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Abstract

Bootstrap tilting con�dence intervals could be the method of choice in many applications for
reasons of both speed and accuracy� With the right implementation� tilting intervals are �	
times as fast as bootstrap BC�a limits� in terms of the number of bootstrap samples needed
for comparable simulation accuracy� Thus ��� bootstrap samples might su�ce instead of
�	���

Tilting limits have other desirable properties � second�order accuracy� transformation
invariance� and certain variations of these limits o�er better �nite�sample coverage and�or
shorter intervals on average than competing procedures�
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 Summary ��

� Introduction

Bootstrap tilting con�dence intervals and hypothesis tests could become the methods of
choice in many inference problems for reasons of statistical accuracy and computational
e�ciency�
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Figure �� Estimated Monte Carlo variability 
due to �nite B� for one�sided �	�
� con�dence
intervals for the mean� There are ���� datasets of normal data� n � ��� for each dataset and
each value of B two sets of bootstrap samples are created and the sample variance of the two
interval endpoints is calculated� Numbers shown are the square roots of the averages of the
���� sample variances� Comment� tilting intervals have much smaller sampling variability�

Bootstrap tilting intervals were among the earliest bootstrap methods proposed 
Efron
������ and DiCiccio and Romano 
����� show that the methods are second�order accurate�
comparable to the well�known BC�a and bootstrap�t methods� and an order of magnitude
more accurate than normal�based or bootstrap percentile methods�

Efron 
����� also proposed the key idea in the e�cient implementation of these methods�
a creative use of importance sampling� The idea has largely escaped attention� However�
using importance sampling and certain other implementation details� the intervals are very
e�cient computationally� Figure � is representative of the relative computational e�ciency
for various bootstrap methods in a variety of examples� Note that both tilting intervals
su�er less variability with only ��� bootstrap samples than does the BC�a interval with
���� samples� We show similar results for other examples later� In addition� tilting intervals
o�er better coverage and�or shorter intervals than competing intervals�

We begin with a short introduction to the bootstrap� for a more complete introduction
to the bootstrap see 
Efron and Tibshirani ������

The original data is X � 
x�� x�� � � � � xn�� a sample from an unknown distribution F �
which may be multivariate� Let � � �
F � be a real�valued functional parameter of the
distribution� such as its mean or slope of a regression line� and �� � �
 �F � the value estimated
from the data� We require that � be a functional statistic� i�e� it depends on the data
only through the empirical distribution� with no dependence on sample size or order of the
observations� The sampling distribution of ��

G
a� � PF 
�� � a� 
��

�



is needed for statistical inference� In simple problems the sampling distribution can be
approximated using methods such as the central limit theorem and the substitution of sample
moments such as x and s into formulas obtained by probability theory� This may not be
su�ciently accurate or even possible in many real� complex situations�

The bootstrap principle is to estimate some aspect of G� such as its standard deviation�
by replacing F by an estimate �F � then the sampling distribution can be estimated easily by
Monte Carlo simulation 
or by analytical approximations when available��

In this report we consider nonparametric problems for which �F is the empirical distri�
bution� Let X � � 
X�

� � X
�
� � � � � � X

�
n� be a �resample� 
a bootstrap sample� of size n from

�F � denote the corresponding empirical distribution �F �� and write ��� � �
 �F ��� For some
number B of resamples 
typically between ��� and ������ sample X �

b for b � �� � � � � B with
replacement from X � then let

�G
a� � B��
BX
b��

I
���b � a�� 
��

There are two levels of approximation here�approximating 
�� by P �F 
�� � a�� and estimating
the latter by Monte Carlo simulation� We consider both levels in this report�

The fundamental bootstrap assumption is that the theoretical bootstrap distribution
accurately approximates the unknown sampling distribution 
��� i�e� that �F can substitute
for the unknown F � at least for certain characteristics of the sampling distribution� Theo�
retical treatments of some aspects of the assumption are summarized in 
Hall ������ using
Edgeworth expansions� and 
Shao and Tu ���
�� using functional analysis� We weaken the
assumption by using the sampling distribution of ��� under certain distributions other than
�F which belong to �least�favorable� families 
described below�� These families play a major
role in other bootstrap procedures 
Efron ����� Efron ���	� DiCiccio and Romano ������

In Section � we introduce tilting by way of hypothesis tests� We discuss tilting con�dence
intervals in Section �� and the important topic of implementing tilting using importance
sampling reweighting in Section �� The choice of exponential or maximum likelihood tilting
is discussed in Section 
� and whether to update derivatives in Section �� Various adjustments
to obtain better coverage properties are discussed in Section 	�

� Hypothesis Tests

Consider testing H�� � � ��� In a one�parameter parametric problem one would compare
the observed �� with a critical value of its null distribution� obtained by sampling from the
parametric distribution F�� rather than F��� In a more general parametric setting� with one
parameter � of interest and a number of nuisance parameters� one might �nd the maximum
likelihood estimate of the parameters under the null hypothesis� then compare the observed
value of some statistic 
a pivotal statistic� likelihood ratio� or ��� with its estimated null
distribution� Again� sampling is from a distribution consistent with the null hypothesis�

�



Similarly� bootstrap sampling for a hypothesis test should be from a distribution con�
sistent with the null distribution� This seems to con�ict with the usual bootstrap practice
of sampling from the observed distribution� but in fact the bootstrap principle is to sample
from the best estimate of the underlying distribution� given the information available� which
may include the constraint implied by the null hypothesis� For example Romano 
������
Romano 
����� sample in this way� for testing independence� rotational invariance� symme�
try� and similar problems� Others 
Boos et al� ����� sample in various ways consistent with
the null hypothesis in two�sample and multi�sample problems�

Bootstrap tilting hypothesis tests also involve sampling from distributions consistent
with the null hypothesis� and were used by 
Young ����� for a one�sample mean� suggested
by 
Hinkley ����� for comparing two means� and suggested by 
Hall and Presnell ����� for
general one�sample problems�

In simple situations one may obtain a distribution consistent with the null hypothesis by
modifying the observed values� For example� if � is the mean of a univariate distribution�
one could subtract �� � x from every observation�

Bootstrap tilting takes an alternate approach � the observed values are �xed� and
unequal probabilities are placed on the observations� This allows greater generality � the
distribution of x need not be univariate� and may include discrete or categorical variables
� and can be implemented very e�ciently� we return the latter point later�

In the sequel we restrict consideration to distributions with support on the observed
data� Then we may describe a distribution in terms of the probabilities p � 
p�� � � � pn�
assigned to the original observations� �F corresponds to p� � 
��n� � � � � ��n�� Let �
p�
be the corresponding parameter estimate 
which depends implicitly on X �� Also write
p� � 
M�

� �n� � � � �M
�
n�n� for the vector corresponding to resample X �� where M�

i is the
number of times xi is included in X ��

The maximum likelihood estimate of the distribution� consistent with H� and with sup�
port on the observed data� maximizes

