PSD of Quantization Noise

As indicated in the revised footnote 8, Eq. (8.74) faardization noise [before
multiplication byNH(fm)] should be replaced Hiiller and Conley, 1991, eq. (13)

) 2 2(P/ 1)
5 =—(26f:') lzgng;; ff—r;f" | (8.743),(8.Q.1)
r * ref = -

At fyh <<fref, both Eqgs. (8.74) an@.Q.1) reduce to Eqg. (8.75). Eg. (8.74) was obtained

by employing the equalence between a changeNrand a frequency change introduced
after the VCG®, as developed in Section 2.5. However, this equivalence depends on
constaniN during the transient that follows a chang®&linWhile this applies to a single

step inN, it is not accurate for modulatéd To obtain Eq. (8.Q.1) correctly, we must
compute how changes Mproduce changes in phase at the divider output. We will
initially assume a constant synthesized frequency (which is our design goal). If the
system were timendependent, we could use superposition to add this result to the effects

of changes in output frequency (for feedback or due to a chang iwe will see that
this is still a good approximation in most cases.

8.Q.1 Development of Eq. (8.Q.1)
In the types of phase detectors used in synthesizeisproportional to the time

difference between the PD trigger point on the reference waveaifodithe trigger point
on the divider output waveform. Since the period of the divider outputimses the

period Toyt at the synthesizer output, a chad@éfrom the mean divider ratidl will
cause the time of the divider output to deviate by

ot = TouoN (8.Q.2)
and this will result in a PD output voltage change of
Sup= Kpcycle 8/ Tref = Kpcycle SN(Toud Tref) = Kpeycle SN/ N, (8.0.3)

whereTgyt has been approximated as constant.

Similarly, the total PD voltage change after a seridssofch incremental deviations is

! Their equation appears to differ by a factor of 2 bseatlis written for Zided PSD.
? Miller and Conley state that, for a locked lodgy, (k) = Ngiy (K) f.ef, Which does not

allow for finite response times.
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L K ycycle X
Augy =Y Sug; = pl\_l D ON; . (8.04)
i=1 i=1

The phase change at the divider output that would prddugcgin our model is
cycle K "
! "k:! uZLk/Kp :T# Ni, (8Q5)
i=1

Therefore, it is appropriate to acculate N to obtain the value dfgx. In thez
domairi, we represent the accumulation@(2) by dividing it by(1 - z1), so

le "N
! /(z):%al# iﬂ (8.06)

As a result, the phase power spectral density (PPSD) thereby introduced at the phase
detector is

cycle2 Sy
N2 2"
N ‘1# Z#1‘

(8.Q.7)

NS

In the case of interest,d is an equivalent phase change injected at the divider output,
'onin Fig. 6.A.1, andN is a deviation oN from the mean due to quantization noise.
Using the quantization noise lkhas given by Eq. (8.69), this can be written
(2" rad/N)2 4112(P#1)
SV —\ \ : (8.Q.8)
6 fref

Substitutingz = exp{wmTref) and following the proceduresed for Eq. (8.73), we obtain

ZSin(ﬂ'f—mJ
Jref

(27r rad/ N )2 2P-1)

8.09
6 fre (8.Q9

SA o,N =

3 Z-transforms do not account for the signal dependence of the sampling time (p. 399).
We docompute the signal that results from the variation in the sampling moment, but
sampling is approximated as occurring at a fixedfrate
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The output PPSD will theneb

2" rad)?

— 2 #’ f
S 7 0ut=9 s N|NH(fm) _ o m
r

2(P) 1) ,
2singg Ea IH(fm)".  (8.Q10)

which is the quantization noise, £8.Q.1), multiplied by the loop response, as was to be
shown.

8.Q.2 Superposition

Since the system is time dependent, we cannot assume superposition. The time of the
kth transition irthe divider output can be written

k k
Ti = 2, ToutiNi = 2| (Tout+ 0Tout )(N +6N; )| (8.Q.11)
1 1
p— p— k p— p—
=Touth + &;#-’ Tout,iN +Tout! N; +! Tout,i! Nz@ (8.Q12
1

The change ik from nominal is then

k k k
ST 2 T = ToutN = 2, ToudN; +2.6Touti N+, 6TouidN; - (8Q.13
1 1 1

The first term on the right represents the effect of the fractidmabdulation described
in EQ. (8.Q.2) whsh results in an equivalent phase modulation at the loop input as
described by Eq$8.Q.5) - (8.Q.9).

The second term is the effect of changes in the output period multiplied by the average
value ofN. This is assumed when the equivalent input modulation is multiplied by the
N|H (fm)‘2 in Eq. (8.Q.12); typically we wouldseN in developingH ( f,).

The third term is a residual error, the sum of each change in output period being
multiplied by the corresponding changeN\bfrom nominal during that period. The first

two termsrepresent superposition of the effects of the divider modulation and the output
period modulation. The third term is an error in the results of the superposition.

