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PSD of Quantization Noise 
 

As indicated in the revised footnote 8, Eq. (8.74) for quantization noise [before 
multiplication by NH(fm)] should be replaced by [Miller and Conley, 1991, eq. (14)1]: 
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At fm << fref, both Eqs. (8.74) and (8.Q.1) reduce to Eq. (8.75).  Eq. (8.74) was obtained 
by employing the equivalence between a change in N and a frequency change introduced 
after the VCO2, as developed in Section 2.5.  However, this equivalence depends on 
constant N during the transient that follows a change in N.  While this applies to a single 
step in N, it is not accurate for modulated N. To obtain Eq. (8.Q.1) correctly, we must 
compute how changes in N produce changes in phase at the divider output.  We will 
initially assume a constant synthesized frequency (which is our design goal).  If the 
system were time independent, we could use superposition to add this result to the effects 
of changes in output frequency (for feedback or due to a change in N ).  We will see that 
this is still a good approximation in most cases. 
  
8.Q.1  Development of Eq. (8.Q.1) 
 
In the types of phase detectors used in synthesizers, u1 is proportional to the time 
difference between the PD trigger point on the reference waveform and the trigger point 
on the divider output waveform.  Since the period of the divider output is N times the 
period Tout at the synthesizer output, a change δΝ from the mean divider ratio N will 
cause the time of the divider output to deviate by  
 
 δt = ToutδN (8.Q.2) 
 
and this will result in a PD output voltage change of 
 
 δu1= Kpcycle δt/Tref = Kpcycle δN(Tout/Tref) = Kpcycle δN / N , (8.Q.3) 
 
where Tout has been approximated as constant. 
 
 
Similarly, the total PD voltage change after a series of k such incremental deviations is 
 

                                                
1 Their equation appears to differ by a factor of 2 because it is written for 2-sided PSD. 
2 Miller and Conley state that, for a locked loop, fout k( ) = Ndiv k( ) fref , which does not 
allow for finite response times. 
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The phase change at the divider output that would produce !u 1,k in our model is 
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Therefore, it is appropriate to accumulate δN to obtain the value of ! ϕk.  In the z-
domain3, we represent the accumulation of δN (z) by dividing it by (1 - z-1), so 
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As a result, the phase power spectral density (PPSD) thereby introduced at the phase 
detector is 
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In the case of interest, !ϕ is an equivalent phase change injected at the divider output, 
! ϕN in  Fig. 6.A.1, and δN is a deviation of N from the mean due to quantization noise.  
Using the quantization noise in N as given by Eq. (8.69), this can be written 
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Substituting z = exp(jωmTref) and following the procedure used for Eq. (8.73), we obtain 
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3 Z-transforms do not account for the signal dependence of the sampling time (p. 399).  
We do compute the signal that results from the variation in the sampling moment, but 
sampling is approximated as occurring at a fixed rate fref. 
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The output PPSD will then be  
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which is the quantization noise, Eq. (8.Q.1), multiplied by the loop response, as was to be 
shown. 
 
8.Q.2  Superposition 
 
Since the system is time dependent, we cannot assume superposition.    The time of the 
kth transition in the divider output can be written 
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The change in Tk from nominal is then 
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The first term on the right represents the effect of the fractional-N modulation described 
in Eq. (8.Q.2) which results in an equivalent phase modulation at the loop input as 
described by Eqs. (8.Q.5) - (8.Q.9).   
 
The second term is the effect of changes in the output period multiplied by the average 
value of N.  This is assumed when the equivalent input modulation is multiplied by the 

N H fm( )
2

 in Eq. (8.Q.12); typically we would use N  in developingH fm( ) . 
 
The third term is a residual error, the sum of each change in output period being 
multiplied by the corresponding change of N from nominal during that period.  The first 
two terms represent superposition of the effects of the divider modulation and the output 
period modulation.  The third term is an error in the results of the superposition. 
 
Since we are designing for small modulation sidebands, we expect that, once the loop has 
settled at a given synthesized frequency, 
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 !Tout,i << Tout  (8.Q.14) 

 
so each member of the error summation would be small compared to the corresponding 
member in the first summation.   That is, 
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so we can drop the error term. 
 
Similarly, if  
 
 !Ni << N , (8.Q.16) 
 
the error term will be small compared to the second term, that is 
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another reason to drop the error term. 
 