Q
pi subject to pi � ��

P
pi � �� and �
p� � ��� In

the case of a mean� �
p� �
P
pixi� and the solution can be written in the form

pi � c
�� �
xi � x����� 
��

where � is a �tilting� parameter and c normalizes the probabilities to sum to �� The value
of � that satis�es the last constraint is found numerically� These probabilities are a special
case of what we call �maximum likelihood tilting� 
ML tilting�� and are shown in Figure ��
Here the unweighted sample mean is less than the null hypothesis value� so tilting places
higher probabilities on the larger values of x to make the weighted mean match ���

In bootstrap tilting hypothesis testing� the null distribution of �� is estimated by re�
sampling from the weighted empirical distribution� e�g� the p�value against the alternative
Ha� � � �� is

PF� 
��� � ���� 
��

where F� is the weighted empirical distribution induced by tilting with parameter � �

�



-2.0 -1.5 -1.0 -0.5 0.0 0.5 1.0

0.
0

0.
02

0.
04

0.
06

0.
08

x

p

Exponential Tilting
MLE Tilting

H0:  mean = 0
sample mean = -0.23

Figure �� Exponential and Maximum Likelihood Tilting for a mean� Comment� ML tilting
weights are higher on both ends� giving a distribution with larger variance�

The development to this point is similar to empirical likelihood 
Owen ������ except
that in the latter p�values are obtained using a �� approximation for the distribution of the
log�likelihood statistic �� log


Q
pi�
Q


��n��� The denominator is based on the unrestricted
maximum likelihood distribution �F � which corresponds to probabilities p� � 
��n� � � � � ��n��

��� Nonlinear statistics

The procedure can be generalized to nonlinear statistics by substituting another single�
parameter family for 
��� The family should be least�favorable� i�e� inference within a family
is not easier� asymptotically� than in the full 
n � ���dimensional family� We consider four
families in this report�

F� � pi � c exp
�Ui
p���

F� � pi � c exp
�Ui
p��

F� � pi � c
�� �Ui
p���
��

F� � pi � c
�� �Ui
p����� 

�

each indexed by a tilting parameter � � where each c normalizes the corresponding vector to
add to � and where

Ui
p� � lim
���

���
�
p� �
�i � p��� �
p�� 
��

where �i is the vector with � in position i and � elsewhere� When evaluated at p� these
derivatives are known as the empirical in�uence function� or in�nitesimal jackknife�






In the sequel we write p� and F� for the corresponding probability vector and weighted
empirical distribution for any of these families� Note that � � � corresponds to p� and �F �

For any family� � is found numerically to satisfy the null hypothesis�

�
p� � � �� 
	�

and the decision to reject is based on the estimated p�value 
���
F� and F� are well�known as �exponential tilting�� and coincide if � is a mean� these

weights are also shown in Figure �� Similarly F� and F� are ML tilting and coincide with 
��
for a mean� F� and F� are not carefully de�ned in 

�� they can be formally de�ned as dis�
tributions that respectively minimize the backward and forward Kullback�Leibler distances
between p and p�� subject to 
	�� F� gives the maximum likelihood solution for nonlinear
statistics� We compare families in Sections 
 and ��

� Con�dence Intervals

Bootstrap tilting hypothesis tests are consistent with the bootstrap tilting con�dence inter�
vals de�ned by 
Efron ������ in that the test rejects H� i� the con�dence interval excludes
��� After choosing a least�favorable family� the lower limit of a one�sided 
�� 	� interval is
found by solving

PF� 
��� � ��� � 	 
��

in � � then de�ning the lower limit as

�� � �
F� ��

Upper limits are found similarly� DiCiccio and Romano 
����� show that bootstrap tilting
intervals are second�order correct under general assumptions� i�e� that the one�sided coverage
errors are O
n��� 
they consider only F�� F�� and F��� This is the same rate as for better�
known procedures such as the bootstrap�t 
Efron ����� and BC�a 
Efron ���	� intervals�

Bootstrap tilting corresponds to an exact method in single�parameter parametric prob�
lems� where the lower limit of the con�dence interval is de�ned to be that value �� for which
P��
��� � ���� where �� is the estimate from the observed data and ��� is the random estimate
obtained from a new sample� Here� by restricting to a least�favorable family� the problem is
reduced to a single�parameter parametric family�

� Implementation by Importance Sampling Reweight�

ing

The most di�cult step in implementing bootstrap tilting intervals is solving 
��� This
involves �nding the value of � for which resampling from F� yields a tail probability of 	�

�



One approach is to sample from the weighted empirical distribution F� for di�erent val�
ues of � � estimate the tail probabilities for each � � smooth the estimated probabilities� and
numerically �nd the � for which the value of the smooth curve is 	� Because tail probabil�
ities are relatively di�cult to estimate using Monte Carlo simulation� this requires a large
number of resamples 
typically ����� for each candidate value of � � This can be expen�
sive� Garthwaite and Buckland 
����� use the Robbins�Monroe algorithm� which would be
similar in results and number of resamples required� DiCiccio and Romano 
����� suggest
an alternative� the �automatic percentile method�� which requires bootstrap sampling only
from one candidate F� 
in each tail for two�sided intervals� in addition to sampling from �F �
this would typically require ���� resamples� The automatic percentile method may also be
used as an iterative process� whose �xed point is the bootstrap tilting endpoint� iterating
more than once should give more accurate endpoints� but requires more resamples�

A much more e�cient approach 
Efron ����� uses importance sampling reweighting

ISR�� a non�traditional application of importance sampling� We review this method here
before turning to its application in bootstrap tilting inference� Variations have appeared
under other names� e�g� likelihood ratio sensitivity analysis� likelihood ratio gradient esti�
mation� the score function method� polysampling� likelihood ratio reweighting� importance
sampling sensitivity analysis� importance reweighting� and recycling 
Beckman and McKay
���	� Reiman and Weiss ����� Tukey ���	� Hesterberg ����� Hesterberg ����� Davison and
Hinkley ���	� Newton and Geyer ������

Importance sampling is traditionally used to obtain more accurate answers in Monte
Carlo simulation by concentrating e�ort on important regions in the sample space� In order
to estimate an integral

R
Y 
X �f
X �dX � one could generate B observations from density f

and compute the average observed value of Y � B��PB
b�� Yb� Alternately� by rewriting the

integral as
R


Y 
X �f
X ��g
X ��g
X �dX � where g dominates f � one could generate observa�
tions from g� and report the average observed value of 
Y f�g�� If g is well chosen� so that g
is larger than f in �important� regions where Y is relatively large� then 
Y f�g� has smaller
variance 
under g� than does Y 
under f� 
Hammersley and Hanscomb ������

The name �importance sampling� and the association with estimating integrals obscure
the more general utility of the procedure� The procedure utilizes samples from a �design
distribution� g in order to estimate the distribution for Y that would be obtained under
sampling from the �target distribution� f � It need not be the case that f is �xed and g is
chosen for variance reduction� in bootstrap tilting g is chosen for convenience� and a single
set of observations 
resamples� from g is used for estimation under an in�nite number of
target distributions�

Efron 
����� lets the design distribution be �F � and generates a single set of B resamples
by simple bootstrap sampling 
with equal probabilities�� Let M�

b�i be the number of times xi
is included in X �

b � Then for any target distribution F� � with probabilities p� on the observed

	



data� the likelihood ratio W � f�g for X �
b is

Wb �
nX
i��


npi�
M�

b�i � 
��

Tail probability estimates

�PF� 
��� � ��� � B��
BX
b��

WbI
��� � ���

�PF� 
��� � ��� � B��
BX
b��

WbI
��� � ��� 
���

are used for � 
 � and � � �� respectively 
the two estimates are not equivalent becausePB
b��Wb �� B��

This ISR procedure has a number of advantages� Sampling with equal probabilities is
simpler� and a single set of resamples is used for both sides in a two�sided con�dence interval�
for every statistic if con�dence intervals are required for multiple statistics 
e�g� multiple
regression coe�cients�� and for every 	� The estimated tail probabilities are a smooth
function of � � simplifying root��nding and eliminating the need for smoothing� Finally� by a
fortunate coincidence� the unweighted empirical distribution is a well�known� nearly optimal�
design distribution for the traditional role of importance sampling as a variance reduction
technique� at least for the mean and exponential tilting� or for other statistics if sample sizes
are large� The asymptotic relative e�ciency compared to either sampling with probabilities
p� or to the bootstrap percentile interval is

Var
LMC�

Var
LIS�
�

Var
Lperc�

Var
LIS�
�

	
�� 	�


exp
z����
�z��� 	��

���

where � is the standard normal distribution function� �
z�� � 	� and LMC� LIS and Lperc are
the lower endpoints of one�sided 
��	� con�dence intervals � LIS is the exponential tilting
interval using importance sampling� LMC is the exponential tilting interval estimated using
weighted Monte Carlo sampling� and Lperc is the bootstrap percentile interval estimated
using simple Monte Carlo sampling� The variances are conditional on the observed data�
the result is asymptotic as both n � � and B � �� and depends on certain regularity
conditions� that the statistic being bootstrapped is asymptotically linear and normal�� The
relative e�ciency is about �	 for a two�sided �
� interval 
	 � ����
�� Thus� if B � ����
replications would give for su�cient accuracy for the bootstrap percentile interval 
Efron
���	�� �� would su�ce here�

The advantage is greater when 	 is smaller� e�g� when a Bonferroni procedure is used to
set individual 	 values in a multiple�testing procedure� For 	 � ���
 the relative e�ciency
is approximately ���

�



The computational advantage is even greater relative to the bootstrap BC�a interval

Efron ���	�� probably the most common second�order�correct bootstrap interval� if z� is
estimated from the data by the usual procedure �z� � ���
 �G
����� For general 	� a� and z�
the ratio of the Monte Carlo variance to that of the bootstrap percentile interval is


p
�� p� � �c
min
p� p��� pp��� � c�p�
�� p��


	
�� 	��

�
min
	� �� 	�

min
p� �� p�

��
� 
���

where p� � �
z��� z� � ���
	�� z� � z� � z�� z� � z� � z��
� � az��� c � 
� � 
� �
az��

����
z����
z��� and p � �
z��� Thus the Monte Carlo variability of the BC�a interval
is greater than that of the bootstrap percentile interval by a factor of ���� 
asymptotically�
with a � z� � �� for two�sided �
� intervals� this in turn implies an asymptotic relative
e�ciency of �	 for bootstrap tilting relative to the BC�a interval�

Figures ��� show the relative computational e�ciency of bootstrap con�dence interval
procedures� These show the variability due to Monte Carlo sampling with a �nite bootstrap
sample�size B 
there is an additional component of variability� due to di�erences between
samples 
X ��� that is not included here�� Note the remarkable similarity in relative com�
putational e�ciency for di�erent statistics 
mean� bivariate correlation� ratio of means� and
variance�� di�erent sample sizes 
n � ��� ��� ���� and di�erent distributions 
normal or
skewed 
exponential��� Both tilting intervals are markedly more e�cient than the other
intervals� especially when compared to the other second�order correct intervals 
bootstrap�t
and BC�a��

Tables � and � show the Monte Carlo e�ciency for empirical likelihood tilting relative
to the bootstrap percentile� BC�a� and bootstrap�t con�dence intervals� Except for a few
pathological cases� the relative e�ciencies are around �	 compared to percentile intervals�
and around �� relative to BC�a intervals� for one�sided con�dence levels of 	 � ����
 and
	 � ���	
� The relative e�ciencies are higher for 	 � ���� and 	 � ����� Results are for
B � ���� replications� and the same applications described earlier�

ISR can also be used to estimate the p�value for a bootstrap tilting hypothesis test�
We defer discussion of coverage accuracy and non�Monte�Carlo variability 
i�e� the vari�

ability that would still occur with B � �� due to random data� of competing methods to
Section 
�

��� Mixture Design Distributions

Importance sampling using �F as the design distribution is nearly ideal for exponential tilting
when the statistic is the sample mean� In this case the weights 
�� simplify to

Wb � 
nc�n exp

X

M�
b�iUi� � 
nc�n exp
�
��� � ����

so that the weights are a function of ���� with exclusively small weights in the tail of interest�
e�g� for those bootstrap samples that contribute to the tail of interest in 
����

�



Table �� Relative Computational E�ciency of bootstrap exponential tilting and other con�
�dence intervals� for �
� two�sided intervals� Numbers in the table are the Monte Carlo
variance of the con�dence interval listed� divided by the Monte Carlo variance of the expo�
nential tilting interval� For example� the �rst table entry is ��� indicating that the bootstrap
empirical interval requires �� times as many bootstrap samples to reduce the simulation vari�
ance to the level of the exponential tilting interval�

� Distribution n 	 Empirical BC�a Bootstrap�t
Mean Normal �� ����
 �� �� ��

���	
 �� �� ��
�� ����
 �	 �� ��

���	
 �	 �	 �	
Exponential �� ����
 �� �� ��

���	
 �
 
� ��
�� ����
 �� �	 ��

���	
 �� �� ��
Cor Normal �� ����
 � � �

���	
 	 �� �

�� ����
 �� �� ��

���	
 �	 �� �

Ratio of Normal �� ����
 �� �� ��
Means ���	
 �� �� ��

�� ����
 �	 �� ��
���	
 �	 �� ��

Exponential �� ����
 �� �	 ��
���	
 �� �� ��

�� ����
 �
 �� ��
���	
 �� �� ��

Var Normal �� ����
 �� �� ��
���	
 � � 


�� ����
 �� �� ��
���	
 �� �� ��

Exponential �� ����
 �� �
 ��
���	
 � ��� ��	�

�� ����
 �� �� ��
���	
 �� ��� ���

��



Table �� Relative Computational E�ciency of bootstrap exponential tilting and other con�
�dence intervals� for ��� two�sided intervals� Numbers in the table are the Monte Carlo
variance of the con�dence interval listed� divided by the Monte Carlo variance of the expo�
nential tilting interval�

� Distribution n 	 Empirical BC�a Bootstrap�t
Mean Normal �� ���� �	 �� 	�

���� �� �� ��
�� ���� �� 
� ��

���� �� �� ��
Exponential �� ���� �� �� 		

���� �� ��� ���
�� ���� �� �� ��

���� �� �� 
�
Cor Normal �� ���� � � ��

���� 	 � ��
�� ���� �� �� 
	

���� �� �� ��
Ratio of Normal �� ���� �� �� 	�
Means ���� �
 
	 ��

�� ���� �� 
� ��
���� �	 
� ��

Exponential �� ���� �� ��� ���
���� 		 

 
�

�� ���� �� �� 
�
���� 
� �� ��

Var Normal �� ���� �� �� ��
���� � � ��

�� ���� �� �� ��
���� �� ��� ��

Exponential �� ���� �� 
� ���
���� �
 �	� ���	���

�� ���� �� �� �

���� �� ��� ���

��
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Figure �� Estimated Monte Carlo variability 
due to �nite B� for one�sided con�dence
intervals 
	 � ����
� for the correlation coe�cient� for bivariate normal data with correlation

�������� There are ���� datasets of normal data� n � ��� for each dataset and each
value of B two sets of bootstrap samples are created and the sample variance of the two
interval endpoints is calculated� Numbers shown are the square roots of the averages of the
���� sample variances� Comment� tilting intervals have much smaller sampling variability
for large samples 
for small samples the intervals should not be used for highly�nonlinear
statistics like correlation without the optimization procedure described later��
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Figure �� Estimated Monte Carlo variability for con�dence intervals for the mean� Like
Figure �� but for the sample mean� for standard normal and exponential data�
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Figure 
� Estimated Monte Carlo variability for con�dence intervals for the variance� Like
Figure �� but for the variance for standard normal and exponential data�
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Figure �� Estimated Monte Carlo variability for con�dence intervals for ratios of means�
Like Figure �� but for the ratio of means� for bivariate normal data 
uncorrelated� bivariate
mean 
�� ��� variance �� and exponential data 
independent� minimum values for x and y
are � and �� respectively� standard scale�� �
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Tilting Weights, Mixture Sampling

Correlation (for bootstrap samples)
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Figure 	� Simple random bootstrap sampling and defensive mixture sampling� Each point
represents a bootstrap sample� All ���� samples in the left plot were generated using simple
Monte Carlo sampling� The right plot has the same initial ���� samples� but the remaining
��� were generated using probabilities obtained by tilting to the left and right 
��� samples
each�� With simple random sampling there are occasional outliers in tilting weights �
large weights that occur on the wrong side � particularly with small samples and highly
non�linear statistics like the correlation coe�cient�

In general� we prefer to have small weights in the region of interest� The e�ective sample
size for any region is roughly inversely proportional to the typical weight of an observation
in that region 
after normalizing by the sum of weights�� For example� in the absence of
importance sampling� all normalized weights would be exactly ��B� If importance sampling
causes a particular region to be sampled about twice as often as it would be otherwise� the
normalized weights in that region would be about ��
�B�

For nonlinear statistics the weights are no longer a function solely of ���� and for small
n and�or highly nonlinear statistics it is possible for large weights to occur in the tail of
interest � then the probability estimate 
��� can be determined largely by the presence
or absence of a small number of bootstrap samples with such large weights� For example�
Figure 	 shows the exponential tilting weights for the correlation coe�cient for a sample of
size n � ��� with B � ����� A single bootstrap sample has a weight of ���� or normalized
weight of approximately ���������

A more robust design for nonlinear statistics is a 
defensive� mixture design 
Hesterberg

��



���
b�� of the form
KX
k��

�k �F�k � 
���

Then for any � � the importance sampling weights Wb are

Wb �

Pn
i�� p

M�
b�i

��iP
k

�
�k
Pn

i�� p
M�

b�i

�k�i

� � 
���

For example� we may generate ��� of the resamples from �F as before� calculate prelimi�
nary estimates �� and �� for a two�sided con�dence interval� and generate an additional ���
from each of F�� and F�� � yielding a mixture design

�� �F � �� �F�� � �� �F�� 
�
�

The use of even a relatively small fraction of resamples makes results robust� because now
weights are bounded above by Wb 
 �� 
if � � �� or � � ���� This is apparent in the right
side of Figure 	�

Alternately� we may use design components �F���� and �F����� while this does not yield the

same bound on the weights as does the use of �F�� and �F�� � it does yield improved performance
for mildly nonlinear statistics�

Strati�cation of mixture proportions Mixture designs may either use a true mixture
distribution� in which the mixture component for each sample is chosen independently with
probabilities ��� � � � � �K� or a strati�ed mixture in which exactly B�k samples are generated
using distribution �F�k 
Hesterberg ���
b�� The latter is more accurate�

Designs for ML tilting For ML tilting� mixture designs also improve robustness and
performance� but there is one additional factor to consider� The nearly�optimal design for
ML tilting for the sample mean is not �F � but rather of the form

pi � c
�


�� �Ui�
exp
�rUi� 
���

where � solves 
�� and �r solves
P
pixi � �x� Note that � is the usual tilting parameter for

ML tilting� that tilts the distribution to one side or the other � this is the distribution
that would be used in the absence of the ISR implemetation� Then �r tilts the distribution
back to match the original mean� �r

�
� �� � this is an example of the traditional use of

importance sampling as a variance reduction technique�
The �nal set of probabilities give a weighted empirical distribution with the same weighted

mean as the original �x� but with slightly larger variance than �F � This design places slightly

�	



Optimal Sampling for ML tilting
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Figure �� Optimal sampling weights for ML tilting� The left panel shows approximately
optimal weights for the bootstrap sampling for the left side of a �
� two�sided con�dence in�
terval� The right panel shows approximately optimal weights for both sides� and a quadratic
approximation� The data are a sample of size �� from a normal distribution�
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higher probabilities on the more extreme observations 
large and small values of xi� or more
generally Ui� than does �F � One set of such probabilities is shown in the left panel of Figure ��

This di�erence between �F and the nearly�optimal design is one reason that exponen�
tial tilting performs better in Figures ���� which were all obtained using simple bootstrap
sampling 
another reason is that ML tilting intervals are wider see Section 
��

Curiously� the nearly�optimal probabilities are similar for both sides of a two�sided con�
�dence interval� at least for reasonably large samples� so that little would lost by using a
single set of sampling probabilities� either the average of the two probability vectors which
are optimal for the two sides� or a quadratic approximation pi � c
� � � �U�

i �
Figure � compares the results for four di�erent sampling mechanisms�

�� Simple Monte Carlo 
 �F �� nearly optimal for exponential tilting intervals� in this ap�
plication 
sample mean��

�� Mixture with 
�� �F and �
� each tilted to the left and right 
using exponential
tilting�� this does not do as well for either exponential or ML tilting in this application�
with a relative e�ciency compared to Simple Monte Carlo of about ��� for exponential
tilting intervals and ��� for ML tilting intervals 
geometric mean of the ratios of Monte
Carlo variances�� However� for nonlinear statistics a mixture design like this would
add needed robustness� the mixture components from the tails could be smaller than

���

�� 
�� �F and �
� each from the left and right nearly�optimal probabilities for ML tilting�
this provides a modest improvement over simple Monte Carlo� with larger gains for
small sample sizes � the relative e�ciency compared to simple Monte Carlo is about
��	� for n � �� and ���� for n � ���

�� 
�� �F and 
�� from the average of the left and right nearly�optimal probabilities�
results are practically equivalent to the previous� but this is slightly simpler in practice
because only two mixture components are involved rather than three�

The latter two sampling mechanisms are used here only for ML tilting�
There are a number of disadvantages of using these nearly�optimal sampling probabilities

for ML tilting 
���� relative to sampling from �F � The �rst is that sampling with unequal
probabilities is slower than sampling with equal probabilities� The second is that these
probabilities depend on the desired con�dence level for con�dence intervals 
in practice�
a mixture of �F and the nearly�optimal probabilities for highest con�dence levels could be
used�� The third is that the sampling probabilities would di�er for di�erent dimensions of
a multivariate statistic �� and mixture components optimized for one dimension would be
poor for another� The fourth is that sampling from �F is simpler�

Because of these disadvantages� and because it does not appear that substantial variance
reductions are obtained� we recommend not using nearly�optimal probabilities 
��� for ML
tilting�

��



Bootstrap sample size
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Figure �� Estimated Monte Carlo variability under di�erent sampling mechanisms� Like
Figure �� but comparing four sampling mechanisms�
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� Choice of Tilting Family

The four least�favorable 
tilting� families F��F� have appeared in the bootstrap literature�
but with little discussion of their relative merits� These families are distinguished by whether
they use exponential or ML tilting� and whether derivatives are computed just once or are
updated� We discuss updating derivatives in Section �� Here we compare exponential and
ML tilting� and other intervals� in terms of statistical accuracy � how closely the actual
coverage probabilities match the nominal values�

In general ML tilting gives wider con�dence intervals and higher coverage problems

and lower Type I error in hypothesis testing� than does exponential tilting� Taylor�series
expansions of the families in 

� in terms of � about � agree to the �rst two terms� but the
quadratic term for ML tilting is double that of exponential tilting� The result is apparent in
Figure �� where the ML tilting probabilities are larger than exponential tilting probabilities
at both extremes of the distribution� they are smaller in the middle because the probabilities
are normalized� When sampling from weighted bootstrap distributions� using ML tilting
gives ��� a larger variance� so that con�dence intervals are wider and hypothesis tests are less
likely to reject H��

Higher coverage is desirable because in practice most bootstrap and other con�dence
interval procedures tend to be anti�conservative with �nite samples 
see simulation results
collected by 
Shao and Tu ���
�� or our examples in here�

Furthermore� a result by 
Hesterberg ���
b� implies that when � is the mean� H� is true�
and the weights are obtained by ML tilting so that

P
i pixi � ��� then the weighted varianceP

i pi
xi � ���
� has bias of order O
n���� so that the bootstrap estimate of the variance of

the sample mean is biased by a factor O
n���� In contrast the usual bootstrap estimate of
variance is biased by a factor n��� as is the bias obtained using exponential tilting� The
same result would hold for the linear part of nonlinear statistics� The relatively small bias
for ML tilting should result in more accurate inferences�

The coverage accuracy of exponential and ML tilting� using families F� and F� 
no
updating of derivatives�� and other bootstrap methods� is shown in Figures ����
 for a
variety of applications� The bootstrap tilting intervals are based on B � ��� bootstrap
samples� and the other intervals on B � ���� samples�

All intervals tend to under�cover� to produce intervals whose coverage probability is less
than the desired value� particularly for small sample sizes� For example� in Figure ��� the
intervals for the sample mean for normal data� most of the intervals excluded the true mean
about 
� of the time on the low end when n � ��� and nearly �� of the time on the
upper end 
see the top right panel�� for nominal �	�
� one�sided intervals� The bootstrap�t
intervals perform notably well in that example�

In asymmetric problems� such as the sample mean for exponential data 
Figure ���� all
of the intervals undercover badly on one side� while some slightly over�cover on the other�

The bootstrap percentile intervals do particularly poorly in this example� They are only

��



�rst�order correct� meaning that the coverage errors are O
n������ while the other procedures
have errors of order O
n���� The usual Student s�t intervals for the mean are also only �rst�
order correct� 
In the special case of symmetric distributions the errors of the Student s�t
and bootstrap percentile intervals are also O
n�����

For the most part� ML tilting provides higher and more coverage than exponential tilting�
However� ML tilting did poorly for the correlation and variance of small samples 
n �
���� These are highly nonlinear problems with small sample sizes� indeed� �
F� � is a non�
monotone function of � for these statistics� ML tilting appears to be more sensitive to
nonlinearity and non�monotonicity because it is based on distributions �F� which are farther
from �F � Some form of updating should be used in such problems� see Section �� Note
that there is good diagnostic measure of the degree of linearity in a problem� based on the
correlation of ���b and the linear approximation L�b � n��

P
M�

i Ui�
The bootstrap�t interval provides the best coverage accuracy in our simulations� but is

known to have two major �aws� First� it is not transformation invariant� 
e�g� it does not
produce equivalent intervals for an odds�ratio and the equivalent log�odds�ratio�� and the
high coverage comes at the price of very long con�dence intervals� One aspect of the lack of
transformation invariance is that bootstrap�t intervals can include impossible values� e�g� a
bootstrap�t con�dence interval for a correlation coe�cient can include correlations greater
than �� Figures ����� show the average con�dence interval lengths for the same applications
as above� The bootstrap�t intervals are substantially longer than other intervals�

The next set of �gures shows the relationship between coverage and con�dence interval
length� Figures ����	 show the average con�dence interval lengths for the same applications
as above�

For the most part� all con�dence interval methods trace out approximately the same
trajectory in the coverage�length plane� This indicates that most of the di�erence in con�
�dence interval length between various intervals is explained by the di�erence in coverage
probabilities � the shorter intervals are shorter not because they are intrinsically better�
but because they just do not include the true parameter often enough�

However� even after calibrating for coverage equivalent probability� the bootstrap�t in�
tervals are substantially longer than other intervals� especially for the correlation coe�cient�

The right panel of Figure �	 also shows that the ML tilting interval breaks down �
as the nominal coverage probability increases the actual coverage barely changes and even
decreases� for upper con�dence limits for the variance of samples of size ��� We return to
this problem in Section ��

This comparison was based on ��� bootstrap replications for the tilting intervals and
���� replications for the other intervals� The best interval in terms of a combination of
statistical properties and computational expense is the ML tilting interval�
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Figure ��� Coverage Accuracy� One�sided con�dence intervals for the sample mean of nor�
mal data� Results are from ���� bootstrap experiments� in each experiment a random data
set was generated and one of each kind of bootstrap con�dence interval was generated� using
B � ��� bootstrap samples for the tilting intervals and B � ���� bootstrap samples for
the bootstrap percentile� bootstrap�t� and BC�a intervals� The standard errors are approx�
imately 
���
 � ��	
������ � ����
 for intervals with nominal coverage of ����
 or ���	
�
Comment� all under�cover for small n � the bootstrap�t does the best and exponential
tilting the worst�
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Figure ��� Coverage Accuracy� One�sided con�dence intervals for the sample mean of expo�
nential data� Other details are the same as for Figure ��� Comment� all under�cover badly
at the upper end for small n � the bootstrap�t does the best and percentile the worst�
improving much more slowly for larger sample sizes than do the other methods�
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Figure ��� Coverage Accuracy� One�sided con�dence intervals for the correlation for bi�
variate normal data with correlation 
�������� Other details are the same as for Figure ���
Comment� both tilting methods undercover badly for small n�
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Figure ��� Coverage Accuracy� One�sided con�dence intervals for the ratio of means for
bivariate normal data 
uncorrelated� bivariate mean 
�� ��� variance �� Other details are the
same as for Figure ��� Comment� all undercover for small n� the bootstrap�t does the best
and exponential tilting the worst�
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Figure ��� Coverage Accuracy� One�sided con�dence intervals for the ratio of means for
exponential data 
independent� minimum values for x and y are � and �� respectively� stan�
dard scale�� Other details are the same as for Figure ��� Comment� all undercover badly
for small n at the lower end� the bootstrap�t does the best and percentile method the worst�
improving more slowly than other methods as n increases�
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Figure �
� Coverage Accuracy� One�sided con�dence intervals for the variance of normal
data� Other details are the same as for Figure ��� Comment� all undercover very badly for
small n at the upper end� the bootstrap�t does the best� The tilting intervals break down
for n � ��� The percentile method improves much more slowly than other methods as n
increases�
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Figure ��� Con�dence Interval Length� Average length of one�sided con�dence intervals

distance from the estimate to the endpoint of the interval� for the sample mean of normal
data� Results are from ���� bootstrap experiments� in each experiment a random data set
was generated and one of each kind of bootstrap con�dence interval was generated� using
B � ��� bootstrap samples for the tilting intervals and B � ���� bootstrap samples for the
bootstrap percentile� bootstrap�t� and BC�a intervals� Comment� bootstrap�t intervals are
the longest�
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Figure �	� Con�dence Interval Length� One�sided con�dence intervals for the sample mean
of exponential data� Other details are the same as for Figure ��� Comment� bootstrap�t
intervals are the longest�
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Figure ��� Con�dence Interval Length� One�sided con�dence intervals for the correlation for
bivariate normal data with correlation 
�������� Other details are the same as for Figure ���
Comment� bootstrap�t intervals are the longest�
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Figure ��� Con�dence Interval Length� One�sided con�dence intervals for the ratio of means
for bivariate normal data 
uncorrelated� bivariate mean 
�� ��� variance �� Other details are
the same as for Figure ��� Comment� bootstrap�t intervals are the longest�
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Figure ��� Con�dence Interval Length� One�sided con�dence intervals for the ratio of means
for exponential data 
independent� minimum values for x and y are � and �� respectively�
standard scale�� Other details are the same as for Figure ��� Comment� bootstrap�t intervals
are the longest overall� though percentile intervals are longer at the upper end�
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Figure ��� Con�dence Interval Length� One�sided con�dence intervals for the variance of
normal data� Other details are the same as for Figure ��� Comment� bootstrap�t intervals
are the longest� to an extraordinary degree�
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Figure ��� Length�Coverage relationship� Average length of one�sided con�dence intervals

distance from the estimate to the endpoint of the interval� vs� Coverage probability for
the sample mean of normal data� Tick marks on the x�axis are at the nominal coverage
values� Ideally each point would be above the corresponding tick mark� Results are from
���� bootstrap experiments� in each experiment a random data set was generated and
one of each kind of bootstrap con�dence interval was generated� using B � ��� bootstrap
samples for the tilting intervals and B � ���� bootstrap samples for the bootstrap percentile�
bootstrap�t� and BC�a intervals�
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Figure ��� Length�Coverage relationship� One�sided con�dence intervals for the sample
mean of exponential data� Other details are the same as for Figure ��� Comment� bootstrap�
t intervals are longer for equivalent coverage�
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Figure ��� Length�Coverage relationship� One�sided con�dence intervals for the correla�
tion for bivariate normal data with correlation 
�������� Other details are the same as for
Figure ��� Comment� bootstrap�t intervals are substantially longer for equivalent coverage�
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Figure �
� Length�Coverage relationship� One�sided con�dence intervals for the ratio of
means for bivariate normal data 
uncorrelated� bivariate mean 
�� ��� variance �� Other de�
tails are the same as for Figure ��� Comment� bootstrap�t intervals are longer for equivalent
coverage� for small samples at the lower end�
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Figure ��� Length�Coverage relationship� One�sided con�dence intervals for the ratio of
means for exponential data 
independent� minimum values for x and y are � and �� respec�
tively� standard scale�� Other details are the same as for Figure ��� Comment� bootstrap�t
intervals are longer for equivalent coverage� at the lower end� percentile intervals are longer
at the upper end�
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Figure �	� Length�Coverage relationship� One�sided con�dence intervals for the variance of
normal data� Other details are the same as for Figure ��� Comment� bootstrap�t intervals
are longer for equivalent coverage� but have much better coverage at the upper end� ML
tilting breaks down� failing to increase actual coverage as nominal coverage increases�
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��� Computational Issues

Exponential tilting o�ers some computational advantages over ML tilting � the domain
for � is bounded 
which simpli�es numerical root��nding procedures�� and the exponential
form makes computing products of weights easier� We have found approximations which are
useful as initial values when numerically solving for � �

Initial values for ML tilting are more di�cult � the most e�ective initial values we have
found involve �rst solving 
�� using exponential tilting� then obtaining the starting value for
ML tilting by a transformation of the � from exponential tilting�

While exponential tilting is faster� for reasons outlined in this section and because of
lower Monte Carlo variability 
see Figure ��� we still recommend ML tilting because of its
better coverage accuracy�

	 Updating Derivatives

The second major di�erence among tilting families 

� is whether a single set of derivatives
is used� or whether derivatives are updated as � changes� In general� using derivatives 
��
evaluated at p� rather than p�� e�g� using F� rather than F�� results in more conservative
inferences in nonlinear problems�wider con�dence intervals and smaller type I errors� Since
in practice most bootstrap inferences tend to be anti�conservative with �nite samples 
see
simulation results collected by 
Shao and Tu ���
�� these more conservative inferences are
usually more accurate�

