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Smoothed bootstrap and jackboot sampling
T. C. Hesterberg

Abstract

We propose a bootstrap sampling method, “jackboot sampling”. This provides more accu-
rate inferences than ordinary bootstrap sampling — better confidence interval coverage and
less-biased or unbiased standard errors. The method is simple to implement.

We also prescribe a smoothing parameter for use in smoothed bootstrapping, using or-
dinary kernel smoothing. The effect is similar to that of jackboot sampling.
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1 Introduction

We begin with a short introduction to the bootstrap; for a more complete introduction to
the bootstrap see Efron and Tibshirani (1993). The original data are X = (X, Xy, ..., X,),
a sample from an unknown distribution (which may be multivariate). Let § = 6(F') be a
real-valued functional parameter of the distribution, such as its mean, interquartile range,
or slope of a regression line, and 0 = Q(F) the value estimated from the data. The sampling
distribution of f

G(a) = Pr(0 < a) (1)

is used for statistical inference. In other examples the distribution of a test statistic T is
required, e.g. T = (0 — 0)/s, where s is also computed from the data.

In simple problems the sampling distribution can be approximated using methods such
as the central limit theorem and the substitution of sample moments such as 7 and s into
formulas obtained by probability theory. This may not be sufficiently accurate or even
possible in many real, complex situations.

The bootstrap principle is to estimate some aspect of GG, such as its standard deviation,
by replacing F' with an estimate F. In the usual nonparametric bootstrap, F is the empirical
distribution F,. Then sampling from F' corresponds to generating samples of size n with
replacement from the original data.

When it is known that the underlying distribution is continuous, it may be desirable to
sample from a continuous distribution rather than from the empirical distribution (Efron
(1979)). The most common way to do this is by kernel smoothing, in which F is created by
convolving F), with a kernel distribution. This is implemented by sampling with replacement
from F),, then independently adding one random observation from the kernel distribution
to each of the n observations. A common choice for the kernel distribution is a normal



distribution (or multivariate normal distribution), which should be fine in most applications;
see e.g. Shao and Tu (1995) and the references therein. But there does not seem to be a
standard choice for the kernel parameter, e.g. the standard deviation (or covariance matrix)
for the (multivariate) normal distribution. In Section 2 we propose a standard value for the
smoothing parameter, based on making variances approximately correct.

In Section 3 we propose a new bootstrap sampling method which also makes variances
approximately correct. The new method is also applicable to discrete data, and is compatible
with bootstrap tilting.

2 A Standard Choice for a Smoothing Parameter

Smoothing has two effects. The first, and the original motivation for smoothing, was to
sample from continuous rather than discrete bootstrap distributions in applications where
the underlying distribution is known to be discrete. However, (Hall (1986)) shows that
bootstrap distributions are practically continuous under fairly general conditions, so this
effect is relatively unimportant. More important is that smoothing produces estimates with
larger variance. We propose to choose the smoothing parameter to produce unbiased variance
estimates.
The usual sample standard deviation is

n
S=m-1)""> (z; — 7)% (2)
i=1
The choice of n—1 for a divisor instead of n makes the estimate unbiased for o2, the variance
of the underlying distribution.

The usual bootstrap corresponds to using a divisor of n. In particular, if the statistic
being bootstrapped is X, the sample mean of univariate data, then the bootstrap estimate
of Var(X) is

Var(X*) = 6%/n, (3)

where

62 =n"" zn:(xl — )2 (4)

This differs from the usual unbiased estimate s?/n by the factor (n — 1)/n.

Note that (3) can be calculated exactly; the usual Monte Carlo implementation of the
bootstrap is needed only in more complicated situations.

Now suppose that smoothed bootstrapping is used, that the ith observation in a boot-
strap sample is x;- + z;, where x;- is randomly chosen with equal probabilities from the
original sample and z; is an independent random variable with mean 0 and standard devia-
tion h. The resulting variance of the sampling distribution

Var(X*) = 6%/n + h*/n. (5)



We suggest that the standard choice for h be:

h=s/vn (6)

which makes (5) unbiased.
In multivariate problems, let S? denote the usual unbiased sample variance-covariance

matrix,
n

Sir=(n =171 (g — 7)) (wa — T). (7)
i=1
We suggest smoothing by letting z; have mean zero and variance-covariance matrix S%/n
which makes the bootstrap estimate for the variance-covariance matrix of the sampling
distribution of X unbiased.
In nonlinear problems these smoothing choices will in general not result in unbiased
estimates, though they will tend to have smaller bias than with simple bootstrap sampling.
This smoothing will also tend to improve the coverage accuracy of bootstrap confidence
intervals. Bootstrap confidence intervals tend to be anti-conservative (see simulation results
collected in Shao and Tu (1995)), in part because bootstrap variances tend to be too small.
Figure 1 demonstrates this — both smoothing and jackboot sampling (described below) give
higher coverage probability, closer to the nominal value, though still short of the nominal
value.