8.Q.3  New Synthesized Frequency 
 
Injection of an equivalent frequency step before the divider, as in Section 2.5, is 
appropriate for analyzing the response to a simple change in N.  (Approximations are 
discussed in Section 2.5; see footnote 3 there.)  Use of the final value of N during the 
transient is exact in this case. When fractional modulation also exists, the final N  is an 
approximation for that fixed final value, while !Ni  is then a perturbation due to the 
fractional modulation. 
 
Before the loop has settled, following a change in commanded frequency, (8.Q.14) may 
not hold true and we would depend on (8.Q.16) to allow the error term to be ignored [i.e., 
the approximation (8.Q.18)].  Even if (8.Q.16) is not very well met, the use of H fm( )  

based on the final N  is probably a reasonable approximation.  
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8.Q.4  Loop Response 
 
When we account for sampling, H(fm) is given by Eq. (7.28) as4 
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Within the loop bandwidth fL(i.e., for fm<fL) ,  
 

 G fm + nfref( )
n=!"

"

# $ G fm( ) , (8.Q.20) 

 
as long as the bandwidth is small compared to fref (i.e., fL<<fref), since the gain for 
nonzero values of n is small at those frequencies.  The magnitude of the effect is 
discussed in Chapter  7 and the exact transfer function can be computed, as it was there.  
As we go higher in fm, the denominator becomes approximately unity until we come 
within the loop bandwidth of a multiple of fref.  At that point, the denominator provides 
additional attenuation, becoming infinite at any multiple of fref, since G fm + nfref( )  

becomes thereG mfref + nfref( ) , which is infinite for n = -m. 
 
Thus, the nulls in S! ϕ,out (other than the one at fm = 0) are accentuated by a response that 
further reduces the gain in their vicinity.  However, since Sϕ is already low in that region, 
and since the summation of responses in the denominator of Eq. (8.Q.19) usually has 
little effect near the peaks of Sϕ , the terms representing sampling in H(fm) can often be 
ignored.  That is, the summation in the denominator of (8.Q.19) can often be replaced by 
G(fm), as suggested by Eq. (8.Q.20).   
 
Nevertheless, there may be occasions when we want to employ Eq. (8.Q.19) to obtain an 
exact response, especially when fL is pushed higher toward fref.   
 
8.Q.5  Verification of the Effect of Sampling on the Loop 
 
As a verification of Eq. (8.Q.19), we can observe the accentuation of the nulls in the 
graph below, which shows the frequency power spectral density (FPSD) of a synthesizer 
output in the vicinity of the null at fm = fref in Eq. (8.Q.10). 
 

                                                
4 Note that Eq. (8.Q.1) is the input after sampling, the replicated input in the bracket term 
of Eq. (7.28). 
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This FPSD is taken from the tuning voltage of the VCO in a simulated (via Simulink) 
third-order sigma-delta synthesizer.  (The model contains no other noise sources, which 
might have prevented the effect from being observed.)  The shape of this FPSD curve 
should be essentially the same as the shape of Eq. (8.Q.1), in spite of having been 

multiplied by H fm( ) 2
 in Eq. (8.Q.10) and the requirement to divide it by fm

2  to change 

it to PPSD [see Eq. (3.36)].   This is because fm varies only 10% over the range of the 
graph.  Moreover, some of the changes oppose each other so that only a fraction of a dB 
variation is produced. 
 
For small offsets from 10 MHz,  
 
 ! f = fm "10MHz , 

 
and P = 3, we can see that a slope of 40 dB per decade is produced; starting with Eq. 
(8.Q.1), 
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In the figure, we see this 40 dB/decade slope at higher offsets ! f but, as ! f  comes within 

the bandwidth of the loop, the term G fm ! nfref = " f( ) in the denominator of Eq. 

(8.Q.19) becomes larger than unity and further increases the attenuation of H(fm).  As is 

usual for well behaved loops, 
 
G ! f( ) !1 ! f  in this region, so the slope increases by 20 

dB/decade.  When δf falls below the frequency of the loop zero, another increase of 20 
dB/decade occurs due to the rising loop gain.  Thus, the added dip in PPSD close to fref is 
evidence of Eq. (8.Q.19). 
 