However� using derivatives that implicitly depend on � can be expensive� F� and F� can
be found by minimizing the backward and forward Kullback�Leibler distances between p and
p�� respectively� which requires constrained numerical optimization in 
n � �� dimensions�
In contrast� F� and F� require only solving univariate equations in � �

One compromise involves a two�step approximation to F� or F�� �rst tilt using Ui
p��
to �nd p�� � then calculate Ui
p��� and tilt again to �nd an updated p�� � Similar updating
was used in another bootstrap context by 
Hesterberg ���
a�� and in empirical likelihood
by 
Wood et al� ������

Figure �� shows an example where this works well� The coverage probabilities obtained
using one�step updated derivatives are slightly higher� and the con�dence intervals are not
longer on average�

Figure �� shows an example where one�step updated derivatives perform very poorly�
The right panel here is for the same problem as the right panel of Figure �	� where we see
that ML tilting seems to break down when n � ��� One�step updating fails to remedy this
� in fact it does much worse! However� a fairly simple optimization procedure does work
fairly well� Let U� and U� be the derivatives obtained without updating and with one�step
updating� We use

U� � �U
p�� � 
�� ��U
p��� 
�	�

��
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Figure ��� Length�Coverage relationship� Average length of one�sided con�dence intervals

distance from the estimate to the endpoint of the interval� vs� Coverage probability for the
the ratio of means of bivariate normal data with mean 
����� Results are for ML tilting�
without updating� with one�step updating� and with a ��dimensional optimization procedure�
Tick marks on the x�axis are at the nominal coverage values� Ideally each point would be
above the corresponding tick mark� Results are from ���� bootstrap experiments� in each
experiment a random data set was generated and one of each kind of bootstrap con�dence
interval was generated� using B � ��� bootstrap samples for the tilting intervals and B �
���� bootstrap samples for the bootstrap percentile� bootstrap�t� and BC�a intervals�
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We choose a number of values of � between � and �� calculate the ML tilting interval using
each corresponding U�� then use the widest interval� This is a quick�and�dirty method of
maximizing the coverage of the interval with respect to ��

One�step updating also performs badly when the statistic is a bivariate correlation� Ad�
ditional updating� without optimization� fails for both correlation and the sample variance�
in fact the derivatives diverge� varying more wildly with successive iterations� Figure ��
shows an example dataset where divergence occurs for the bivariate correlation� Consider
are tilting to obtain a lower limit� with � 
 �� In the left panel� observation � has the
most negative value of Ui
p��� adding weight to this point initially decreases the weighted
correlation faster than adding weight to any other point� The values of Ui are shown by
arrows� with arrows pointing downward indicating negative values of U � Using those values
of Ui as derivatives for exponential tilting for a one�sided ��� con�dence interval gives the
probabilities p� which are shown as the areas of circles� Note that observation � receives
the largest weight� Updating by computing the gradient from this set of weights yields the
derivatives shown by the right set of arrows� now observation 
 has the most negative deriva�
tive� adding more weight to that point causes the fastest decrease in correlation from this

weighted distribution� However� using that set of derivatives for tilting from scratch causes
too much weight to be placed on observation 
 and too little on observation �� Updating
additional times would cause the gradients to oscillate with increasing magnitudes� with the
largest negative derivative alternating between observations � and 
�

Various solutions to this oscillatory behavior are possible� Our preferred solution is the
the optimization procedure 
�	�� because it is relatively cheap � the optimization requires
evaluating the statistic � a number of times� but does not require additional gradients

beyond the two sets already computed��

Other solutions to this oscillatory behavior are possible� Solutions adapted from pro�
cedures for numerically solving di�erential equations 
e�g� Runge�Kutta� would be more in
spirit with the continuous updating implied by 

�� but would require additional gradients�
which is expensive if the gradients must be obtained numerically� Cheapest of all would be
to let � depend on the angle between the two sets of derivatives � when the angle is large
we would choose � to be large� But the angle alone does not contain enough information
about the geometry of the problem to determine the optimal �� the geometry varies from
problems like the ratio of means� where no dampening is ideal� to problems like correlation
and the upper tail for sample variance� where dampening is needed�

Updating is only necessary with small samples and nonlinear statistics� The degree of
nonlinearity can be diagnosed using the correlation of ���b and the linear approximation

L�b � n��
X

M�
i Ui� 
���

In general the residuals obtained from regressing ���b against L� are of order O
��n� 
and
the ratio of residual to total variance is O
��

p
n�� so that in large samples� where gradients

are more expensive to compute� the problem is e�ectively more linear 
Hesterberg ���
a��
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Figure ��� Length�Coverage relationship� One�sided con�dence intervals for the variance of
normal data� Other details are the same as for Figure ���
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Area of circles represents probability
assigned to the observation when tilting
using the original derivatatives.
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Figure ��� Bivariate dataset� The center of each circle is one observation� The left arrows
represent the gradient of the correlation computed at the unweighted empirical distribution�
The areas of the circles show the probability assigned to each point after tilting for a lower
��� interval� The right arrows show the gradient computed at the weighted distribution�
Observations � and 
 are labeled� these have the the most negative derivative in the original
and updated gradients� respectively� Divergent oscillation occurs if the process of tilting and
computing new gradients is repeated� with observations � and 
 alternating in receiving the
largest weight�
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We propose to use the correlation to diagnose whether updating is necessary� We have not
performed simulations to test this�

Linear approximations and Updating Tilting requires the gradient U
p��� and ad�
ditional gradients if updating methods are used� In some cases analytical derivatives are
available� Otherwise gradients may be evaluated by the jackknife and other �nite�di�erence
methods� which require evaluating the function an additional n times� or regression meth�
ods� which are accurate if B is substantially larger than n 
Efron ����� Hesterberg ���
a��
Hesterberg and Ellis 
����� describe a regression procedure which does not require that B
be larger than n�

Tilting and Empirical Likelihood F� corresponds to maximum likelihood estimation
subject to a null hypothesis� and is the family used in empirical likelihood 
EL� inference

Owen ����� Owen ����� Hall and La Scala ������ both limit support to the observed
values and �nd the restricted maximum likelihood vector of probabilities� But where EL
inference is based on an asymptotic approximation� that the log�likelihood�ratio statistic
�� log

��n�n�

Pn
i�� pi� is approximately distributed as a ��� random variable in bootstrap

tilting the probability 
�� is estimated by sampling� Davison et al� 
����� study boot�
strap likelihood and EL� and discuss relative advantages of EL and bootstrap methods� and
Hesterberg 
���	� discusses connections between the bootstrap and EL�


 Coverage�level Adjustments

We have observed that tilting and other bootstrap procedures tend to under�cover� In this
section we discuss two ways to adjust the intervals to obtain better coverage probabilities�
We demonstrate using tilting intervals� though the same methods can be used with other
bootstrap intervals�

Both adjustments are motivated by the usual Student s�t interval for a univariate mean�
�x� tn����s�

p
n� We note two features of this interval�

� The standard error is based on s� � 
n�����
Pn

i��
xi� �x�� rather than the functional
version of the variance �
� � n��

Pn
i��
xi � �x��� and

� the use of t quantiles rather than normal quantiles�

Both features produce intervals with higher coverage probability� We discuss these in turn�
Both cause changes in coverage level of O
��n�� so do not a�ect the second�order accuracy
of bootstrap tilting� BC�a� or bootstrap�t intervals�

The usual sample variance s� is unbiased for the population variance 
under the usual
i�i�d� assumptions�� In contrast� bootstrap sampling corresponds to using the slightly smaller
�
� 
Efron and Tibshirani ������ In 
Hesterberg ����� we discuss two methods of bootstrap

��



sampling that provide unbiased variances in this setting� and generally provide wider� less�
biased bootstrap distributions� One of these� bootknife sampling� is useful for bootstrap
tilting� Each bootstrap sample is created by sampling n observations with replacement from
a jackknife sample created by omitting one observation from the original data� Across B
bootstrap samples� each original observation should be omitted an equal number of times�
Simulation results in 
Hesterberg ����� demonstrate that this does provide conference in�
tervals with better coverage� though still short of the nominal coverage�

We �nd� curiously� that bootknife sampling appears to have relatively little e�ect on the
coverage of tilting intervals� Figures �� and �� show that for the bootstrap percentile and
BC�a intervals� using bootknife sampling gives higher coverage probabilities� but any e�ect
for tilting is more subtle� This may have to do with the importance sampling implementation�
in one of two ways � tilting results may depend more on the center of the design distribution
than on its spread� or bootknife sampling in the design distribution may not matter because
the target distribution F� does not involve bootknife sampling� Further investigation could
determine the e�ect of bootknife sampling in the target distribution as well 
this could also
be implemented using importance sampling reweighting��

The second feature of Student s t intervals is the use of t quantiles rather than normal
quantiles� The usual explanation for this is that using t quantiles gives exact con�dence
intervals if the underlying distribution is normal� That is somewhat specious� as in practice
no distribution is exactly normal� However� the t quantiles do provide a real practical
bene�t� of providing wider intervals� which tend to be more accurate in a wide variety of
applications� We can achieve equivalent results using normal rather than t quantiles� but
with adjusted nominal coverage levels 	y such that

tn���� � z�y� 
���

Using these same adjusted values 	y in place of the nominal 	 is e�ective when computing
bootstrap intervals� Figures ����	 illustrate the consistent and dramatic improvement this
�z � t� adjustment brings about� especially for small sample sizes�

The success of this method suggests that a similar adjustment could be used to capture
the �rst feature of Student s t intervals� the use of s rather than �
� The corresponding
adjusted 	 is found by solving for 	z in

stn���� � �
z�z 
���


note that 
n� ��s� � n�
��� We have performed no simulations using this adjustment�

� Summary

In summary�

�	
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Figure ��� Coverage Accuracy � bootknife sampling� One�sided con�dence intervals for
the sample mean of normal data� Results are from ���� bootstrap experiments� in each
experiment a random data set was generated and one of each kind of bootstrap con�dence
interval was generated� using B � ��� bootstrap samples for the tilting intervals and B �
���� bootstrap samples for the bootstrap percentile� and BC�a intervals� The standard
errors are approximately 
���
� ��	
������ � ����
 for intervals with nominal coverage of
����
 or ���	
� Comment� bootknife sampling improves coverage for percentile and BC�a
intervals but shows little e�ect on tilting intervals�
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Figure ��� Coverage accuracy � bootknife sampling� One�sided con�dence intervals for the
sample mean of exponential data� Other details are the same as for Figure ��� Comment�
bootknife sampling improves coverage for percentile and BC�a intervals but shows little e�ect
on tilting intervals�
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Figure ��� Coverage Accuracy � e�ect of z � t adjustment of nominal levels� One�sided
con�dence intervals for the sample mean of normal data� Results are from ���� bootstrap
experiments� in each experiment a random data set was generated and one of each kind
of bootstrap con�dence interval was generated� using B � ��� bootstrap samples� The
standard errors are approximately 
���
 � ��	
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 for intervals with nominal
coverage of ����
 or ���	
� Comment� the adjustment improves coverage probabilities�
particularly for small samples�
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Figure ��� Coverage accuracy � e�ect of z � t adjustment of nominal levels� One�sided
con�dence intervals for the sample mean of exponential data� Other details are the same as
for Figure ��� Comment� the adjustment improves coverage probabilities� particularly for
small samples�
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Figure �
� Coverage accuracy � e�ect of z � t adjustment of nominal levels� One�sided
con�dence intervals for the correlation for bivariate normal data with correlation 
��������
Other details are the same as for Figure ��� Comment� the adjustment improves coverage
probabilities� particularly for small samples�
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Figure ��� Coverage accuracy � e�ect of z � t adjustment of nominal levels� One�sided con��
dence intervals for the ratio of means for bivariate normal data 
uncorrelated� bivariate mean

�� ��� variance �� Other details are the same as for Figure ��� Comment� the adjustment
improves coverage probabilities� particularly for small samples�
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Figure �	� Coverage accuracy � e�ect of z � t adjustment of nominal levels� One�sided
con�dence intervals for the ratio of means for exponential data 
independent� minimum
values for x and y are � and �� respectively� standard scale�� Other details are the same as
for Figure ��� Comment� the adjustment improves coverage probabilities� particularly for
small samples�
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� Bootstrap tilting con�dence intervals and hypothesis are very computationally e�cient�
�	 or more times more e�cient than other bootstrap methods� using an importance
sampling reweighting implementation�

� A mixture design distribution makes the Monte Carlo sampling for tilting more robust
against nonlinearity � this is helpful for small sample sizes with highly�nonlinear
statistics�

� Tilting inferences are second order accurate� an order of magnitude 
power of
p
n�

more accurate than ordinary Student s�t or bootstrap percentiles 
except in special
cases like for symmetric distributions��

� In practice the coverage accuracy of bootstrap tilting inferences 
using ��� bootstrap
samples� is comparable to the best competing methods 
using ���� bootstrap samples��
except that in some applications the bootstrap�t interval is more accurate�

� The length of tilting intervals is comparable to other bootstrap intervals� and some�
times substantially shorter than for bootstrap�t intervals� after adjusting for coverage
probabilities�

� ML tilting o�ers more accurate coverage probabilities in general than exponential
tilting� The latter o�ers some implementation bene�ts� and can be used to obtain
starting values for the numerical solutions required for ML tilting�

� Updating derivatives when tilting o�ers better coverage probabilities� However� sim�
ple one�step updating sometimes fails spectacularly� A quick optimization procedure�
using linear combinations of two gradients� works much better�

� Adjusting the nominal coverage probabilities based on the di�erence between normal
and t quantiles provides better coverage probability� this is applicable to any bootstrap
interval 
except the bootstrap�t��

� Bootknife sampling appears to have little e�ect on bootstrap tilting intervals� Further
work is needed to investigate why this is� An alternative would be to adjust nominal
coverage probabilities� based on the di�erence between s and �
 as an estimate of
standard error�
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