
the left hand side, we see how the temperature gradient is obtained from the temperature by
using the spatial derivative operator 9/dx. On the right-hand side the heat flows through the
boundaries of an element are related to the net heat entering the element. This relationship
again involves the spatial derivative d/dz. In the upper right-hand box, the rate at which
heat enters the element is related to the change of temperature of the element. As we shall
see in more detail later, the two vertical arms of the diagram are basically determined by the
geometry of the problem, and these combine with the physics in the bottom line to give the
governing equation.
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Figure 1.5: One dimensional heat diffusion in general framework

1.3 A longitudinal wave in a one-dimensional elastic medium

1.3.1 Mass and spring model

Consider a collection of masses each of mass m connected by springs with spring constant k.
Let the positions of the masses be measured relative to their positions when all the springs
have their natural lengths [. Thus, u; denotes the displacement of the ¢’th mass from the
reference position of that mass. We wish to consider the equations of motion of the masses
(see Figure 1.6).

The displacements of all the masses may be collected into a vector u whose components
are uj, ug,..., uy. From these displacements, we can evaluate the extensions of the springs.
For the first spring which has one end fixed, the extension e; = u;. Subsequent springs have
extensions given by the differences of the displacements, so that e; = u; —u;—1. We may write
the relationship between extensions and displacements as

€1 1 U1
€9 -1 1 U2
= : (1.16)
eN_1 -1 1 UN_1
eEN -1 1 UnN

or more briefly as e = Au.

Given the extensions of the springs, Hooke’s law states that the tensions in the springs
are directly proportional to the extensions. If we denote the tension force in the ¢’th spring
by w;, we see that

w1 k el
w9 k €9
- : (117)
WN—1 k eN—1



PHYSICS 211 Analytical Methods, S.M. Tan, The University of Auckland 6

7 lililili
m mr\/VV\/m m
Z
U1 U2 u3 U4
/ - -
iz

%wl w1 w9 w2 w3 w3 w4 w4

Figure 1.6: Mass and spring model of a one dimensional elastic medium. Upper figure shows
equilibrium positions of masses, middle figure shows definition of displacements and lower
figure shows forces on masses due to tensions in the springs

If we denote the diagonal matrix of spring constants by C, this may be written as w = Ce.
If all the spring constants are equal, we strictly do not have to write the relation in matrix
form, but this general formalism may be readily extended to the situation of unequal spring
constants.

Finally we can work out the net force on each mass and relate this to the acceleration of
that mass. The 7’th mass is attached to the ¢ + 1’th mass by spring ¢ + 1 and to the ¢ — 1’th
mass by spring ¢. The net force f; on mass ¢ is equal to the difference between the tensions
in these springs, i.e., f; = w;;1 — w;, or

f1 -1 1 w1

f2 -1 1 wy

E = . . - (1.18)
fn-1 -1 1 WN-_1

fN -1 wWN

Due to the geometry of the problem, the matrix relating f and w is just —A® where A is the
matrix which relates e to u. We can thus write f = — A'w, and Newton’s second law becomes
d?u

my =f=—A'w=-A'Ce=—-A'CAu (1.19)
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Figure 1.7: One dimensional elastic medium in general framework

Writing this out more fully,

Ul -1
U2
d? .
Tl |7
UN-1

Un

d2u1
e
Lz
ds2
d2uz~
UL
L
ds2

1 k
-1 1 k
-1 1 k
-1 k
U1
U2
-1 1 UN-1
-1 1 UN
=k (UQ — 2U1)

=k (uz — 2ug + uq)
=k (w1 — 2u; +ui—1)

=k(uy —un—1)

~J

(1.20)

(1.21)
(1.22)
(1.23)

(1.24)

Let us now consider the limit in which the system of masses and springs turns into a continuous
one-dimensional elastic medium. This can be done by letting m and [ both go to zero in such a
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