3 Jackboot Sampling

Kernel smoothing is not always possible, for example with discrete data. Even with contin-
uous data it can lead to “impossible data,” data which violates known constraints (e.g. that
the data must be positive). In high-dimensional problems it is difficult to smooth in a way
that respects the (unknown) structure that is usually present. If the data are skewed, or
arise from a regression problem with heteroskedastic errors, then simple kernel smoothing
will lead to some biases.

Furthermore, kernel smoothing creates new data points which were not in the original
sample. This is incompatible with some bootstrap procedures, such as the fast importance-
sampling implementation for bootstrap tilting inferences (Efron (1981); Hesterberg (1997)).

In this section we propose a “smoothing” procedure that generates bootstrap samples
solely from the original data. The procedure is “jackboot sampling” — to generate a sin-
gle bootstrap sample, sample n observations with replacement from a “jackknife” sample,
created by omitting one of the observations from the original data set.

Using jackboot sampling, the bootstrap estimate of the variance of a sample mean is un-
biased, in both univariate and multivariate problems. This result is obtained by conditioning
on the omitted observation, say o*:

Var(X*) = E(Var(X*|o*)) + Var(E(X*|0"))
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Figure 1: Coverage Accuracy. One-sided bootstrap-percentile confidence intervals for the
sample mean of normal data. Solid lines are for simple bootstrap sampling, dotted lines
for jackboot sampling. Results are from 2000 bootstrap experiments; in each experiment a
random data set was generated, and two sets of bootstrap samples were generated — one
of size B = 1999 using simple bootstrap sampling, and one of size B = 2000 using stratified
jackboot sampling. Bootstrap means for the smooth bootstrap were computed by adding
a random normal variate with mean 0 and variance s?/n? to the simple bootstrap mean.
The standard errors are approximately (.025x%.975/2000) = .0035 for intervals with nominal
coverage of 0.025 or 0.975, and about 0.0016 for nominal coverages of 0.005 or 0.995.




= E(s?)/n = Var(X) (8)

We omit the details of algebraic simplification after the conditioning step.

The omissions can be random, but better results are obtained using stratification. If B
bootstrap samples are to be generated let k¥ = | B/n], and omit each of the observations
deterministically in k£ of the bootstrap samples. For the remaining bootstrap samples, gen-
erate a sample of size B — nk without replacement from the numbers 1...n, and omit the
corresponding observations. Thus each original data point is omitted either k£ or k+1 times.

Figures 2 and 3 show coverage properties of three bootstrap intervals, using simple
bootstrap and jackboot sampling. For the most part the intervals obtained using jackboot
sampling (dotted lines) have higher coverage, particularly for smaller values of n (this is not
universally true because of randomness in sampling). And these higher coverage levels are
closer to nominal, except for lower endpoints for the mean of exponential data, where the
bootstrap percentile interval tended to over-cover.

Stratification does not affect the unbiasedness property in (8) — the result should be
interpreted as holding for a bootstrap sample chosen randomly from the B such samples, so
that o* is still randomly chosen from the numbers 1,...,n.

In some situations it is appropriate to omit multiple observations. For example, when
bootstrapping a linear regression problem by resampling residuals, if there are p coefficients
including the intercept, then unbiased estimates of residual variance are obtained by omitting
p randomly-chosen observations when generating a bootstrap sample (under the usual linear
regression assumptions).

Summary

Both smoothing with the standard choice of smoothing parameter, and jackboot sampling,
provide unbiased estimates for the variance of a sample mean. More generally, they provide
bootstrap distributions with larger and approximately-correct variance, and larger and more
accurate coverage probabilities.
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Figure 2: Coverage Accuracy. One-sided confidence intervals for the sample mean of normal
data. Solid lines are for simple bootstrap sampling, dotted lines for jackboot sampling.
Results are from 2000 bootstrap experiments; in each experiment a random data set was
generated, bootstrap samples were generated using simple random bootstrap sampling or
(stratified) jackboot sampling, and one of each kind of bootstrap confidence interval was
generated. using B = 200 bootstrap samples for the bootstrap tilting intervals and B = 1999
bootstrap samples for the bootstrap percentile and BC-a intervals. The standard errors are
approximately (.025 % .975/2000) = .0035 for intervals with nominal coverage of 0.025 or
0.975, and about 0.0016 for nominal coverages of 0.005 or 0.995.
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Figure 3: Coverage Accuracy. One-sided confidence intervals for the sample mean of expo-
nential data. Other details are the same as for Figure 2
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