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Abstract

Bootstrap tilting con�dence intervals could be the
method of choice in many applications for reasons of
both speed and accuracy� With the right implementa�
tion� tilting intervals are �� times as fast as bootstrap
BC�a limits� in terms of the number of bootstrap sam�
ples needed for comparable simulation accuracy� Thus
��� bootstrap samples might su�ce instead of �����

Tilting limits have other desirable properties 	
second�order accuracy� transformation invariance� and
better �nite�sample coverage and
or shorter intervals on
average than competing procedures�

Key Words� bootstrap� importance sampling�

� Introduction
We begin with a short introduction to the bootstrap� for
a more complete introduction see 
���

The original data is X � �x�� x�� � � � � xn�� a sample
from an unknown distribution F � which may be multi�
variate� Let � � ��F � be a real�valued functional param�
eter of the distribution� such as its mean or a regression
coe�cient� and �� � �� �F � the value estimated from the
data� We require that � be a functional statistic� i�e� it
depends on the data only through the empirical distri�
bution� with no dependence on sample size or order of
the observations� The sampling distribution of ��

G�a� � PF ��� � a� ���

is needed for statistical inference� In simple problems the
sampling distribution can be approximated using meth�
ods such as the central limit theorem and the substitu�
tion of sample moments such as x and s into formulas
obtained by probability theory� This may not be su��
ciently accurate or even possible in many real� complex
situations�

The bootstrap principle is to estimate some aspect
of G� such as its standard deviation� by replacing F by
an estimate �F � then the sampling distribution can be
estimated easily by Monte Carlo simulation�

In this report we consider nonparametric problems
for which �F is the empirical distribution� Let X � �
�X�

� � X
�

� � � � � � X
�

n� be a �resample� �a bootstrap sample�
of size n from �F � denote the corresponding empirical
distribution �F �� and write ��� � �� �F ��� For some number
B of resamples �typically between ��� and ������ sample
X �b for b � �� � � � � B with replacement from X � then let

�G�a� � B��
BX

b��

I����b � a�� ���

This involves two levels of approximation 	 approxi�
mating ��� by P �F �

�� � a�� and estimating the latter by
Monte Carlo simulation� Bootstrap tilting has advan�
tages at both levels�

We restrict consideration to distributions with sup�
port on the observed data� Then we may describe a
distribution in terms of the probabilities p � �p�� � � � pn�
assigned to the original observations� �F corresponds to
p� � ���n� � � � � ��n�� Let ��p� be the corresponding
parameter estimate �which depends implicitly on X ��
Also write p� � �M�

� �n� � � � �M
�

n�n� for the vector cor�
responding to resample X �� where M�

i is the number of
times xi is included in X �� For later use� let

Ui�p� � lim
���

������p � ���i � p��� ��p�� ���

where �i is the vector with � in position i and � elsewhere�
When evaluated at p� these derivatives are known as
the empirical in�uence function� or in�nitesimal jack�
knife 
���

A fundamental assumption in the application of the
bootstrap is that the theoretical bootstrap distribution
P �F �

��� � a� accurately approximates ���� in other words

that �F can substitute for the unknown F � Theoreti�
cal treatments of some aspects of the assumption are
summarized in 
���� using Edgeworth expansions� and

���� using functional analysis� We weaken the as�

sumption by using the sampling distributions of ��� un�
der certain distributions other than �F which belong to
�least�favorable� families �described below�� These fam�



ilies play a major role in other bootstrap procedures

�� �� �� ���

� Hypothesis Tests
Consider testing H�� � � ��� In a one�parameter para�
metric problem one would compare the observed �� with
a critical value of its null distribution� obtained by sam�
pling from the parametric distribution F�� rather than
F���

Similarly� bootstrap sampling for a hypothesis test
should be from a distribution consistent with the null
distribution� This seems to con�ict with the common
bootstrap practice of sampling from the observed dis�
tribution� but in fact the bootstrap principle is to sam�
ple from the best estimate of the underlying distribu�
tion� given the information available� which may in�
clude the constraint implied by the null hypothesis� For
example 
��� ��� sample in this way� for testing inde�
pendence� rotational invariance� symmetry� and similar
problems� Others �e�g� 
��� sample in various ways con�
sistent with the null hypothesis in two�sample and multi�
sample problems� Bootstrap tilting hypothesis tests also
sample this way� and were used by 
��� for a one�sample
mean and suggested by 
��� for comparing two means�

In bootstrap tilting we hold the observed values �xed�
but allow unequal probabilities p � �p�� � � � pn� on the
observations� Then the maximum likelihood estimate
of the distribution maximizes

Q
pi subject to pi � ��P

pi � �� and ��p� � ��� In the case of a mean� ��p� �P
pixi� Ui�p� � xi � x� and the solution can be written

in the form
pi � c��� ��xi � x����� ���

where � is a �tilting� parameter and c normalizes the
probabilities to sum to �� The value of � that satis�es the
last constraint is found numerically� These probabilities
are a special case of what we call �maximum likelihood
tilting� �ML tilting�� and are shown in Figure �� Here the
unweighted sample mean is less than the null hypothesis
value� so tilting places higher probabilities on the larger
values of x to make the weighted mean match ���

In bootstrap tilting hypothesis testing� the null distri�
bution of �� is estimated by resampling from the weighted
empirical distribution� e�g� the p�value against the alter�
native Ha� � � �� is

PF� �
��� � ���� ���

where F� is the weighted empirical distribution induced
by tilting with parameter � �

The procedure can be generalized to nonlinear statis�
tics by substituting another single�parameter family for
���� The family should be least�favorable� i�e� inference
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Figure �� Exponential and Maximum Likelihood Tilting
for a mean�

within a family is not easier� asymptotically� than in the
full �n����dimensional family� Two notable families are�

Fexp � pi � c exp��Ui�p���

Fml � pi � c��� �Ui�p���
�� ���

each indexed by a tilting parameter � � where each c nor�
malizes the corresponding vector to add to �� Fexp is
known as �exponential tilting�� these weights are also
shown in Figure �� Similarly Fml is ML tilting and
is the same as ��� for a mean� In the sequel we write
p� and F� for the corresponding probability vector and
weighted empirical distribution� respectively� Note that
� � � corresponds to p� and �F �

For any family� � is found numerically to satisfy the
null hypothesis�

��p� � � �� ���

and the decision to reject is based on the estimated p�
value under weighted bootstrap sampling ����

� Con�dence Intervals
Bootstrap tilting hypothesis tests are consistent with the
bootstrap tilting con�dence intervals de�ned by 
��� in
that the test rejects H� i� the con�dence interval ex�
cludes ��� After choosing a least�favorable family� the
lower limit of a one�sided �� � �� interval is found by
solving

PF� �
��� � ��� � � ���

in � � then de�ning the lower limit as

�� � ��F� ��

Upper limits are found similarly� 
�� show that bootstrap
tilting intervals are second�order correct under general



assumptions� i�e� that the one�sided coverage errors are
O�n���� This is the same rate as for better�known proce�
dures such as the bootstrap�t 
�� and BC�a 
�� intervals�

Bootstrap tilting corresponds to an exact method in
single�parameter parametric problems� where the lower
limit of the con�dence interval is de�ned to be that value
�� for which P���

��� � ���� where �� is the estimate from

the observed data and ��� is the random estimate ob�
tained from a new sample� Here� by restricting to a
least�favorable family� the problem is reduced to a single�
parameter parametric family�

� Implementation using Importance

Sampling Reweighting
The most di�cult step in implementing bootstrap tilting
intervals is solving ���� This involves �nding the value of
� for which resampling from F� yields a tail probability
of ��

One approach is to sample from the weighted empiri�
cal distribution F� for di�erent values of � � estimate the
tail probabilities for each � � smooth the estimated prob�
abilities� and numerically �nd the � for which the value
of the smooth curve is �� Because tail probabilities are
relatively di�cult to estimate using Monte Carlo simula�
tion� this requires a large number of resamples �typically
����� for each candidate value of � � This can be ex�
pensive� 
��� use the Robbins�Monroe algorithm� which
would be similar in results and number of resamples re�
quired� 
�� suggest an alternative� the �automatic per�
centile method�� which requires bootstrap sampling only
from one candidate F� �in each tail for two�sided inter�
vals� in addition to sampling from �F � this would typi�
cally require ���� resamples� The automatic percentile
method may also be used as an iterative process� whose
�xed point is the bootstrap tilting endpoint� iterating
more than once should give more accurate endpoints�
but requires more resamples�

A much more e�cient approach 
�� uses importance
sampling reweighting �ISR�� a non�traditional applica�
tion of importance sampling� We review this method
here before turning to its application in bootstrap tilting
inference� Variations have appeared under other names�
e�g� likelihood ratio sensitivity analysis� likelihood ra�
tio gradient estimation� the score function method�
polysampling� likelihood ratio reweighting� importance
sampling sensitivity analysis� importance reweighting�
and recycling 
�� ��� ��� ��� ��� �� ����

Importance sampling is traditionally used to ob�
tain more accurate answers in Monte Carlo simula�
tion by concentrating e�ort on important regions in
the sample space� In order to estimate an integralR
Y �X �f�X �dX � one could generate B observations from

density f and compute the average observed value of Y �
B��

PB
b�� Yb� Alternately� by rewriting the integral asR

�Y �X �f�X ��g�X ��g�X �dX � where g dominates f � one
could generate observations from g� and report the av�
erage observed value of �Y f�g�� If g is well chosen� so
that g is larger than f in �important� regions where Y is
relatively large� then �Y f�g� has smaller variance �under
g� than does Y �under f� 
����

The name �importance sampling� and the association
with estimating integrals obscure the more general utility
of the procedure� The procedure utilizes samples from a
�design distribution� g in order to estimate the distribu�
tion for Y that would be obtained under sampling from
the �target distribution� f � It need not be the case that
f is �xed and g is chosen for variance reduction� in boot�
strap tilting g is chosen for convenience� and a single set
of observations �resamples� from g is used for estimation
under an in�nite number of target distributions�


�� lets the design distribution be �F � and generates a
single set of B resamples by simple bootstrap sampling
�with equal probabilities�� Let M�

b�i be the number of
times xi is included in X �b � Then for any target distribu�
tion F� � with probabilities p� on the observed data� the
likelihood ratio W � f�g for X �b is

Wb �

nX

i��

�npi�
M�

b�i � ���

Tail probability estimates

�PF� ���
� � ��� � B��

BX

b��

WbI���
� � ���

�PF� �
��� � ��� � B��

BX

b��

WbI���
� � ��� ����

are used for � 	 � and � � �� respectively �the two

probabilities do not add to � because
PB

b��Wb �� B��

This procedure has a number of advantages� Sam�
pling with equal probabilities is simpler� and a single
set of resamples is used for both sides in a two�sided
con�dence interval� for every statistic if con�dence in�
tervals are required for multiple statistics �e�g� multiple
regression coe�cients�� and for every �� The estimated
tail probabilities are a smooth function of � � simplify�
ing root��nding and eliminating the need for smoothing�
Finally� by a fortunate coincidence� the unweighted em�
pirical distribution is a nearly optimal design distribu�
tion for the traditional role of importance sampling as a
variance reduction technique� at least for the mean and
exponential tilting� or for other statistics if sample sizes
are large�
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Figure �� Estimated Monte Carlo variability �due to ��
nite B� for con�dence intervals for the mean� one�sided
with � � ������ There are ���� datasets of normal data�
n � ��� for each dataset and each value of B two boot�
strap samples are created and the sample variance of the
two interval endpoints is calculated� Numbers shown are
the square roots of the averages of the ���� sample vari�
ances�

Figure � shows the relative computational e�ciency
of bootstrap con�dence interval procedures� The tilt�
ing intervals su�er less variability with B � ��� �boot�
strap samples� than the BC�a and bootstrap�t intervals
do with B � ����� Similar results hold for other exam�
ples�

The asymptotic relative e�ciency compared to either
sampling with probabilities p� or to the bootstrap per�
centile interval is

Var�����MC�

Var�����IS�
�

Var�����perc�

Var�����IS�
�

���� ��

exp�z������ � z��� ��

����
where � is the standard normal distribution function�
��z�� � �� and ����MC� ����IS and ����perc are the lower
endpoints of one�sided �� � �� con�dence intervals 	
����IS is the exponential tilting interval using importance

sampling� ����MC is the exponential tilting interval esti�

mated using weighted Monte Carlo sampling� and ����perc
is the bootstrap percentile interval estimated using sim�
ple Monte Carlo sampling� The variances are conditional
on the observed data� the result is asymptotic as both
n � � and B � �� and depends on certain regular�
ity conditions� that the statistic being bootstrapped is
asymptotically linear and normal� The relative e�ciency
is about �� for a two�sided ��� interval �� � �������

The advantage is greater when � is smaller� e�g� when
Bonferroni is used to adjust individual � values in a
multiple�testing procedure� For � � ���� the relative
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Figure �� Coverage accuracy� for upper ����� intervals
for the sample mean of exponential data�

e�ciency is approximately ���

The computational advantage is even greater relative
to the bootstrap BC�a interval 
��� probably the most
common second�order�correct bootstrap interval� if z� is
estimated from the data by the usual procedure �z� �
���� �G������ Then the Monte Carlo variability of the BC�
a interval is greater than that of the bootstrap percentile
interval by a factor of ���� �asymptotically� if a � z� � ��
if a � z� � ��� the factor is about �����

Other design distributions are possible� in particular
�defensive� mixture designs 
��� of the form

PK
k�� 
k

�F�k �
These mixtures are more robust for statistics other than
a sample mean� but are beyond the scope if this article�

� Statistical Properties

Preliminary results in a variety of applications are that
the coverage accuracy of exponential tilting con�dence
intervals is roughly comparable to the BC�a intervals�
and the ML tilting intervals are slightly more accu�
rate� The accuracy of bootstrap�t intervals depends on
whether a statistic is transformed� e�g� they are not accu�
rate when the statistic is the variance� but are accurate
when the statistic is the log of the variance� All are more
accurate than the bootstrap percentile interval� which is
only �rst�order accurate� with one�sided coverage errors
of order O�n������ Figure � shows typical results� the
actual coverage probabilities approach the nominal value
as n increases� but for �xed n the bootstrap�t interval is
most accurate and the bootstrap percentile interval the
least accurate�

The ML tilting intervals are slightly wider on average
than exponential tilting and BC�a intervals� but sub�
stantially shorter than bootstrap�t intervals� See e�g�
Figure ��
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Figure �� Con�dence Interval Length� Average half�
length of �� � ��� con�dence intervals� for samples of
size �� from normal distributions�

In summary� bootstrap tilting con�dence intervals and
hypothesis tests are very computationally e�cient� are
shorter on average than bootstrap�t intervals� and have
good coverage accuracy�
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