Since we are designing for small modulation sidebands, we expect that, once the loop has
sdtled at a given synthesized frequency,
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é\I-out,i << fout (8.0.19

so each member ofdherror summation would be small compared to the corresponding
member in the first summation. That is,

k k k
" (Tout! Ni +/ Toui! Ni ) =" (Tout+ ! Touti )/ Ni #1" (Toud Ni).  (8.Q19)
1 1 1
so we can drop the error term.
Similarly, if
SN; << N, (8.Q.16)

the error term will be small compared to the second term, that is

k k
" (! ToutiN+/ Touti! Ni ) =" 1 Toui (N +7/N;) (8.0.17)

1 1
| # Touti N (8.Q.18)

another reason toalp the error term.
8.Q.3 New Synthesized Frequency

Injection of an equivalent frequency step before the divider, as in Section 2.5, is
appropriate for analyzing the response to a simple charigie (Approximations are
discussed in Section 2.5; seetfome 3 there.) Use of the final valueMNtiuring the
transient is exact in this case. When fractional modulation also exists, tha fisan
approximation for that fixed final value, whi\; is thena perturbation due to the

fractional modulation.

Before the loop has settled, following a change in commanded freq®:62i4) may
not hold true and we would depend(8Q.16) to allow the error term to be ignored [i.e.,

the approximatior8.Q.18)]. Even if (8.Q.16) is not very well met, the use &f( f,,)
based on the finaN is probably a reasonable approximation.
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8.Q.4 Loop Response

Whenwe account for sampling{(fm) is given by Eq. (7.28) &s

NG
H(fp)=—— ) . (8.Q.19)
1+ # G(fn + nfeer)
Within the loop bandwidtf (i.e., forfm<f.) ,
> G(fm+nfe)=G(fn), (8.Q.20)

N=—co

as long as the bandwidth is small comparefgktdi.e., f <<f,ef), Since the gain for
nonzero values af is small at those frequencies. The magnitude of the effect is
discussed in Chapter 7 and the exact transfer function can be compiitedsathere.
As we go higher ifiy,, the denominator becomes approximately unity until we come
within the loop bandwidth of a multiple §&+. At that point, the denominator provides

additional attenuation, becoming infinite at any multipl&af since G( fr,, + nfre )
becomes thei@(mf,q; + nf,r ), which is infinite forn = -m.

Thus, the nulls irs ¢ out (other than the one & = 0) areaccentuated by a response that
further reduces the gain in their vicinity. However, siig is already low in that region,

and since the summation of responses in the denominator & 8d.9) usually has
little effect near the peaks 68§, , the terms repsenting sampling iki(fy) can often be

ignored. That is, the summation in the denominat@8.63.19) can often be replaced by
G(fm), as suggested by E@.Q.20).

Nevertheless, there may be occasions when we want to empl{8/@49) to obtain an
exactresponse, especially whé&nis pushed higher towafgks.

8.Q.5 Verification of the Effect of Sampling on the Loop
As a verification of Eq(8.Q.19), we can observén¢ accentuation of the nulls in the

graph below, which shows the frequency power spectral density (FPSD) of a synthesizer
output in the vicinity of the null d, =fref in EqQ.(8.Q.10).

* Note that Eq(8.Q.1) is the irput after sampling, the replicated input in the bracket term
of Eq. (7.28).
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This FPSD is taken from the tuning voltage of the VCO in a simulated (via Simulink)
third-order sigmeadelta synthesizer. (The model contains no other noise sources, which
might have prevented the effect from being observed.) The sh#ime FPSD curve
should be essentially the same as the shape ¢8EX1), in spite of having been

multiplied by‘H(fm)‘2 in Eq.(8.Q.10) and the requirement to divide it i§f to change

it to PPSD [see Eqg. (3.36)]. This is becaygearies only 10% over the range of the
graph. Moreover, soeof the changes oppose each other so that only a fraction of a dB
variation is produced.

For small offsets from 10 MHz,

8¢ = fn—10MHz,

andP = 3, we can see that a slope of 40 dB per decade is produced; starting with Eq.

(8.Q.D),
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—k 25ing,"
¥ =k SN 1OMHzf1

. 2(P*1)

2(P) 1)
H #n fm _
an%’ _fref a = k]_

$

= kot

S‘Pd

5= 10dBllogy oS, = k3+40dBll0og o6 s -

In the figure, we see this 40 dB/decade slope at higher offgéist, as! + comes within

the bandwidth of the loop, the tev@(fm —Nfo = O¢ ) in the denominator of Eq.
(8.Q.19) becomes larger thamity and further increases the attenuatioRi@f,). As is
usual for well behaved Ioop@(! f)~ J/! ¢ in this region, so the slope increases by 20

dB/decade. Wheé falls below the frequency of the loop zero, another increase of 20
dB/decade occurs due to the rising loop gaiwus, the added dip in PPSD closé&dpis

evidence of E(8.Q.19).
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